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Bose—Ejinstein Condensation in Dilute Gases 


In 1925 Einstein predicted that at low temperatures particles in a gas could 
all reside in the same quantum state. This peculiar gaseous state, a Bose— 
Einstein condensate, was produced in the laboratory for the first time in 1995 
using the powerful laser-cooling methods developed in recent years. These 
condensates exhibit quantum phenomena on a large scale, and investigating 
them has become one of the most active areas of research in contemporary 
physics. 

The study of Bose-Einstein condensates in dilute gases encompasses a 
number of different subfields of physics, including atomic, condensed matter, 
and nuclear physics. The authors of this textbook explain this exciting 
new subject in terms of basic physical principles, without assuming detailed 
knowledge of any of these subfields. This pedagogical approach therefore 
makes the book useful for anyone with a general background in physics, 
from undergraduates to researchers in the field. 

Chapters cover the statistical physics of trapped gases, atomic properties, 
the cooling and trapping of atoms, interatomic interactions, structure of 
trapped condensates, collective modes, rotating condensates, superfluidity, 
interference phenomena and trapped Fermi gases. Problem sets are also 
included in each chapter. 
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Preface 


The experimental discovery of Bose-Einstein condensation in trapped 
atomic clouds opened up the exploration of quantum phenomena in a qual- 
itatively new regime. Our aim in the present work is to provide an intro- 
duction to this rapidly developing field. 

The study of Bose-Einstein condensation in dilute gases draws on many 
different subfields of physics. Atomic physics provides the basic methods 
for creating and manipulating these systems, and the physical data required 
to characterize them. Because interactions between atoms play a key role 
in the behaviour of ultracold atomic clouds, concepts and methods from 
condensed matter physics are used extensively. Investigations of spatial and 
temporal correlations of particles provide links to quantum optics, where 
related studies have been made for photons. Trapped atomic clouds have 
some similarities to atomic nuclei, and insights from nuclear physics have 
been helpful in understanding their properties. 

In presenting this diverse range of topics we have attempted to explain 
physical phenomena in terms of basic principles. In order to make the pre- 
sentation self-contained, while keeping the length of the book within reason- 
able bounds, we have been forced to select some subjects and omit others. 
For similar reasons and because there now exist review articles with exten- 
sive bibliographies, the lists of references following each chapter are far from 
exhaustive. A valuable source for publications in the field is the archive at 
Georgia Southern University: http://amo.phy.gasou.edu/bec.html 

This book originated in a set of lecture notes written for a graduate- 
level one-semester course on Bose-Einstein condensation at the University 
of Copenhagen. We have received much inspiration from contacts with our 
colleagues in both experiment and theory. In particular we thank Gordon 
Baym and George Kavoulakis for many stimulating and helpful discussions 
over the past few years. Wolfgang Ketterle kindly provided us with the 
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cover illustration and Fig. 13.1. The illustrations in the text have been 
prepared by Janus Schmidt, whom we thank for a pleasant collaboration. 
It is a pleasure to acknowledge the continuing support of Simon Capelin 
and Susan Francis at the Cambridge University Press, and the careful copy- 
editing of the manuscript by Brian Watts. 


Copenhagen Christopher Pethick Henrik Smith 
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Introduction 


Bose-Einstein condensates in dilute atomic gases, which were first realized 
experimentally in 1995 for rubidium [1], sodium [2], and lithium [3], provide 
unique opportunities for exploring quantum phenomena on a macroscopic 
scale.| These systems differ from ordinary gases, liquids, and solids in a 
number of respects, as we shall now illustrate by giving typical values of 
some physical quantities. 

The particle density at the centre of a Bose-Einstein condensed atomic 
cloud is typically 10!%—10!° cm7°. 
in air at room temperature and atmospheric pressure is about 1 


In liquids and solids the density of atoms is of order 102? cm~°, while the 
=3 


By contrast, the density of molecules 


01° cm-3. 


density of nucleons in atomic nuclei is about 10°° cm 

To observe quantum phenomena in such low-density systems, the tem- 
perature must be of order 10~° K or less. This may be contrasted with 
the temperatures at which quantum phenomena occur in solids and liquids. 
In solids, quantum effects become strong for electrons in metals below the 
Fermi temperature, which is typically 10*-10° K, and for phonons below 
the Debye temperature, which is typically of order 10? K. For the helium 
liquids, the temperatures required for observing quantum phenomena are of 
order 1 K. Due to the much higher particle density in atomic nuclei, the 
corresponding degeneracy temperature is about IE 1k 

The path that led in 1995 to the first realization of Bose-Einstein con- 
densation in dilute gases exploited the powerful methods developed over the 
past quarter of a century for cooling alkali metal atoms by using lasers. Since 
laser cooling alone cannot produce sufficiently high densities and low tem- 
peratures for condensation, it is followed by an evaporative cooling stage, in 


1 Numbers in square brackets are references, to be found at the end of each chapter. 
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which the more energetic atoms are removed from the trap, thereby cooling 
the remaining atoms. 

Cold gas clouds have many advantages for investigations of quantum phe- 
nomena. A major one is that in the Bose-Einstein condensate, essentially all 
atoms occupy the same quantum state, and the condensate may be described 
very well in terms of a mean-field theory similar to the Hartree-Fock theory 
for atoms. This is in marked contrast to liquid *He, for which a mean-field 
approach is inapplicable due to the strong correlations induced by the inter- 
action between the atoms. Although the gases are dilute, interactions play 
an important role because temperatures are so low, and they give rise to 
collective phenomena related to those observed in solids. quantum liquids, 
and nuclei. Experimentally the systems are attractive ones to work with, 
since they may be manipulated by the use of lasers and magnetic fields. In 
addition, interactions between atoms may be varied either by using different 
atomic species, or, for species that have a Feshbach resonance, by changing 
the strength of an applied magnetic or electric field. A further advantage 
is that, because of the low density, ‘microscopic’ length scales are so large 
that the structure of the condensate wave function may be investigated di- 
rectly by optical means. Finally, real collision processes play little role. and 
therefore these systems are ideal for studies of interference phenomena and 
atom optics. 

The theoretical prediction of Bose-Einstein condensation dates back more 
than 75 years. Following the work of Bose on the statistics of photons [4]. 
Einstein considered a gas of non-interacting, massive bosons. and concluded 
that, below a certain temperature, a finite fraction of the total number of 
particles would occupy the lowest-energy single-particle state [5]. In 1938 
Fritz London suggested the connection between the superfluidity of liquid 
4He and Bose-Einstein condensation [6]. Superfluid liquid “He is the pro- 
totype Bose-Einstein condensate, and it has played a unique role in the 
development of physical concepts. However, the interaction between helium 
atoms is strong, and this reduces the number of atoms in the zero-momentum 
state even at absolute zero. Consequently it is difficult to measure directly 
the occupancy of the zero-momentum state. It has been investigated ex- 
perimentally by neutron scattering measurements of the structure factor at 
large momentum transfers [7], and the measurements are consistent with a 
relative occupation of the zero-momentum state of about 0.1 at saturated 
vapour pressure and about 0.05 near the melting curve [8}. 

The fact that interactions in liquid helium reduce dramatically the oc- 
cupancy of the lowest single-particle state led to the search for weakly- 
interacting Bose gases with a higher condensate fraction. The difficulty with 
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most substances is that at low temperatures they do not remain gaseous, 
but form solids, or, in the case of the helium isotopes, liquids, and the 
effects of interaction thus become large. In other examples atoms first com- 
bine to form molecules, which subsequently solidify. As long ago as in 1959 
Hecht [9] argued that spin-polarized hydrogen would be a good candidate 
for a weakly-interacting Bose gas. The attractive interaction between two 
hydrogen atoms with their electronic spins aligned was then estimated to 
be so weak that there would be no bound state. Thus a gas of hydrogen 
atoms in a magnetic field would be stable against formation of molecules 
and, moreover, would not form a liquid, but remain a gas to arbitrarily low 
temperatures. 

Hecht’s paper was before its time and received little attention, but his 
conclusions were confirmed by Stwalley and Nosanow [10] in 1976, when im- 
proved information about interactions between spin-aligned hydrogen atoms 
was available. ‘These authors also argued that because of interatomic inter- 
actions the system would be a superfluid as well as being Bose-Einstein 
condensed. This latter paper stimulated the quest to realize Bose-Einstein 
condensation in atomic hydrogen. Initial experimental attempts used a 
high magnetic field gradient to force hydrogen atoms against a cryogeni- 
cally cooled surface. In the lowest-energy spin state of the hydrogen atom, 
the electron spin is aligned opposite the direction of the magnetic field (H|), 
since then the magnetic moment is in the same direction as the field. Spin- 
polarized hydrogen was first stabilized by Silvera and Wairaven [11]. Interac- 
tions of hydrogen with the surface limited the densities achieved in the early 
experiments, and this prompted the Massachusetts Institute of Technology 
(MIT) group led by Greytak and Kleppner to develop methods for trapping 
atoms purely magnetically. In a current-free region, it is impossible to create 
a local maximum in the magnitude of the magnetic field. To trap atoms by 
the Zeeman effect it is therefore necessary to work with a state of hydrogen 
in which the electronic spin is polarized parallel to the magnetic field (Hf). 
Among the techniques developed by this group is that of evaporative cooling 
of magnetically trapped gases, which has been used as the final stage in all 
experiments to date to produce a gaseous Bose-Einstein condensate. Since 
laser cooling is not feasible for hydrogen, the gas is precooled cryogenically. 
After more than two decades of heroic experimental work, Bose-Einstein 
condensation of atomic hydrogen was achieved in 1998 [12]. 

As a consequence of the dramatic advances made in laser cooling of alkali 
atoms, such atoms became attractive candidates for Bose—Kinstein conden- 
sation, and they were used in the first successful experiments to produce 
a gaseous Bose-Einstein condensate. Other atomic species, among them 
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noble gas atoms in excited states, are also under active investigation, and 
in 2001 two groups produced condensates of metastable *He atoms in the 
lowest spin-triplet state [13, 14]. 

The properties of interacting Bose fluids are treated in many texts. The 
reader will find an illuminating discussion in the volume by Noziéres and 
Pines [15]. A collection of articles on Bose-Einstein condensation in various 
systems, prior to its discovery in atomic vapours, is given in [16], while 
more recent theoretical developments have been reviewed in [17]. The 1998 
Varenna lectures describe progress in both experiment and theory on Bose— 
Einstein condensation in atomic gases, and contain in addition historical 
accounts of the development of the field [18]. For a tutorial review of some 
concepts basic to an understanding of Bose-Einstein condensation in dilute 
gases see Ref. [19]. 


1.1 Bose—Einstein condensation in atomic clouds 


Bosons are particles with integer spin. The wave function for a system 
of identical bosons is symmetric under interchange of any two particles. 
Unlike fermions, which have half-odd-integer spin and antisymmetric wave 
functions, bosons may occupy the same single-particle state. An order- 
of-magnitude estimate of the transition temperature to the Bose-Einstein 
condensed state may be made from dimensional arguments. For a uniform 
gas of free particles, the relevant quantities are the particle mass m. the 
number density n, and the Planck constant h = 27h. The only energy 
that can be formed from h, n, and m is rege /m. By dividing this energy 
by the Boltzmann constant k we obtain an estimate of the condensation 
temperature To, 
Ronee 
te G ae (1.1) 
Here C is a numerical factor which we shall show in the next chapter to 
be equal to approximately 3.3. When (1.1) is evaluated for the mass and 
density appropriate to liquid *He at saturated vapour pressure one obtains 
a transition temperature of approximately 3.13 Ik, which is close to the 
temperature below which superfluid phenomena are observed, the so-called 
lambda point? (Ty= 2.17 K at saturated vapour pressure). 
An equivalent way of relating the transition temperature to the parti- 
cle density is to compare the thermal de Broglie wavelength Ar with the 


2 The name lambda point derives from the measured shape of the specific heat as a function of 
temperature, which near the transition resembles the Greek letter A. 


1.1 Bose-Einstein condensation in atomic clouds 5 


mean interparticle spacing, which is of order n—!/3. The thermal de Broglie 
wavelength is conventionally defined by 


Qh? ie 
ea a9 


At high temperatures, it is small and the gas behaves classically. Bose- 
Einstein condensation in an ideal gas sets in when the temperature is so low 
that Ap is comparable to n7!/3, 
reameenirornall(). = cile > 


For alkali atoms, the densities achieved 
in early experiments to 10!4-10!° em~3 in more re- 
cent ones, with transition temperatures in the range from 100 nk to a few 
wl. For hydrogen, the mass is lower and the transition temperatures are 
correspondingly higher. 

In experiments, gases are non-uniform, since they are contained in a trap, 
which typically provides a harmonic-oscillator potential. If the number of 
particles is N, the density of gas in the cloud is of order N/R®, where the 
size R of a thermal gas cloud is of order (kT'/mw?)!/?, wa being the angu- 
lar frequency of single-particle motion in the harmonic-oscillator potential. 
Substituting the value of the density n ~ N/R? at T = T, into Eq. (1.1), 
one sees that the transition temperature is given by 


kT, = Chuo N', (1.3) 


where C; is a numerical constant which we shall later show to be approx- 
imately 0.94. The frequencies for traps used in experiments are typically 
of order 10? Hz, corresponding to wy ~ 10° s~!, and therefore, for parti- 
cle numbers in the range from 10* to 10’, the transition temperatures lie 
in the range quoted above. Estimates of the transition temperature based 
on results for a uniform Bose gas are therefore consistent with those for a 
trapped gas. 

In the original experiment [1] the starting point was a room-temperature 
gas of rubidium atoms, which were trapped and cooled to about 10 ult 
by bombarding them with photons from laser beams in six directions — 
front and back, left and right, up and down. Subsequently the lasers were 
turned off and the atoms trapped magnetically by the Zeeman interaction 
of the electron spin with an inhomogeneous magnetic field. If we neglect 
complications caused by the nuclear spin, an atom with its electron spin 
parallel to the magnetic field is attracted to the minimum of the magnetic 
field, while one with its electron spin antiparallel to the magnetic field is 
repelled. The trapping potential was provided by a quadrupole magnetic 
field, upon which a small oscillating bias field was imposed to prevent loss 
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of particles at the centre of the trap. Some more recent experiments have 
employed other magnetic field configurations. 

In the magnetic trap the cloud of atoms was cooled further by evapora- 
tion. The rate of evaporation was enhanced by applying a radio-frequency 
magnetic field which flipped the electronic spin of the most energetic atoms 
from up to down. Since the latter atoms are repelled by the trap, they es- 
cape, and the average energy of the remaining atoms falls. It is remarkable 
that no cryogenic apparatus was involved in achieving the record-low tem- 
peratures in the experiment [1]. Everything was held at room temperature 
except the atomic cloud, which was cooled to temperatures of the order of 
100 nk. 

So far, Bose-Einstein condensation has been realized experimentally in 
dilute gases of rubidium, sodium, lithium, hydrogen, and metastable helium 
atoms. Due to the difference in the properties of these atoms and their 
mutual interaction, the experimental study of the condensates has revealed 
a range of fascinating phenomena which will be discussed in later chapters. 
The presence of the nuclear and electronic spin degrees of freedom adds 
further richness to these systems when compared with liquid 4He, and it gives 
the possibility of studying multi-component condensates. From a theoretical 
point of view, much of the appeal of Bose-Einstein condensed atomic clouds 
stems from the fact that they are dilute in the sense that the scattering 
length is much less than the interparticle spacing. This makes it possible to 
calculate the properties of the system with high precision. For a uniform 
dilute gas the relevant theoretical framework was developed in the 1950s and 
60s, but the presence of a confining potential — essential to the observation 
of Bose-Einstein condensation in atomic clouds — gives rise to new features 
that are absent for uniform systems. 


1.2 Superfluid *He 


Many of the concepts used to describe properties of quantum gases were 
developed in the context of liquid *He. The helium liquids are exceptions to 
the rule that liquids solidify when cooled to sufficiently low temperatures, 
because the low mass of the helium atom makes the zero-point energy large 
enough to overcome the tendency to crystallization. At the lowest temper- 
atures the helium liquids solidify only under a pressure in excess of 25 bar 
(2.5 MPa) for “He and 34 bar for the lighter isotope He. 

Below the lambda point, liquid “He becomes a superfluid with many re- 
markable properties. One of the most striking is the ability to flow through 
narrow channels without friction. Another is the existence of quantized vor- 
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ticity, the quantum of circulation being given by h/m (= 2ah/m). The 
occurrence of frictionless flow led Landau and Tisza to introduce a two-fluid 
description of the hydrodynamics. The two fluids — the normal and the 
superfluid components — are interpenetrating, and their densities depend 
on temperature. At very low temperatures the density of the normal com- 
ponent vanishes, while the density of the superfluid component approaches 
the total density of the liquid. The superfluid density is therefore generally 
quite different from the density of particles in the condensate, which for lig- 
uid *He is only about 10 % or less of the total, as mentioned above. Near the 
transition temperature to the normal state the situation is reversed: here 
the superfluid density tends towards zero as the temperature approaches the 
lambda point, while the normal density approaches the density of the liquid. 

The properties of the normal component may be related to the elemen- 
tary excitations of the superfluid. The concept of an elementary excitation 
plays a central role in the description of quantum systems. In an ideal gas 
an elementary excitation corresponds to the addition of a single particle in 
a momentum eigenstate. Interactions modify this picture, but for low ex- 
citation energies there still exist excitations with well-defined energies. For 
small momenta the excitations in liquid He are sound waves or phonons. 
Their dispersion relation is linear, the energy € being proportional to the 
magnitude of the momentum p, 


6 =18p); (1.4) 


where the constant s is the velocity of sound. For larger values of p, the 
dispersion relation shows a slight upward curvature for pressures less than 
18 bar, and a downward one for higher pressures. At still larger momenta, 
e(p) exhibits first a local maximum and subsequently a local minimum. Near 
this minimum the dispersion relation may be approximated by 


(p — po)? 

e(p) =A+ Om* (1.8) 
where m* is a constant with the dimension of mass and pp is the momen- 
tum at the minimum. Excitations with momenta close to po are referred 
to as rotons. The name was coined to suggest the existence of vorticity 
associated with these excitations, but they should really be considered as 
short-wavelength phonon-like excitations. Experimentally, one finds at zero 
pressure that m* is 0.16 times the mass of a 4He atom, while the constant 
A, the energy gap, is given by A/k = 8.7 K. The roton minimum occurs at 
a wave number po/fi equal to 1.9 x 10° em7! (see Fig. 1.1). For excitation 
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Fig. 1.1. The spectrum of elementary excitations in superfluid *He. The minimum 
roton energy is A, corresponding to the momentum po. 


energies greater than 2A the excitations become less well-defined since they 
can decay into two rotons. 

The elementary excitations obey Bose statistics, and therefore in thermal 
equilibrium the distribution function f° for the excitations is given by 


il 
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The absence of a chemical potential in this distribution function is due to the 
fact that the number of excitations is not a conserved quantity: the energy of 
an excitation equals the difference between the energy of an excited state and 
the energy of the ground state for a system containing the same number of 
particles. The number of excitations therefore depends on the temperature, 
just as the number of phonons in a solid does. This distribution function 
Eq. (1.6) may be used to evaluate thermodynamic properties. 


1.3 Other condensates 
The concept of Bose-Einstein condensation finds applications in many sys- 
tems other than liquid “He and the clouds of spin-polarized boson alkali 
atoms, atomic hydrogen, and metastable helium atoms discussed above. His- 
torically, the first of these were superconducting metals, where the bosons 
are pairs of electrons with opposite spin. Many aspects of the behaviour of 
superconductors may be understood qualitatively on the basis of the idea 
that pairs of electrons form a Bose-Einstein condensate, but the properties 
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of superconductors are quantitatively very different from those of a weakly- 
interacting gas of pairs. The important physical point is that the binding 
energy of a pair is small compared with typical atomic energies, and at the 
temperature where the condensate disappears the pairs themselves break up. 
This situation is to be contrasted with that for the atomic systems, where 
the energy required to break up an atom is the ionization energy, which is of 
order electron volts. This corresponds to temperatures of tens of thousands 
of degrees, which are much higher than the temperatures for Bose-Einstein 
condensation. 

Many properties of high-temperature superconductors may be understood 
in terms of Bose-Einstein condensation of pairs, in this case of holes rather 
than electrons, in states having predominantly d-like symmetry in contrast 
to the s-like symmetry of pairs in conventional metallic superconductors. 
The rich variety of magnetic and other behaviour of the superfluid phases 
of liquid *He is again due to condensation of pairs of fermions, in this case 
3He atoms in triplet spin states with p-wave symmetry. Considerable exper- 
imental effort has been directed towards creating Bose-Einstein condensates 
of excitons, which are bound states of an electron and a hole '20], and of 
biexcitons, molecules made up of two excitons [21]. 

Bose-Einstein condensation of pairs of fermions is also observed exper- 
imentally in atomic nuclei, where the effects of neutron—neutron, proton— 
proton, and neutron—proton pairing may be seen in the excitation spec- 
trum as well as in reduced moments of inertia. A significant difference 
between nuclei and superconductors is that the size of a pair in bulk nu- 
clear matter is large compared with the nuclear size, and consequently the 
manifestations of Bose-Einstein condensation in nuclei are less dramatic 
than they are in bulk systems. Theoretically, Bose-Einstein condensation 
of nucleon pairs is expected to play an important role in the interiors of 
neutron stars, and observations of glitches in the spin-down rate of pul- 
sars have been interpreted in terms of neutron superfluidity. ‘The possibility 
of mesons, either pions or kaons, forming a Bose-Einstein condensate in 
the cores of neutron stars has been widely discussed, since this would have 
far-reaching consequences for theories of supernovae and the evolution of 
neutron stars [22]. 

In the field of nuclear and particle physics the ideas of Bose-Einstein 
condensation also find application in the understanding of the vacuum as 
a condensate of quark—antiquark (uu, dd and s8) pairs, the so-called chiral 
condensate. This condensate gives rise to particle masses in much the same 
way as the condensate of electron pairs in a superconductor gives rise to the 
gap in the electronic excitation spectrum. 
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This brief account of the rich variety of contexts in which the physics of 
Bose-Einstein condensation plays a role, shows that an understanding of 
the phenomenon is of importance in many branches of physics. 


1.4 Overview 


To assist the reader, we give here a ‘road map’ of the material we cover. 
We begin, in Chapter 2, by discussing Bose-Einstein condensation for non- 
interacting gases in a confining potential. This is useful for developing un- 
derstanding of the phenomenon of Bose-Einstein condensation and for ap- 
plication to experiment, since in dilute gases many quantities, such as the 
transition temperature and the condensate fraction, are close to those pre- 
dicted for a non-interacting gas. We also discuss the density profile and the 
velocity distribution of an atomic cloud at zero temperature. When the ther- 
mal energy kT’ exceeds the spacing between the energy levels of an atom in 
the confining potential, the gas may be described semi-classically in terms of 
a particle distribution function that depends on both position and momeh- 
tum. We employ the semi-classical approach to calculate thermodynamic 
quantities. The effect of finite particle number on the transition temperature 
is estimated, and Bose-Einstein condensation in lower-dimensional systems 
is discussed. 

In experiments to create a Bose-Einstein condensate in a dilute gas the 
particles used have been primarily alkali atoms and hydrogen. whose spins 
are non-zero. The new methods to trap and cool atoms that have been 
developed in recent years make use of the basic atomic structure of these 
atoms, which is the subject of Chapter 3. There we also study the energy 
levels of an atom in a static magnetic field, which is a key element in the 
physics of trapping, and discuss the atomic polarizability in an oscillating 
electric field. 

A major experimental breakthrough that opened up this field was the de- 
velopment of laser cooling techniques. In contrast to so many other proposals 
which in practice work less well than predicted theoretically. these turned 
out to be far more effective than originally estimated. Chapter 4 describes 
magnetic traps, the use of lasers in trapping and cooling, and evaporative 
cooling, which is the key final stage in experiments to make Bose-Einstein 
condensates. 

In Chapter 5 we consider atomic interactions, which play a crucial role 
in evaporative cooling and also determine many properties of the condensed 
state. At low energies, interactions between particles are characterized by 
the scattering length a, in terms of which the total scattering cross section 
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at low energies is given by 87a? for identical bosons. At first sight, one 
might expect that, since atomic sizes are typically of order the Bohr radius, 
scattering lengths would also be of this order. In fact they are one or two 
orders of magnitude larger for alkali atoms, and we shall show how this may 
be understood in terms of the long-range part. of the interatomic force, which 
is due to the van der Waals interaction. We also show that the sign of the 
effective interaction at low energies depends on the details of the short-range 
part of the interaction. Following that we extend the theory to take into 
account transitions between channels corresponding to the different hyper- 
fine states for the two atoms. We then estimate rates of inelastic processes, 
which are a mechanism for loss of atoms from traps, and present the theory 
of Feshbach resonances, which may be used to tune atomic interactions by 
varying the magnetic field. Finally we list values of the scattering lengths 
for the alkali atoms currently under investigation. 

The ground-state energy of clouds in a confining potential is the subject of 
Chapter 6. While the scattering lengths for alkali atoms are large compared 
with atomic dimensions, they are small compared with atomic separations 
in gas clouds. As a consequence, the effects of atomic interactions in the 
ground state may be calculated very reliably by using a pseudopotential pro- 
portional to the scattering length. This provides the basis for a mean-field 
description of the condensate, which leads to the Gross—Pitaevskii equation. 
From this we calculate the energy using both variational methods and the 
Thomas-Fermi approximation. When the atom-atom interaction is attrac- 
tive, the system becomes unstable if the number of particles exceeds a critical 
value, which we calculate in terms of the trap parameters and the scattering 
length. We also consider the structure of the condensate at the surface of 
a cloud, and the characteristic length for healing of the condensate wave 
function. 

In Chapter 7 we discuss the dynamics of the condensate at zero temper- 
ature, treating the wave function of the condensate as a classical field. We 
derive the coupled equations of motion for the condensate density and ve- 
locity, and use them to determine the elementary excitations in a uniform 
gas and in a trapped cloud. We describe methods for calculating collective 
properties of clouds in traps. These include the Thomas Fermi approxima- 
tion and a variational approach based on the idea of collective coordinates. 
The methods are applied to treat oscillations in both spherically-symmetric 
and anisotropic traps, and the free expansion of the condensate. We show 
that, as a result of the combined influence of non-linearity and dispersion, 
there exist soliton solutions to the equations of motion for a Bose-Einstein 
condensate. 
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The microscopic, quantum-mechanical theory of the Bose gas is treated in 
Chapter 8. We discuss the Bogoliubov approximation and show that it gives 
the same excitation spectrum as that obtained from classical equations of 
motion in Chapter 7. At higher temperatures thermal excitations deplete the 
condensate, and to treat these situations we discuss the Hartree-Fock and 
Popov approximations. Finally we analyse collisional shifts of spectral lines, 
such as the 1$-2S two-photon absorption line in spin-polarized hydrogen, 
which is used experimentally to probe the density of the gas, and lines used 
as atomic clocks. 

One of the characteristic features of a superfluid is its response to ro- 
tation, in particular the occurrence of quantized vortices. We discuss in 
Chapter 9 properties of vortices in atomic clouds and determine the criti- 
cal angular velocity for a vortex state to be energetically favourable. We 
also calculate the force on a moving vortex line from general hydrodynamic 
considerations. The nature of the lowest-energy state for a given angular 
momentum is considered, and we discuss the weak-coupling limit, in which 
the interaction energy is small compared with the energy quantum of the 
harmonic-oscillator potential. 

In Chapter 10 we treat some basic aspects of superfluidity. The Landau 
criterion for the onset of dissipation is discussed, and we introduce the two- 
fluid picture, in which the condensate and the excitations may be regarded 
as forming two interpenetrating fluids, each with temperature-dependent 
densities. We calculate the damping of collective modes in a homogeneous 
gas at low temperatures, where the dominant process is Landau damping. 
As an application of the two-fluid picture we derive the dispersion relation 
for the coupled sound-like modes, which are referred to as first and second 
sound. 

Chapter 11 deals with particles in traps at non-zero temperature. The 
effects of interactions on the transition temperature and thermodynamic 
properties are considered. We also discuss the coupled motion of the con- 
densate and the excitations at temperatures below 7.. We then present 
calculations for modes above T,, both in the hydrodynamic regime, when 
collisions are frequent, and in the collisionless regime, where we obtain the 
mode attenuation from the kinetic equation for the particle distribution 
function. 

Chapter 12 discusses properties of mixtures of bosons, either different 
bosonic isotopes, or different internal states of the same isotope. In the 
former case, the theory may be developed along lines similar to those for 
a single-component system. For mixtures of two different internal states 
of the same isotope, which may be described by a spinor wave function, 
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new possibilities arise because the number of atoms in each state is not 
conserved. We derive results for the static and dynamic properties of such 
mixtures. An interesting result is that for an antiferromagnetic interaction 
between atomic spins, the simple Gross~Pitaevskii treatment fails, and the 
ground state may be regarded as a Bose-Einstein condensate of pairs of 
atoms, rather than of single atoms. 

In Chapter 13 we take up a number of topics related to interference and 
correlations in Bose-Einstein condensates and applications to matter wave 
optics. First we describe interference between two Bose-Einstein condensed 
clouds, and explore the reasons for the appearance of an interference pattern 
even though the phase difference between the wave functions of particles in 
the two clouds is not fixed initially. We then demonstrate the suppression 
of density fluctuations in a Bose-Einstein condensed gas. Following that 
we consider how properties of coherent matter waves may be investigated 
by manipulating condensates with lasers. The final section considers the 
question of how to characterize Bose-Einstein condensation microscopically. 

Trapped Fermi gases are considered in Chapter 14. We first show that 
interactions generally have less effect on static and dynamic properties of 
fermions than they do for bosons, and we then calculate equilibrium prop- 
erties of a free Fermi gas in a trap. The interaction can be important if 
it is attractive, since at sufficiently low temperatures the fermions are then 
expected to undergo a transition to a superfluid state similar to that for elec- 
trons in a metallic superconductor. We derive expressions for the transition 
temperature and the gap in the excitation spectrum at zero temperature, 
and we demonstrate that they are suppressed due to the modification of 
the interaction between two atoms by the presence of other atoms. We also 
consider how the interaction between fermions is altered by the addition of 
bosons and show that this can enhance the transition temperature. Finally 
we briefly describe properties of sound modes in a superfluid Fermi gas, 
since measurement of collective modes has been proposed as a probe of the 
transition to a superfluid state. 


Problems 


PROBLEM 1.1 Consider an ideal gas of ®’Rb atoms at zero temperature, 
confined by the harmonic-oscillator potential 
DD 

? 


ik 
Va = amor 
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where m is the mass of a 8’Rb atom. Take the oscillator frequency w9 to ite 
given by wo/2m = 150 Hz, which is a typical value for traps in current use. 
Determine the ground-state density profile and estimate its width. Find the 
root-mean-square momentum and velocity of a particle. What is the density 
at the centre of the trap if there are 10* atoms? 


PROBLEM 1.2. Determine the density profile for the gas discussed in Prob- 
lem 1.1 in the classical limit, when the temperature T is much higher than 
the condensation temperature. Show that the central density may be written 
as N/ i and determine Ri,. At what temperature does the mean distance 
between particles at the centre of the trap become equal to the thermal de 
Broglie wavelength Ar? Compare the result with the transition temperature 
(1:3) 


PROBLEM 1.3. Estimate the number of rotons contained in 1 cm? of liquid 
4He at temperatures T = 1 K and T = 100 mK at saturated vapour pressure. 
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2 


The non-interacting Bose gas 


The topic of Bose-Einstein condensation in a uniform, non-interacting gas 
of bosons is treated in most textbooks on statistical mechanics [1]. In the 
present chapter we discuss the properties of a non-interacting Bose gas in a 
trap. We shall calculate equilibrium properties of systems in a semi-classical 
approximation, in which the energy spectrum is treated as a continuum. 
For this approach to be valid the temperature must be large compared with 
Ae/k, where Ac denotes the separation between neighbouring energy levels. 
As is well known, at temperatures below the Bose-Einstein condensation 
temperature, the lowest energy state is not properly accounted for if one 
simply replaces sums by integrals, and it must be included explicitly. 

The statistical distribution function is discussed in Sec. 2.1, as is the 
single-particle density of states, which is a key ingredient in the calculations 
of thermodynamic properties. Calculations of the transition temperature 
and the fraction of particles in the condensate are described in Sec. 2.2. In 
Sec. 2.3 the semi-classical distribution function is introduced, and from this 
we determine the density profile and the velocity distribution of particles. 
Thermodynamic properties of Bose gases are calculated as functions of the 
temperature in Sec. 2.4. The final two sections are devoted to effects not 
captured by the simplest version of the semi-classical approximation: cor- 
rections to the transition temperature due to a finite particle number (Sec. 
2.5), and thermodynamic properties of gases in lower dimensions (Sec. 2.6). 


2.1 The Bose distribution 


For non-interacting bosons in thermodynaiic equilibrium, the mean occu- 
pation number of the single-particle state v is given by the Bose distribution 
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where e, denotes the energy of the single-particle state for the particular 
trapping potential under consideration. Since the number of particles is 
conserved, unlike the number of elementary excitations in liquid “He, the 
chemical potential jz enters the distribution function (2.1). The chemical 
potential is determined as a function of N and T by the condition that 
the total number of particles be equal to the sum of the occupancies of 
the individual levels. It is sometimes convenient to work in terms of the 
quantity ¢ = exp(4/kT), which is known as the fugacity. If we take the zero 
of energy to be that of the lowest single-particle state, the fugacity is less 
than unity above the transition temperature and equal to unity (to within 
terms of order 1/N, which we shall generally neglect) in the condensed state. 
In Fig. 2.1 the distribution function (2.1) is shown as a function of energy 
for various values of the fugacity. 

At high temperatures, the effects of quantum statistics become negligible, 
and the distribution function (2.1) is given approximately by the Boltzmann 
distribution 
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For particles in a box of volume V the index v labels the allowed wave 
vectors q for plane-wave states V—!/2 exp(iq-r), and the particle energy is 
e = hi*q’/2m. The distribution (2.2) is thus a Maxwellian one for the velocity 
hg [rr 

At high temperatures the chemical potential is much less than €min, the 
energy of the lowest single-particle state, since the mean occupation number 
of any state is much less than unity, and therefore, in particular, exp|(s — 
Emin) /kT] < 1. As the temperature is lowered, the chemical potential rises 
and the mean occupation numbers increase. However, the chemical potential 
cannot exceed €min, otherwise the Bose distribution function (2.2) evaluated 
for the lowest single-particle state would be negative, and hence unphysical. 
Consequently the mean occupation number of any excited single-particle 
state cannot exceed the value 1/{exp|(e, — emin)/kT] — 1}. If the total 
number of particles in excited states is less than N, the remaining particles 
must be accommodated in the single-particle ground state, whose occupation 
number can be arbitrarily large: the system has a Bose-Einstein condensate. 
The highest temperature at which the condensate exists is referred to as the 
Bose-Einstein transition temperature and we shall denote it by T;. As we 
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Fig. 2.1. The Bose distribution function f° as a function of energy for different 
values of the fugacity ¢. The value ¢ = 1 corresponds to temperatures below the 
transition temperature, while ¢ = 0.5 and ¢ = 0.25 correspond to pf = —0.69kT 
and p = —1.39kT, respectively. 


shall see in more detail in Sec. 2.2, the energy dependence of the single- 
particle density of states at low energies determines whether or not Bose— 
Einstein condensation will occur for a particular system. In the condensed 
state, at temperatures below To, the chemical potential remains equal to 
Emin, to within terms of order kT'/N, which is small for large N, and the 
occupancy of the single-particle ground state is macroscopic in the sense that 
a finite fraction of the particles are in this state. The number of particles 
No in the single-particle ground state equals the total number of particles NV 
minus the number of particles Nex occupying higher-energy (excited) states. 


2.1.1 Density of states 


When calculating thermodynamic properties of gases it is common to replace 
sums over states by integrals, and to use a density of states in which details 
of the level structure are smoothed out. This procedure fails for a Bose- 
Einstein condensed system, since the contribution from the lowest state is 
not properly accounted for. However, it does give a good approximation 
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to the contribution from excited states, and we shall now calculate these 
smoothed densities of states for a number of different situations. 

Throughout most of this book we shall assume that all particles are in 
one particular internal (spin) state, and therefore we generally suppress the 
part of the wave function referring to the internal state. In Chapters 12-14 
we discuss a number of topics where internal degrees of freedom come into 
play. 

In three dimensions, for a free particle in a particular internal state, there 
is on average one quantum state per volume (27h)° of phase space. The 
region of momentum space for which the magnitude of the momentum is 
less than p has a volume 47p° /3 equal to that of a sphere of radius p and, 
since the energy of a particle of momentum p is given by ep = p? /2m, the 
total number of states Gc) with energy less than € is given by 


Ar (2: 3/2 91/2 (ane)3/2 
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where V is the volume of the system. Quite generally, the number of states 
with energy between ¢ and €+de is given by g(e)de, where g(e) is the density 
of states. Therefore 


g(c) = —=, (2.4) 


which, from Eq. (2.3), is thus given by 
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For free particles in d dimensions the corresponding result is g(e) o €(4/2-), 
and therefore the density of states is independent of energy for a free particle 
in two dimensions. 
Let us now consider a particle in the anisotropic harmonic-oscillator po- 
tential 
1 2 Dee 
Ate = 5 (Kise + Koy* + 32°), (2.6) 
which we will refer to as a harmonic trap. Here the quantities kK; denote 
the three force constants, which are generally unequal. The corresponding 


classical oscillation frequencies w; are given by w? = K;/m, and we shall 
therefore write the potential as 
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The energy levels, e(n1, 2,73), are then 
il il il 
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where the numbers n; assume all integer values greater than or equal to 
Zero. 

We now determine the number of states G(e) with energy less than a 
given value «. For energies large compared with hw;, we may treat aes 1 
as continuous variables and neglect the zero-point motion. We therefore 
introduce a coordinate system defined by the three variables ¢; = hwjn;, m 
terms of which a surface of constant energy (2.8) is the plane € = €; + €2 + €3. 
Then G(c) is proportional to the volume in the first octant bounded by the 
plane, 
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Since g(e) = dG/de, we obtain a density of states given by 
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For a d-dimensional harmonic-oscillator potential, the analogous result is 
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We thus see that in many contexts the density of states varies as a power 
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of the energy, and we shall now calculate thermodynamic properties for 
systems with a density of states of the form 
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where C, is a constant. In three dimensions, for a gas confined by rigid 
walls, a is equal to 3/2. The corresponding coefficient may be read off from 
Eq. (2.5), and it is 

Vmi/2 


The coefficient for a three-dimensional harmonic-oscillator potential (a = 3), 
which may be obtained from Eq. (2.10), is 
1 
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For particles in a box or in a harmonic-oscillator potential, a is equal to half 
the number of classical degrees of freedom per particle. 
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2.2 Transition temperature and condensate fraction 


The transition temperature T, is defined as the highest temperature at which 
the macroscopic occupation of the lowest-energy state appears. When the 
number of particles, N, is sufficiently large, we may neglect the zero-point 
energy in (2.8) and thus equate the lowest energy nin to zero, the minimum 
of the potential (2.6). Corrections to the transition temperature arising from 
the zero-point energy will be considered in Sec. 2.5. The number of particles 
in excited states is given by 


= ~ ce E 0 € 
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This achieves its greatest value for 4 = 0, and the transition temperature 
T. is determined by the condition that the total number of particles can be 
accommodated in excited states, that is 
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When (2.16) is written in terms of the dimensionless variable 7 = €/kT¢, it 
becomes 
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“ is the Riemann 


where ['(a) is the gamma function and ¢(a@) = S72, n7 
zeta function. In evaluating the integral in (2.17) we expand the Bose func- 
tion in powers of e~*, and use the fact that oe oe an (oa aliine 


result is 
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Table 2.1 lists [(a@) and ¢(a) for selected values of a. 
From (2.17) we now find 
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For a three-dimensional harmonic-oscillator potential, a is 3 and C3 is given 
by Eq. (2.14). From (2.19) we then obtain a transition temperature given 
by 
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where 
Q= (wywow3)/? (2221) 
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Table 2.1. The gamma function T and the Riemann zeta function ¢ for 
selected values of a. 
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is the geometric mean of the three oscillator frequencies. The result (2.20) 
may be written in the useful form 
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where f = W/2n. 

For a uniform Bose gas in a three-dimensional box of volume V, corre- 
sponding to a = 3/2, the constant C3 is given by Eq. (2.13) and thus the 
transition temperature is given by 
Oe one nh homes? 
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where n = N/V is the number density. For a uniform gas in two dimensions, 
a is equal to 1, and the integral in (2.17) diverges. Thus Bose-Einstein 
condensation in a two-dimensional box can occur only at zero temperature. 
However, a two-dimensional Bose gas can condense at non-zero temperature 
if the particles are confined by a harmonic-oscillator potential. In that case 
a = 2 and the integral in (2.17) is finite. We shall return to gases in lower 
dimensions in Sec. 2.6. 

It is useful to introduce the phase-space density, which we denote by a. 
This is defined as the number of particles contained within a volume equal 
to the cube of the thermal de Broglie wavelength, 3, = (20h? /mkT)°/?. 
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If the gas is classical, this is a measure of the typical occupancy of single- 
particle states. The majority of occupied states have energies of order kT’ 
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or less, and therefore the number of states per unit volume that are oc- 
cupied significantly is of order the total number of states per unit volume 
with energies less than kT, which is approximately (mkT’/h?)3/* according 
to (2.3). The phase-space density is thus the ratio between the particle 
density and the number of significantly occupied states per unit volume. 
The Bose-Einstein phase transition occurs when w = ¢(3/2) = 2.612, ac- 
cording to (2.23). The criterion that @ should be comparable with unity 
indicates that low temperatures and/or high particle densities are necessary 
for condensation. 

The existence of a well-defined phase transition for particles in a harmonic- 
oscillator potential is a consequence of our assumption that the separation of 
single-particle energy levels is much less than kT’. For an isotropic harmonic 
oscillator, with w; = wo = w3 = wo, this implies that the energy quantum 
fwo should be much less than kT. Since TJ, is given by Eq. (2.20), the 
condition is N1/8 ss 1. If the finiteness of the particle number is taken into 
account, the transition becomes smooth. 


2.2.1 Condensate fraction 
Below the transition temperature the number N,, of particles in excited 


states is given by Eq. (2.15) with pw = 0, 


it 


et (2.25) 
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Provided the integral converges, that is a > 1, we may use Eq. (2.18) to 
write this result as 


Nex = CoV (a)C(a)(KT)“. (2.26) 


Note that this result does not depend on the total number of particles. 
However, if one makes use of the expression (2.19) for T,, it may be rewritten 
in the form 


i ap (Oe 
a ee 20 
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The number of particles in the condensate is thus given by 


No(T) =N— Ney) (2.28) 
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Or 
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For particles in a box in three dimensions, a is 3/2, and the number of 
excited particles nex per unit volume may be obtained from Eqs. (2.26) and 
(2a) ans 


Nex mkT\ ?!? 


The occupancy of the condensate is therefore given by the well-known result 
N= ee 

For a three-dimensional harmonic-oscillator potential (a = 3), the number 
of particles in the condensate is 


Ag == INE || IL r\" 
oe T. 
In all cases the transition temperatures JT, are given by (2.19) for the ap- 
propriate value of a. 


(2.31) 


2.3 Density profile and velocity distribution 


The cold clouds of atoms which are investigated at microkelvin temperatures 
typically contain of order 104-10’ atoms. It is not feasible to apply the usual 
techniques of low-temperature physics to these systems for a number of rea- 
sons. First, there are rather few atoms, second, the systems are metastable, 
so one cannot allow them to come into equilibrium with another body, and 
third, the systems have a lifetime which is of order seconds to minutes. 
Among the quantities that can be measured is the density profile. One 
way to do this is by absorptive imaging. Light at a resonant frequency 
for the atom will be absorbed on passing through an atomic cloud. Thus 
by measuring the absorption profile one can obtain information about the 
density distribution. The spatial resolution can be improved by allowing the 
cloud to expand before measuring the absorptive image. A drawback of this 
method is that it is destructive, since absorption of light changes the internal 
states of atoms and heats the cloud significantly. To study time-dependent 
phenomena it is therefore necessary to prepare a new cloud for each time 
point. An alternative technique is to use phase-contrast imaging [2. 3]. This 
exploits the fact that the refractive index of the gas depends on its density, 
and therefore the optical path length is changed by the medium. By allowing 
a light beam that has passed through the cloud to interfere with a reference 
beam that has been phase shifted, changes in optical path length may be 
converted into intensity variations, just as in phase-contrast microscopy. 


2.8 Density profile and velocity distribution 25 


The advantage of this method is that it is almost non-destructive, and it is 
therefore possible to study time-dependent phenomena using a single cloud. 

The distribution of particles after a cloud is allowed to expand depends 
not only on the initial density distribution, but also on the initial velocity 
distribution. Consequently it is important to consider both density and 
velocity distributions. 

In the ground state of the system, all atoms are condensed in the lowest 
single-particle quantum state and the density distribution n(r) reflects the 
shape of the ground-state wave function ¢o(r) for a particle in the trap since, 
for non-interacting particles, the density is given by 


ne) = N\d¢o(x)|?, (a2) 


where N is the number of particles. For an anisotropic harmonic oscillator 
the ground-state wave function is 
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where the widths a; of the wave function in the three directions are given 
g 
by 
9 h 


= (2.34) 
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The density distribution is thus anisotropic if the three frequencies w1, we 
and ws are not all equal, the greatest width being associated with the lowest 
frequency. The widths a; may be written in a form analogous to (222) 


100Hz 1 \*/? 
a 3) (un, (2235) 


ie ee 
in terms of the trap frequencies f; = w;/2m7 and the mass number A, the 


number of nucleons in the nucleus of the atom. 
In momentum space the wave function corresponding to (2.33) is obtained 


ay ~ A) ab ( 


by taking its Fourier transform and is 


1 2 2 es 2 2 2 
- — pi, / 2c} 6 Py/2C2 o—P2/2C3 2.36 
where 
= 
be Sie (2.37) 
aj 


The density in momentum space corresponding to (2.32) is given by 
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Since c?/m = hw;, the distribution (2.38) has the form of a Maxwell distri- 
bution with different ‘temperatures’ T; = hw;/2k for the three directions. 

Since the spatial distribution is anisotropic, the momentum distribution 
also depends on direction. By the uncertainty principle, a narrow spatial 
distribution implies a broad momentum distribution, as seen in the Fourier 
transform (2.36) where the widths c; are proportional to the square root of 
the oscillator frequencies. 

These density and momentum distributions may be contrasted with the 
corresponding expressions when the gas obeys classical statistics, at temper- 
atures well above the Bose-Einstein condensation temperature. The density 
distribution is then proportional to exp[—V(r)/kZ] and consequently it is 
given by 


N P| iz Al 2 2) a 
= =? / Bi oy" /R3 2° / Ra, 2.39 
n(r) DR Rohs € € (2.39) 


Here the widths R; are given by 


QkT 
fa = sane (2.40) 
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and they therefore depend on temperature. Note that the ratio R;/a; equals 
UNG} hoot 2 which under typical experimental conditions is much greater 
than unity. Consequently the condition for semi-classical behaviour is well 
satisfied, and one concludes that the thermal cloud is much broader than 
the condensate, which below 7, emerges as a narrow peak in the spatial 
distribution with a weight that increases with decreasing temperature. 

Above T, the density n(p) in momentum space is isotropic in equilibrium, 
since it is determined only by the temperature and the particle mass, and 
in the classical limit it is given by 


se CoN Cie ail (2.41) 


where the constant C is independent of momentum. The width of the mo- 
mentum distribution is thus ~ Ga 2° wile ig Oka / hiw,;)'/? times 
the zero-temperature width (ori; ) / 2. At temperatures comparable with 
the transition temperature one has kT ~ N1/8hw; and therefore the factor 
(kT /hw;)'/? is of the order of N1/°, The density and velocity distributions 
of the thermal cloud are thus much broader than those of the condensate. 
If a thermal cloud is allowed to expand to a size much greater than its orig- 
inal one, the resulting cloud will be spherically symmetric due to the isotropy 
of the velocity distribution. This is quite different from the anisotropic shape 
of an expanding cloud of condensate. In early experiments the anisotropy of 
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clouds after expansion provided strong supporting evidence for the existence 
of a Bose-Einstein condensate. 

Interactions between the atoms alter the sizes of clouds somewhat, as we 
shall see in Sec. 6.2. A repulsive interaction expands the zero-temperature 
condensate cloud by a numerical factor which depends on the number of 
particles and the interatomic potential, typical values being in the range 
between 2 and 10, while an attractive interaction can cause the cloud to 
collapse. Above T., where the cloud is less dense, interactions hardly affect 
the size of the cloud. 


2.3.1 The semi-classical distribution 


Quantum-mechanically, the density of non-interacting bosons is given by 
nr) = > fuldv(e)?, (2.42) 
Vv 


where fy, is the occupation number for state v, for which the wave function is 
o,(r). Such a description is unwieldy in general, since it demands a knowl- 
edge of the wave functions for the trapping potential in question. However, 
provided the de Broglie wavelengths of particles are small compared with 
the length scale over which the trapping potential varies significantly, it is 
possible to use a simpler description in terms of a semi-classical distribution 
function fp(r). This is defined such that fp(r)dpdr/ (27h)? denotes the mean 
number of particles in the phase-space volume element dpdr. The physical 
content of this approximation is that locally the gas may be regarded as 
having the same properties as a bulk gas. We have used this approximation 
to discuss the high-temperature limit of Boltzmann statistics, but it may 
also be used under conditions when the gas is degenerate. The distribution 
function in equilibrium is therefore given by 
0 il 
Jot) = Ip) = Fe -aeP 1 


(2.43) 


Here the particle energies are those of a classical free particle at point r, 
py 
eee) = a 1 2.44 
p(t) = 2 + VQ), (2.44) 
where V(r) is the external potential. 

This description may be used for particles in excited states, but it is inap- 
propriate for the ground state, which has spatial variations on length scales 
comparable with those over which the trap potential varies significantly. 
Also, calculating properties of the system by integrating over momentum 
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states does not properly take into account the condensed state, but prop- 
erties of particles in excited states are well estimated by the semi-classical 
result. Thus, for example, to determine the number of particles in excited 
states, one integrates the semi-classical distribution function (2.43) divided 
by (27h)? over p and r. The results for T; agree with those obtained by the 
methods described in Sec. 2.2 above, where the effect of the potential was 
included through the density of states. To demonstrate this for a harmonic 
trap is left as an exercise (Problem 2.1). 

We now consider the density of particles which are not in the condensate. 
This is given by 


aa Hl dp : | (2.45) 


Qh)? elep(r)—H)/KT — 1 
We evaluate the integral (2.45) by introducing the variable z = p*/2mkT 
and the quantity z(r) defined by the equation 
z(r) = lH VO)/eT (2.46) 


x 


For V(r) = 0, z reduces to the fugacity. One finds 
») 0° al/2 7 
ret) = ag fdr (2.47) 


where \p = (20h? /mkT)'/? is the thermal de Broglie wavelength, Eq. (1.2). 
Integrals of this type occur frequently in expressions for properties of ideal 
Bose gases, so we shall consider a more general one. They are evaluated by 
expanding the integrand in powers of z, and one finds 
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= T(y)9,(2). (2.48) 
where 
Co ap 
a = ak (2.49) 
n=1 — 


For z = 1, the sum in (2.49) reduces to ¢(y), in agreement with (2.18). 
The integral in (2.47) corresponds to y = 3/2, and therefore 


= 93/2(2(r)) 
ma 


Het) (2.50) 


In Fig. 2.2 we show for a harmonic trap the density of excited particles in 
units of 1/ xe for a chemical potential equal to the minimum of the potential. 
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Fig. 2.2. The spatial distribution of non-condensed particles, Eq. (2.50), for an 
isotropic trap, V(r) = mw2r?/2, with R = (2kT/mw2)'/*. The dotted line is a 
Gaussian distribution, corresponding to the first term in the sum (2.49). 


This gives the distribution of excited particles at the transition temperature 
or below. For comparison the result for the classical Boltzmann distribution, 
which corresponds to the first term in the series (2.49), is also exhibited for 
the same value of yz. Note that in the semi-classical approximation the 
density has a cusp at the origin, whereas in a more precise treatment this 
would be smoothed over a length scale of order Ap. For a harmonic trap 
above the transition temperature, the total number of particles is related to 
the chemical potential by 


N = 9s(2(0)) coe (2.51) 


as one can verify by integrating (2.45) over space. 


2.4 Thermodynamic quantities 


In this section we determine thermodynamic properties of ideal Bose gases 
and calculate the energy, entropy, and other properties of the condensed 
phase. We explore how the temperature dependence of the specific heat 
for temperatures close to 7, depends on the parameter a characterizing the 
density of states. 
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2.4.1 Condensed phase 
The energy of the macroscopically occupied state is taken to be zero, and 
therefore only excited states contribute to the total energy of the system. 
Consequently in converting sums to integrals it is not necessary to include an 
explicit term for the condensate, as it is when calculating the total number 
of particles. Below T,, the chemical potential vanishes, and the internal 
energy is given by 
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where we have used the integral (2.18). The specific heat C = 0E/OT is 
therefore given by! 


a ee (2.53) 


Since the specific heat is also given in terms of the entropy S by C = 
TOS/OT, we find 


C ati 
= = ; 2.54 
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Note that below T. the energy, entropy, and specific heat do not depend on 
the total number of particles. This is because only particles in excited states 
contribute, and consequently the number of particles in the macroscopically 
occupied state is irrelevant for these quantities. 
Expressed in terms of the total number of particles N and the transition 
temperature T,, which are related by Eq. (2.19), the energy is given by 
cca) ae 
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where we have used the property of the gamma function that [(z +1) = 
zl (z). As a consequence, the specific heat is given by 


: oe Tl 1G 
while the entropy is 
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Let us compare the results above with those in the classical limit. At high 


4 The specific heat C is the temperature derivative of the internal energy, subject to the condition 
that the trap paramcters arc unchanged. For particles in a box, C is thus the specific heat at 
constant volume. 


2.4 Thermodynamic quantities sll 


temperatures, the Bose-Einstein distribution becomes a Boltzmann distri- 
bution, and therefore 


= oo dee = eee (2.58) 
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and 
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On integrating Eq. (2.59) by parts, we obtain 

Ep nN hte (2.60) 
which implies that the high-temperature specific heat is 

O22 oN, (2.61) 


For a homogeneous gas in three dimensions, for which a = 3/2, the result 
(2.61) is C = 3Nk/2, and for a harmonic-oscillator potential in three dimen- 
sions C = 3Nk. Both these results are in agreement with the equipartition 
theorem. The ratio of the specific heat in the condensed state to its value 
in the classical limit is thus given by 


CCP) _ oy 4 Set (EY 
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At T. the ratio is approximately 1.28 for a uniform gas in three dimensions 
(a = 3/2), and 3.60 for a three-dimensional harmonic-oscillator potential 
(ea) 

For later applications we shall require explicit expressions for the pressure 
and entropy of a homogeneous Bose gas. For an ideal gas in three dimen- 
sions, the pressure is given by p = 2& /3V, irrespective of statistics. For 
the condensed Bose gas this result may be derived by using the fact that 
p = —(OE/OV)s, with the energy given by (2.55) for a = 3/2. According 
to Eq. (2.23) Tp scales as n/3, and one finds 


5/2 / : 
pe nha a = ¢(5/2) = * (eT) 9/2. (2.63) 


From Eq. (2.57), the entropy per particle is seen to be 
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These results will be used in the discussion of sound modes in Sec. 10.4. 
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2.4.2 Normal phase 


Let us now consider the leading corrections to the classical result (2.61) for 
the specific heat. The general expression for the total number of particles is 


1 
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while that for the total energy is 
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At high temperatures the mean occupation numbers are small. We may 
therefore use in these two equations the expansion (e"7 — 1)7! ~ e-* +e~** 
valid for large x, and obtain 
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from which we may eliminate the chemical potential by solving (2.67) for 
exp(jt/kT) and inserting the result in (2.68). This yields 
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where we have used (2.19) to express N/Cq in terms of T,. The specific heat 


is then given by 
Tee 
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This approximate form is useful even at temperatures only slightly above Ty. 


2.4.3 Specific heat close to I, 


Having calculated the specific heat at high temperatures and at tempera- 
tures less than TJ. we now determine its behaviour near T.. We shall see 
that it exhibits a discontinuity at 7. if a@ exceeds 2. By contrast, for a 
uniform Bose gas (for which @ equals 3/2) the specific heat at constant vol- 
ume is continuous at 7., but its derivative with respect to temperature is 
discontinuous. 

We shall consider the energy F as a function of the two variables T’ and 
u. These are constrained by the condition that the total number of particles 
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be equal to N. The change in energy, 6F, may then be written as 0 = 
(OE /O0T),,6T + (OE/Op)rép. The term proportional to 6T is the same just 
above and just below the transition, and therefore it gives contributions 
to the specific heat that are continuous at T.. The source of the singular 
behaviour is the term proportional to dj, since the chemical potential ju is 
identically zero for temperatures less than T, and becomes non-zero (in fact, 
negative) above the transition. To determine the nature of the singularity it 
is sufficient to consider temperatures just above T., and evaluate the change 
(from zero) of the chemical potential, dj, to lowest order in T’— T,. The 
non-zero value du of the chemical potential results in a contribution to the 
internal energy given by (QE /Ou)op. The derivative may be calculated by 
taking the derivative of Eq. (2.66) and integrating by parts, and one finds 
OE/Ou = aN. The discontinuity in the specific heat is therefore 


NC SCC) = Ol = ans (2.71) 


where the derivative is to be evaluated for fixed particle number. 
We determine the dependence of jz on T just above Ty by calculating the 
derivative (Ou/0T)n, using the identity 
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which follows from the fact that 
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when the particle number is fixed. The derivatives are evaluated by differ- 
entiating the expression (2.65) which applies at temperatures at or above T, 
and integrating by parts. The results at 7; are 
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We have assumed that a is greater than 2, since otherwise the expansion is 


not valid. 
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Fig. 2.3. The specific heat C, in units of aNk, as a function of the reduced tem- 
perature T/T, for different values of a. 


For T —T. < T, this yields 


¢(a) 


Ta att - Pe: (00) 


pra 


which, when inserted into Eq. (2.71), gives the specific heat discontinuity 
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For a harmonic-oscillator potential, corresponding to a = 3, the jump in the 
specific heat is 


= ¢(3) Eee S ‘ = 


For a < 2, the expansion given above is not permissible, and the in- 
vestigation of the specific heat for that case is the subject of Problem 2.4. 
We exhibit in Fig. 2.3 the temperature-dependent specific heat for different 
values of a. Note that the specific heat of an ideal, uniform Bose gas at 


constant pressure diverges as the temperature approaches 7. from above 
(Problem 2.5). 
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2.5 Effect of finite particle number 


For a cloud of N bosons in a three-dimensional harmonic trap the transition 
temperature as given by (2.20) is proportional to N 1/3 We now consider 
the leading correction to this result due to the finiteness of the number of 
particles. As we shall see, this is independent of N, and is therefore of rela- 
tive order N~?/3, For a cloud containing 10° atoms it lowers the transition 
temperature by about 1%, while for 10‘ atoms the effect is somewhat larger, 
of order 5%. 
The correction to 7. originates in the zero-point motion, which increases 
the energy of the lowest single-particle state by an amount (see Eq. (2.8)) 
h 3hwm 
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where 
Wm = (wy + w2 + w3)/3 (2731) 


is the algebraic mean of the frequencies. Thus the shift in the chemical 
potential at the transition temperature is 
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To determine the shift AT, in the transition temperature for particles 
trapped by a three-dimensional harmonic-oscillator potential we use the in- 
verse of the result (2.76) to relate the shift in transition temperature to the 
change in the chemical potential. When condensation sets in, the chemi- 
cal potential is equal to the expression (2.82) when the zero-point energy is 
taken into account. Since a = 3 for the three-dimensional harmonic trap, 
the shift in transition temperature is 
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Inserting T. from (2.20) we obtain the result 
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which shows that the fractional change in the transition temperature is 
proportional to Nos 

For an anisotropic trap with axial symmetry, where w3 = AW, = Awa, 
the ratio wm/@ becomes (2 + d)/3A1/3, Since \ may be as small as Lr, 
anisotropy can enhance significantly the effects of finite particle number. 
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2.6 Lower-dimensional systems 


There are physical situations where some degrees of freedom are frozen out, 
and quantum gases behave as one- or two-dimensional systems. Here we 
shall briefly describe some of them. One example of a two-dimensional 
system is spin-polarized hydrogen adsorbed on a liquid 4He surface at tem- 
peratures low enough that atoms are in the lowest-energy state for motion 
perpendicular to the surface. To investigate whether or not Bose-Einstein 
condensation occurs, we calculate the number of particles in excited states 
when the chemical potential is equal to the energy €min of the single-particle 
ground state. This is given by 


1 
Nex = so CSNe Soe (2.85) 
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In two dimensions, the smoothed density of states is g(e) = L?m/2rh?. 
where L? is the surface area. If we replace the sum in Eq. (2.85) by an 
integral and take the lower limit to be zero, the integral does not exist be- 
cause of the divergence at low energies. This shows that we cannot use 
the simple prescription employed in three dimensions. In a two-dimensional 
bom the sround state Nas enerey ten ee a ie since its wavelength is 
comparable to the linear extent of the area. Also, the separation of the low- 
est excited state from the ground state is of the same order. To estimate the 
number of excited particles, we replace the sum in Eq. (2.85) by an integral. 
and cut the integral off at an energy €min. This gives 
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The number of excited particles becomes equal to the total number of par- 
ticles at a temperature given by 
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where 0 = N/ L? is the number of particles per unit area. The transition 
temperature is therefore lower by a factor ~ In N than the temperature at 
which the particle spacing is comparable to the thermal de Broglie wave- 
length. If we take the limit of a large system, but keep the areal density 
of particles constant, the transition temperature tends to zero. Despite the 
fact that fluctuations tend to destroy Bose-Einstein condensation in two- 
dimensional systems, many fascinating phenomena have been found for he- 
lium adsorbed on surfaces, among them the Iosterlitz-Thouless transition 
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[4]. Research on spin-polarized hydrogen on surfaces is being pursued at a 
number of centres, and a review is given in Ref. [5]. 

Another possibility for realizing systems that are effectively one- or two- 
dimensional is to use gases in very anisotropic traps [6]. Imagine an 
anisotropic harmonic trap, with w3 < w 1,w2, and let us assume that the 
thermal energy k7' is small compared with hw; and fhw2. Particles are then 
in the lowest-energy states for motion in the 2 and y directions, and when 
the chemical potential is equal to the energy of the ground state, the number 
of particles in excited states for motion in the z direction is given by 

= 1 
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Like the sum for the two-dimensional Bose gas above, this expression would 
diverge if one replaced it by an integral and took the lower limit on n to ine 
zero. However, since the lowest excitation energy is hw3, a better estimate 
is obtained by cutting the integral off at n = 1, which corresponds to an 
energy fw 3. In this approximation one finds 
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which is the same as Eq. (2.86), except that min there is replaced by hws. 
The temperature at which the number of particles in excited states must 
become macroscopic is therefore given by equating Nex to the total number 
of particles N, and therefore 

se fu (2.90) 
As N increases, T, increases if the properties of the trap are fixed. This is 
similar to what would happen if one increased the number of particles in a 
two-dimensional ‘box’ of fixed area. 

A wide range of physical phenomena are predicted to occur in very 
anisotropic traps. Recent experiments where low-dimensional behaviour has 
been observed in such traps are described in Ref. [7], where references to 
earlier theoretical and experimental work may be found. 


Problems 
PROBLEM 2.1 Use the semi-classical distribution function (2.43) to calcu- 
late the number of particles in the condensate for an isotropic harmonic- 
oscillator potential. Indicate how the calculation may be generalized to an 
anisotropic harmonic oscillator. 
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PROBLEM 2.2 Consider a gas of N identical bosons, each of mass m, in 


the quadrupole trap potential 
V(a,y,2) = Ale? +9? +42), 


where A is a positive constant (the physics of this trap will be explained 
in Sec. 4.1). Determine the density of single-particle states as a function 
of energy and calculate the transition temperature, the depletion of the 
condensate as a function of temperature, and the jump in the specific heat 
at the transition temperature. 


PROBLEM 2.3 Determine the Bose-Einstein condensation temperature and 
the temperature dependence of the depletion of the condensate for N iden- 
tical bosons of mass m in an isotropic potential given by the power law 
V(r) = Cr’, where C and v are positive constants. 


PROBLEM 2.4 Prove that the discontinuity in the specific heat at T., ob- 
tained in (2.78) for a > 2, disappears when a < 2 by using the identity 


= ENS = Cid alist Sean Se 
N — CoP (a)e(a) (kT) a f dee sooner Sj fee 


at temperatures just above T,. [Hint: Simplify the integrand by using the 
approximation (e” — 1)7! ~ 1/z,] 


PROBLEM 2.5 Consider a uniform non-interacting gas of N_ identical 
bosons of mass m in a volume V. Use the method employed in Problem 2.4 to 
calculate the chemical potential as a function of temperature and volume at 
temperatures just above T.. Show that the specific heat at coustant pressure, 
Cy, diverges as (T —T,)~! when the temperature approaches T. from above. 
[Hint: The thermodynamic identity C, = Cy — T(Op/0T)?./(Op/OV)7 may 
be useful. ] 
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Atomic properties 


Atomic properties of the alkali atoms play a key role in experiments on cold 
atomic gases, and we shall discuss them briefly in the present chapter. Basic 
atomic structure is the subject of Sec. 3.1. Two effects exploited to trap and 
cool atoms are the influence of a magnetic field on atomic energy levels, and 
the response of an atom to radiation. In Sec. 3.2 we describe the combined 
influence of the hyperfine interaction and the Zeeman effect on the energy 
levels of an atom, and in Sec. 3.3 we review the calculation of the atomic 
polarizability. In Sec. 3.4 we summarize and compare some energy scales. 


3.1 Atomic structure 


The total spin of a Bose particle must be an integer, and therefore a boson 
made up of fermions must contain an even number of them. Neutral atoms 
contain equal numbers of electrons and protons, and therefore the statistics 
that an atom obeys is determined solely by the number of neutrons N: if 
N is even, the atom is a boson, and if it is odd, a fermion. Since the alkalis 
have odd atomic number Z, boson alkali atoms have odd mass numbers A. 
In Table 3.1 we list N, 7, and the nuclear spin quantum number J for some 
alkali atoms and hydrogen. We also give the nuclear magnetic moment 1, 
which is defined as the expectation value of the z component of the magnetic 
moment operator in the state where the z component of the nuclear spin, 
denoted by mh, has its maximum value, « = (I.my = I|p.|I,m; = I). 
To date, essentially all experiments on Bose Einstein condensation have 
been made with states having total electronic spin 1 /2, and the majority 
of them have been made with states having nuclear spin J = 3 ja (OMEN, 
*8Na, and “Li). Successful experiments have also been carried out with 
hydrogen (J = 1/2) and ®°Rb atoms (J = 5/2). In addition, Bose-Einstein 
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Table 3.1. The proton number Z, the neutron number N, the nuclear spin 
I, the nuclear magnetic moment (in units of the nuclear magneton 
jin = eh/2m,), and the hyperfine splitting vy = AEus/h for hydrogen and 
some alkali isotopes. For completeness, the two fermion isotopes SLi and 
40K are included. 


isovopemeeZ 9) Lf tin Ung (MHz) 
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eels 1 2 a srs —1286 
ak Om 22s Dame 21D 254 
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condensation has been achieved for “He atoms, with nuclear spin J = 0, in 
a metastable electronic state with S = 1. 

The ground-state electronic structure of alkali atoms is simple: all elec- 
trons but one occupy closed shells, and the remaining one is in ans orbital in 
a higher shell. In Table 3.2 we list the ground-state electronic configurations 
for alkali atoms. The nuclear spin is coupled to the electronic spin by the 
hyperfine interaction. Since the electrons have no orbital angular momen- 
tum (L = 0), there is no magnetic field at the nucleus due to the orbital 
motion, and the coupling arises solely due to the magnetic field produced 
by the electronic spin. The coupling of the electronic spin, S = 1 (2, We 
the nuclear spin J yields the two possibilities F =1+1/2 for the quantum 
number F for the total spin, according to the usual rules for addition of 
angular momentum. 

In the absence of an external magnetic field the atomic levels are split by 
the hyperfine interaction. The coupling is represented by a term Ay in the 
Hamiltonian of the form 


Hee = ALJ, al) 


where A is a constant, while I and J are the operators for the nuclear 
spin and the electronic angular momentum, respectively, in units of h. ‘The 
operator for the total angular momentum is equal to 


ee one ce) 
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Table 3.2. The electron configuration and electronic spin for selected 
isotopes of alkali atoms and hydrogen. For clarity, the inner-shell 
configuration for Rb and Cs is given in terms of the noble gases Ar, 
Is°2s"2p°ss-3p pand Kr Amisde 46-4) 


Element Z Electronic spin Electron configuration 
il 


H Wp 1s 

Li 3 V2 is72s 

Na ilo Ve eal 2p Ben 

K 19 2 670572 35-3 45. 
Rb a0 2 (Ar)3d1°4s74p®5s1 
Cs 55 2 (Kr)4d1°5s*5p®6s! 


By squaring this expression we may express I-J in terms of the quantum 
numbers J, J, and F determining the squares of the angular momentum 
operators and the result is 


LJ= 5 [F(F+1)-7(7+1)- J(J +1). (SS) 

Alkali and hydrogen atoms in their ground states have J = S = 1/2. The 

splitting between the levels F = J+ 1/2 and F = I — 1/2 is therefore given 
by 


1 
Ae = — GE ar 3A. (3.4) 


Measured values of the hyperfine splitting are given in Table 3.1. 

As a specific example, consider an alkali atom with 7 = 3/2 in its ground 
state (J = S = 1/2). The quantum number F may be either 1 or 2, 
and I-J = —5/4 and 3/4, respectively. The corresponding shifts of the 
ground-state multiplet are given by £; = —5A/4 (three-fold degenerate) and 
Ey = 3A/4 (five-fold degenerate). The energy difference AF ys = Eo — Ey 
due to the hyperfine interaction (3.1) is thus 


AFus = 2A, (3.5) 


in agreement with the general expression (3.4). 
A first-order perturbation treatment of the magnetic dipole interaction 
between the outer s electron and the nucleus yields the expression [1, §121] 


[to 167 f+1/2 ; 
A Rigg = HOTT yy EM?) yoy (3.6) 


The quantity fg = eh/2me (the Bohr magneton) is the magnitude of the 
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magnetic moment of the electron, and yu is the magnetic moment of the nu- 
cleus, which is of order the nuclear magneton pin = eh/2mMp = (Me/Mp) Up. 
Here me, is the electron mass and m, the proton mass. Throughout we 
denote the elementary charge, the absolute value of the charge of the elec- 
tron, by e. The quantity (0) is the valence s-electron wave function at the 
nucleus. It follows from Eq. (3.6) that for atoms with a positive nuclear 
magnetic moment, which is the case for all the alkali isotopes listed in Table 
3.1 except “°K, the state with lowest energy has F = I — 1/2. For negative 
nuclear magnetic moment the state with F = J + 1/2 has the lower energy. 
The hyperfine line for the hydrogen atom has a measured frequency of 
1420 MHz, and it is the famous 21-cm line exploited by radio astronomers. 
Let us compare this frequency with the expression (3.6). For hydrogen, /1 
is the proton magnetic moment [lp ~ 2.793pn and \b(0)|? = 1/ma3, where 
ag = h?/m.e2 is the Bohr radius, with e§ = e?/4me9. Thus (3.6) becomes 


Bidm 2a, ae 
The magnitude of Ap, is of order (me/mp) ass in atomic units (a. u.), where 
af = e@/he, c being the velocity of light, is the fine structure constant and 
the atomic unit of energy is e2/ag. The calculated result (3.7) differs from 
the experimental one by less than 1%, the bulk of the difference being due to 
the reduced-mass effect and the leading radiative correction to the electron 
g factor, g = 2(1 + ag/27). 

For multi-electron atoms, Eq. (3.6) shows that the hyperfine splitting de- 
pends on the electron density at the nucleus due to the valence electron 
state. If interactions between electrons could be neglected, the electron or- 
bitals would be hydrogenic, and the hyperfine interaction would scale as 
(Z/n)°, where n is the principal quantum number for the radial wave func- 
tion of the outermost s electron. However, the electrons in closed shells 
screen the charge of the nucleus, and the outermost electron sees a reduced 
charge. As a consequence the hyperfine splitting increases less rapidly with 
Z, as is illustrated for alkali atoms in Table 3.1. 

The variation in hyperfine splitting exhibited in Table 3.1 may be roughly 
understood in terms of the measured nuclear magnetic moment ys and the 
valence electron probability density at the nucleus. If Z is large compared 
with unity, but still small compared with anm the inverse fine structure 
constant, so that relativistic effects may be neglected, one may show within 
the quasi-classical WIKB approximation that the characteristic scale of den- 
sities for the outermost electron at the origin is proportional to Z ees ail 
An empirical measure of the valence electron density at the nucleus may be 
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obtained by dividing upp by (7 + 1/2)/7. This ratio is independent of nu- 
clear properties, since the hyperfine splitting is proportional to p(/+1/2)/J. 
If one divides further by a factor of Z, one finds from Table 3.1 that the 
resulting ratios differ by no more than 20 % for the elements from sodium 
to cesium, in good agreement with the result of the quasi-classical method. 


3.2 The Zeeman effect 


To take into account the effect of an external magnetic field on the energy 
levels of an atom we must add to the hyperfine Hamiltonian (3.1) the Zeeman 
energies arising from the interaction of the magnetic moments of the electron 
and the nucleus with the magnetic field. If we take the magnetic field B to 
be in the z direction, the total Hamiltonian is thus 


Hen Allele: sean (3.8) 


The constants C and D are given by 


C = gupB, (3.9) 
and 
[i 
Dey (3.10) 


where in writing Eq. (3.9) we have assumed that the electronic orbital angu- 
lar momentum L is zero and its spin S is 1/2. For °’Rb. pz: equals 2.751 pn. 
and D = —1.834unB, according to Table 3.1. Since |C/D| ~ m,/me ~ 
2000, for most applications D may be neglected. At the same level of ap- 
proximation the g factor of the electron may be put equal to 2. 

Because of its importance we first consider a nuclear spin of 3/2. In order 
to obtain the level scheme for an atom in an external magnetic field. we 
diagonalize Hgpin in a basis consisting of the eight states |mr. my), where 
my = 3/2,1/2, —1/2, -3/2, and mj = 1/2,—1/2. The hyperfine interaction 
may be expressed in terms of the usual raising and lowering operators Jy. = 
f, tify and Ji = Jz tidy by use of the identity 


1 
[J = Ide + 5(14J- + 1_J4). (3.11) 


The Hamiltonian (3.8) conserves the z component of the total angular mo- 
mentum, and therefore it couples only states with the same value of the 
sui my + my, since the raising (lowering) of my by 1 must be accompanied 
by the lowering (raising) of my by 1. This reflects the invariance of the 
iteraction under rotations about the z axis. 
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The energies of the states |3/2,1/2) and |—3/2,—1/2) are easily calcu- 
lated, since these states do not mix with any others. They are 


al 3 il 3 
9 —— 212 
Co A + oe (12) 
and 
Soll: S il S 
a ; 
( 5? e 7 BV nes (als) 


which are linear in the magnetic field. 

Since the Hamiltonian conserves the z component of the total angular mo- 
mentum, the only states that mix are pairs like |m;, —1/2) and |m; — 1, 1/2). 
Therefore to calculate the energies of the other states we need to diagonal- 
ize only 2x2 matrices. Let us first consider the matrix for my + my = 1, 
corresponding to the states |3/2,—1/2) and |1/2, 1/2). The matrix elements 
of the Hamiltonian (3.8) are 


1 
ee eee ay, 
4 2 2 2 
J/3 ies eee 
—A — ~ ~D 
5 rie =e av Bis 5 
and the eigenvalues are 
; A o 1 : 
Sar +Da yt oq ee (3.14) 


In the absence of a magnetic field (C = D = 0) the eigenvalues are seen 
to be —5A/4 and 3A/4, in agreement with the energies of the F = 1 and 
F = 2 states calculated earlier. For the states |—3/2,1/2) and |—1/2, -1/2) 
the matrix is obtained from the one above by the substitution C' —> —C and 
=) wihe matrix tortie suaves |l/2,—/2),|—l/2, 1/2) 18 


1 i 
—-A+-(C-—D A 
i 
A —-A—-(C—-D) 
4 
and the eigenvalues are 
A | if 
ee Be Cl = 1 (Gall 
E qty rq ) (3.15) 


The eigenvalues resulting from the matrix diagonalization are plotted in 
Fig. 3.1. As we remarked earlier, |D| is much less than both C' and |A] at the 
fields attainable. Therefore to a good approximation we may set D equal to 
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Fig. 3.1. Energies of hyperfine levels of an alkali atom with J = 3/2 and A > 0 
in a magnetic field. The energy is measured in units of A = AF);/2, and the 
dimensionless magnetic field b = C/A = 4p B/AEns (see Eq. (3.16)). 


zero, and we also set g = 2. The dimensionless magnetic field b is defined 
for arbitrary nuclear spin by 


Cc (2F + 1)upB 


A AEnge 


= (3.16) 
The two straight lines correspond to the energies of the states |3/2,1/2) and 
|—3/2, —1/2), which do not mix with other states. 

When D is neglected, the energy levels are given for my + my = +2 by 


oe 3 Soll Some = 
fOr Mey 4 hy = =e by 
il eel 
if = a= se y= ST 2 8 
i i al + (3.18) 


and 


i ee 
E= ~ 2 
a eo oe ne). (3.19) 
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and for my; + my; = 0 by 


f= A eae pe 3.20 


At high magnetic fields, b >> 1, the leading contributions to these expressions 
are +Ab/2 = +C'/2 corresponding to the energy eigenvalues zypB associ- 
ated with the electronic spin. These calculations may easily be generalized 
to other values of the nuclear spin. 

Many experiments on alkali atoms are carried out in relatively low mag- 
netic fields, for which the Zeeman energies are small compared with the 
hyperfine splitting. To first order in the magnetic field, the energy may be 
written as 


E(F, mp) = E(F) + mrgrppB, (3:21) 


where gp is the Landé g factor and E(F) is the energy for B = 0. For 
F = I 41/2, the electron spin is aligned essentially parallel to the total 
spin, and therefore the g factor is negative. Consequently the state with 
mp = F has the highest energy. For F = J — 1/2, the electron spin is 
predominantly antiparallel to the total spin, and the state with mp = —f 
has the highest energy. Calculation of the g factors is left as an exercise, 
Problem 3.1. 

One state of particular importance experimentally is the doubly polarized 
state |m; = I,m = 1/2), in which the nuclear and electronic spin compo- 
nents have the largest possible values along the direction of the magnetic 
field. Another is the maximally stretched state, which corresponds to quan- 
tum numbers F = J — 1/2,mp = —(I — 1/2) in zero magnetic field. These 
states have negative magnetic moments and therefore, according to the dis- 
cussion in Sec. 4.1, they can be trapped by magnetic fields. In addition, they 
have long inelastic relaxation times, as we shall explain in Sec. 5.4.2. For a 
nuclear spin 3/2 the doubly polarized state is |m ; = 3/2,m, = 1/2), which 
has F = 2,mp = 2, and in zero magnetic field the maximally stretched state 
i 2 ce Iie = =I 

For hydrogen, the nuclear spin is J = 1/2. The eigenvalues Oi ee eae 
determined in precisely the same manner as for a nuclear spin 3/2 and 
the result is 


ile il b 1 b» 
a —, — — =. — area eae Pe) 
Se) A(+5) and B(—3,—5) A(; 5) (3.22) 
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Fig. 3.2. Energies of the ground-state multiplet of a hydrogen atom as a function 
of the magnetic field. 


and for the states with m; +m, = 0 


1.1 - 
—a Aa 9 
E A(a+5 ive), (3.23) 


For I = 1/2, A is equal to the hyperfine splitting AF), and the dimen- 
sionless magnetic field b = C/A = 2pB/AEys according to (3.16). The 
energies, converted to equivalent temperatures, are plotted as functions of 
the magnetic field B in Fig. 3.2. 

The four states corresponding to these eigenvalues are conventionally la- 
belled a,b,c, and d in order of increasing energy. When expressed in terms 
of the basis |m;,mz) they are 


el ; Leet 
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and 


a) = [555). (3.27) 
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The dependence of the mixing angle @ on the magnetic field is given by 
ene fe) = 1/b = A Fre /2UpB. 


3.3 Response to an electric field 


When an atom is subjected to an electric field E it acquires an electric dipole 
moment, and its energy levels are shifted. This effect is exploited extensively 
in experiments on cold dilute gases for trapping and cooling atoms using 
the strong electric fields generated by lasers. Such electric fields are time 
dependent, but to set the scale of effects we begin by considering static 
fields. For the hydrogen atom we may estimate the order of magnitude 
of the polarizability by arguing that the average position of the electron 
will be displaced by an amount comparable to the atomic size ~ ag if an 
external electric field comparable in strength to the electric field in the 


atom € ~ e/(4megaz) is applied. Here ag = h?/mee% is the Bohr radius and 


e2 = e*/A4neq. The polarizability a relates the expectation value <d> of 


the electric dipole moment to the electric field according to the definition 
de — wen (3.28) 


and therefore it is given in order of magnitude by 


e€ag 


an = Area}. (3.29) 


e/Areqaz 
More generally, the polarizability is a tensor, but for the ground states of 
alkali atoms and hydrogen, which are S states, it is a scalar, since it does 
not depend on the direction of the field. In order to avoid exhibiting the 
factor of 47€9 we define the quantity 


OL 


Y= 3.30 
. AT Eg ( ) 

The estimate (3.29) then leads to the result 
a ~ ap. (3.31) 


The energy of an atom in an electric field may be evaluated quantitatively 
using perturbation theory. In an electric field which is spatially uniform on 
the scale of the atom, the interaction between the atom and the electric field 
may be treated in the dipole approximation, and the interaction Hamiltonian 
is 


H'=-d€, (3.32) 


50 Atomic properties 


where 


d= —e DUT; (3.33) 


is the electric dipole moment operator for the atomic electrons. Here the rj 
are the position operators for the electrons relative to the atomic nucleus, 
and the sum is over all electrons in the atom. In the absence of external 
fields, most atomic states are eigenstates of the parity operator to a very 
good approximation, since the only deviations are due to the weak interac- 
tion, which violates parity. From symmetry it then follows that the dipole 
moment of the atom in the absence of a field vanishes, and consequently the 
first-order contribution to the energy also vanishes. The first non-vanishing 
term in the expansion of the energy in powers of the electric field is of second 
order, and for the ground state this is given by 


ee ears i aun a (3.34) 


In this expression the energies in the denominator are those for the unper- 
turbed atom, and the sum is over all excited states. including those in the 
continuum. Because all energy denominators are positive for the ground 
state, the second-order contribution to the ground-state energy is negative. 

The energy of the state may also be calculated in terms of the polarizabil- 
ity. To do this we make use of the fact that the change in the energy due to 
a change in the electric field is given by 


dy <0 ae, (3:35) 


and therefore, when the expectation value of the dipole moment is given by 
(3.28), the field-dependent contribution to the energy is 


hae 
AE = = 50 (3.36) 
Comparing Eqs. (3.34) and (3.36) we see that 


==> 
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where for definiteness we have taken the electric field to be in the 7 direction. 

For hydrogen the polarizability may be calculated exactly, and it is given 
ny Gy — Jae /2, in agreemeut with our qualitative estimate above and with 
experiment. Upper and lower bounds on the polarizability may be obtained 
by simple methods, as described in Problem 3.3. 
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The polarizabilities of alkali atoms are larger than that of hydrogen by 
factors which range from 30 to 90. To understand the magnitude of the 
numerical factor and its variation throughout the alkali series in simple terms 
we introduce the concept of the oscillator strength for a transition from a 
state k to a state /. This dimensionless quantity is defined by 


27. (En = Ej) 


ae | (Ald |t) |? (3.38) 


i= 
for the 7 component of the dipole moment. This is the squared modulus of 
the dipole matrix element measured in terms of the electronic charge and 
a length equal to 1/27 times the wavelength of a free electron with energy 
equal to that of the transition. The polarizability of an atom in its ground 
state may then be written as 


ee i 
a = 4rega = — — (B59) 
The a Wg 
where Wn = (En — Eo)/h. In atomic units (a% for & and e2/ag for energies) 


this result may be written 
i 
A ee (3.40) 


For an atom with Z electrons the oscillator strengths obey the Thomas-— 
Reiche-Kuhn or f sum rule [2, p. 181] 


Wise (3.41) 


In alkali atoms, by far the main contribution to the polarizability comes 
from the valence electron. Electrons in other states contribute relatively 
little because the corresponding excitations have high energies. In addition, 
for the valence electron the bulk of the oscillator strength is in the resonance 
lines in the optical part of the spectrum. These are due to nP-nS transi- 
tions, which are doublets due to the spin-orbit interaction. ‘The best-known 
example is the 3P to 3S transition in sodium, which gives the yellow Fraun- 
hofer D lines in the spectrum of the Sun. To an excellent approximation, 
the valence electron states are those of a single electron moving in a static 
potential due to the nucleus and the electrons in the core. The contribution 
to the sum rule from the valence electron transitions is then unity. If we 
further neglect all transitions except that for the resonance line, the total 
oscillator strength for the resonance line is unity, and the polarizability is 
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Table 3.3. Wavelengths and energies of resonance lines of alkali atoms and 
hydrogen. The wavelengths of both members of the doublet are given. and 
for H and Li they are the same to within the number of figures quoted in 
the table. The energies given correspond to the average of the energies for 

the transitions to the spin-orbit doublet, weighted according to their 
statistical weights (4 for P32 and 2 for Py/2). 


Atom Wavelength AF; Ares 


(nm) (eV) (a.u.) 
H 1216 10.20 0.375 
Li 670.8 1.848 0.0679 
Na B50 0552.00 2 10tO7 ie 
K 766.5, 769.9 1.615 0.0594 


Rb 780.0, 794.8 1.580 0.0581 
Cs Bo2,1, 694.3 4525500526 


given by 
ae es 
CQ. (AE. (ek) 
where ALyes is the energy difference associated with the resonance line mea- 
sured in atomic units (e2/ao ~ 27.2 eV). In Table 3.3 we list values of the 
wavelengths and energy differences for the resonance lines of alkali atoms 
and hydrogen. 

The measured value of @ for Li is 164 in atomic units, while (3.42) yields 
217. For Na the measured value is 163 [3], while Eq. (3.42) gives 167. 
For K, Rb, and Cs the measured values are 294, 320. and 404, and Eq. 
(3.42) evaluated using the energy of the resonance line averaged over the 
two members of the doublet yields 284, 297, and 361. respectively. Thus we 
see that the magnitude of the polarizability and its variation through the 
alkali series may be understood simply in terms of the dominant transition 
being the resonance line. 

The resonance lines in alkali atoms have energies much less than the 
Lyman-q@ line in hydrogen because they are due to transitions between va- 
lence electron states with the same principal quantum number, e.g., 3P—3S 
for Na. If the potential in which the electron moved were purely Coulom- 
bic, these states would be degenerate. However the s-electron wave function 
penetrates the core of the atom to a greater extent than does that of the p 
electron, which is held away from the nucleus by virtue of its angular mo- 
mentum. Consequently screening of the nuclear charge by core electrons is 
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more effective for a p electron than for an s electron, and as a result the s 
state has a lower energy than the p state. 

For the heavier alkali atoms, the experimental value of the polarizability 
exceeds that given by the simple estimate (3.42), and the difference increases 
with increasing Z. This is because core electrons, which have been neglected 
in making the simple estimate, contribute significantly to the polarizability. 
For hydrogen, the line that plays a role analogous to that of the resonance 
line in the alkalis is the Lyman-a line, whose energy is (3/8)e?/ao, and the 
estimate (3.42) gives a polarizability of 64/9 = 7.1. This is nearly 60% more 
than the actual value, the reason being that this transition has an oscillator 
strength much less than unity. The estimate for Li is 30% high for a similar 
reason. 


Oscillating electric fields 
Next we turn to time-dependent electric fields. We assume that the electric 
field is in the 7 direction and varies in time as E(t) = Ey coswt. Therefore 
the perturbation is given by 
di Eo 
2 


By expanding the wave function ~ in terms of the complete set of unper- 
turbed states uy, with energies FE, 


(= Se Cm (3.44) 
nm 


H! = —d;€p cos wt = (Cee (3.43) 


we obtain from the time-dependent Schrédinger equation the usual set of 
coupled equations for the expansion coefficients an, 


ian = > (n|H'|k)ax(t)e*", (3.45) 
k 
where Wpp = (En — Ex)/h, and the dot on a denotes the derivative with 
respect to time. 

Let us consider an atom initially in an eigenstate m of the unperturbed 
Hamiltonian, and imagine that the perturbation is turned on at Time i — 0 
The expansion coefficients a, for n # m are then obtained to first order in 
the perturbation H’ by inserting (3.43) into (3.45) and replacing ax, on the 
right hand side by its value d¢m when the perturbation is absent, 


a ; F ; a 
tall) = ate fal nlaiealmyfetmm ro” + elmo], (8.46) 
2ih 0 


For simplicity we assume here that the frequency is not equal to any of 
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the transition frequencies. In Sec. 4.2 we shall relax this assumption. By 
carrying out the integration over time one finds 


a (1) — (n|diEo|m) = mut 1 ei(unm—w)t se : 


(3.47) 


| 
n 
2h Wam + WwW Wm — WwW 


for n 4m. To determine the coefficient a, for the initial state, which yields 
the energy shift, we write it as an, = e'?m where dm is a complex phase, 
and we insert (3.47) into (3.45). To second order in the perturbation the 
result is 


lidm = (m|d;|m)Ep cos wt 
&2 t(wnmtw)t _ i i(wnm—wit __ 1 
ers SS |(n|d;|m) (Pe om toce | i ie See | (3.48) 
nezm 
On the right hand side of (3.48) we have replaced e '®™ by unity, since we 
work only to second order in the strength of the electric field. The matrix 


element (m|d;|m) vanishes by symmetry when the state m is an eigenstate 


Wnam + WwW Wrm — WwW 


of the parity operator. 

The shift in the energy is given by fA times the average rate at which the 
phase of the state decreases in time. We therefore average (3.48) over time 
and obtain 


h<d _ 6 ft ee 
<Om>t A S- = 4 [(n|d;|m)|°. (3.49) 


mtwW Wm — W 


Here <--->; denotes an average over one oscillation period of the electric 
field. We write the time-averaged energy shift AE = —h< Og Se for the 
ground state of the atom (m = 0) in a form analogous to Eq. (3.36) for 
static fields, 


Ap= — 5a) <E(t)2>1, (3.50) 


with <E(t)? >, = €2/2. The frequency-dependent polarizability is thus 


if il 
— : Z 
Ome UG recap Sr) 


= En = Farle? a 
(Ey, sa yy a (fu)? , 
or 
e2 fs 
i =. 2 
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In the limit w — 0 this agrees with the result (3.39) for static fields. 
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Table 3.4. Characteristic atomic energies E; for sodium together with the 
corresponding frequencies E;,/h, and temperatures E;/k. The quantity 
AF yes is the energy of the resonance line due to the transition between the 
3P and 35 levels, AE. is the spin-orbit splitting in the 3P doublet, AFys 
the hyperfine splitting in the ground state, hI’, the linewidth of the 
resonance line, while up B and unB are the Zeeman energies. The 
magnetic field has been chosen to be B=0.1 T. 


Quantity Energy Frequency ‘Temperature 
(eV) (Hz) (K) 
0D ee al Sele 1022 Ae 10" 
DS Jule muse (mee << 1102 
AEnt or ies 10" mesa 10 —- 
upB ee Om mele 10? G7 x 10-2 
fle oly (moms 10° mea.S x 107 
unB Ro 0m eee 10 ee 7 x 10> 9 


3.4 Energy scales 


As a prelude to our discussion in Chapter 4 of trapping and cooling processes 
we give in the following some characteristic atomic energy scales. 

Since the Zeeman energies upB and un B differ by three orders of magni- 
tude, the interaction of the nuclear spin with the external field may generally 
be neglected. The magnitude of the hyperfine splitting, AF hr, is comparable 
with the Zeeman energy ppB for B=0.1 T. 

As we shall see in the next chapter, laser cooling exploits transitions be- 
tween atomic levels which are typically separated by an energy of the order 
of one electron volt (eV). The two resonance lines in sodium are due to tran- 
sitions from the 3P level to the 3S level with wavelengths of 589.0 nm and 
589.6 nm corresponding to energy differences AF res of 2.1 eV (cf. Table 3.3). 
The splitting of the lines is due to the spin-orbit interaction. The spin-orbit 
splitting AF. involves — apart from quantum numbers associated with the 
particular states in question — an average of the derivative of the potential. 
For hydrogen one has AFsgo ~ hi?e§/m2c*ap = az.e2/ap ~ 107% eV, where 
ay, is the fine structure constant. For sodium the splitting of the resonance 
line doublet is 2.1x107~% eV. 

Yet another energy scale that plays a role in the cooling processes is the 
intrinsic width of atomic levels. An atom in an excited state decays to 
lower states by emitting radiation. The rate of this process may be deter- 
mined by using second-order perturbation theory, the perturbation being 
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the interaction between the atom and the quantized radiation field. Al- 
ternatively, within a semi-classical approach, one may calculate the rate of 
absorption and stimulated emission of photons by treating the electric field 
classically. From this, the rate of spontaneous emission processes is obtained 
by using the relationship between the Einstein A and B coefficients. For a 
state n whose decay is allowed in the dipole approximation the rate of decay 
[nm to state m by spontaneous emission is found to be [2, p. 168] 


4 Wein doi (r|dilm)|? 
ee 2 L : 05 
Vn 3 Areghc? ( ) 


where hwym is the energy difference between the levels in question, while 
(n|d;|m) is the dipole matrix element. This result is identical with the 
damping rate of a classical electric dipole moment of magnitude equal to 
the square root of >>, |(n|d;|m)|* and oscillating with frequency w»m. The 
total decay rate of an excited state n is therefore given by 


(ag as : (3.54) 


where the sum is over all states m with energy less than that of the initial 
state. Estimating (3.53) for the 2P-15 Lyman-a transition in hydrogen, 
with Wam © e%/hap and |(n|d;|m)| ~ eao, yields 


aoe 3.59 
e @ (3 25) 


The rate of spontaneous emission is thus a factor of order (as)? or 4 x 1077 
times atomic transition frequencies. 

For the resonance lines in alkali atoms, the possible final states are all 
members of the ground-state multiplet, and therefore we may write the 
decay rate (3.54) as 

sO 
Te ; pe (3.56) 


Re Mec?’ 


where Wres = AFires/h is the resonance-line frequency and fires is the total 
oscillator strength from the excited state to all members of the ground- 
state multiplet. This strength, like the total strength from a member of the 
ground-state multiplet to all members of the excited-state multiplet, is close 
to unity, and for similar reasons, and therefore the decay rate of the excited 
state is given approximately by 

_ 2 6 hwy, 
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For the resonance line in sodium, wres = 3.2 x 10! s~! and the estimate 
(3.57) gives T. = 6.4 x 10’ s~!, which agrees closely with the measured 
vale Ue — 63510 oes 

In Table 3.4 (see p. 55) we list for sodium the characteristic energies, 
frequencies, and temperatures discussed above. 


Problems 


PROBLEM 3.1 Calculate the Zeeman splitting of the hyperfine levels for 
the °’Rb atom in low magnetic fields and determine the Landé g factors. 


PROBLEM 3.2 Use a high-field perturbation treatment to obtain explicit 
expressions for the Zeeman-split hyperfine levels of 8’Rb and 'Cs in a 
strong magnetic field and compare the results with Fig. 3.1. 


PROBLEM 3.3 The static polarizability of a hydrogen atom in its ground 
state may be calculated in an approximate way from Eq. (3.34). First include 
only the unperturbed states |nlm) associated with the next-lowest unper- 
turbed energy level, which has n = 2, and show that if the electric field 
is in the z direction, the only non-vanishing matrix element is (210|z|100). 
Calculate the matrix element and use it to obtain an upper bound on the 
second-order correction to the energy, AB. Determine a lower bound on AE 
by replacing all the energy differences E, — Ep in Eq. (3.34) by the difference 
between the energy of the lowest excited state and that of the ground state, 
and use closure to evaluate the sum. The exact expression, valid to second 
order in €, is AE /4me9 = —(9/4) aE”. 
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Trapping and cooling of atoms 


The advent of the laser opened the way to the development of powerful new 
methods for manipulating and cooling atoms which were exploited in the 
realization of Bose-Einstein condensation in alkali atom vapours. To set the 
stage we describe a typical experiment, which is shown schematically in Fig. 
4.1 {1]. A beam of sodium atoms emerges from an oven at a temperature 
of about 600 K, corresponding to a speed of about 800 m s-!, and is then 
passed through a so-called Zeeman slower, in which the velocity of the atoms 
is reduced to about 30 ms? 
In the Zeeman slower, a laser beam propagates in the direction opposite 


, corresponding to a temperature of about 1 k. 


that of the atomic beam, and the radiation force produced by absorption 
of photons retards the atoms. Due to the Doppler effect, the frequency 
of the atomic transition in the laboratory frame is not generally constant, 
since the atomic velocity varies. However, by applying an inhomogeneous 
magnetic field designed so that the Doppler and Zeeman effects cancel, the 
frequency of the transition in the rest frame of the atom may be held fixed. 
On emerging from the Zeeman slower the atoms are slow enough to be 
captured by a magneto-optical trap (MOT), where they are further cooled 
by interactions with laser light to temperatures of order 100 pK. Another 
way of compensating for the changing Doppler shift is to increase the laser 
frequency in time, which is referred to as ‘chirping’. In other experiments 
the MOT is filled by transferring atoms from a second MOT where atoms 
are captured directly from the vapour. After a sufficiently large number of 
atoms (typically 10'°) have accumulated in the MOT, a magnetic trap is 
turned on and the laser beams are turned off: the atoms are then confined 
by a purely magnetic trap. At this stage, the density of atoms is relatively 
low, and the gas is still very non-degenerate, with a phase-space density 
of order 107°. The final step in achieving Bose-Einstein condensation is 
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Oven Zeeman slower MOT 
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Fig. 4.1. A typical experiment to cool and trap alkali atoms. 


evaporative cooling, in which relatively energetic atoms leave the system, 
thereby lowering the average energy of the remaining atoms. 

In this chapter we describe the physics of cooling and trapping atoms. We 
begin with magnetic traps (Sec. 4.1). Subsequently, as a prelude to a discus- 
sion of laser cooling and trapping, we consider the effects of laser radiation 
on atoms and describe optical traps (Sec. 4.2). We then discuss, in Sec. 4.3, 
the simple theory of laser cooling and, in Sec. 4.4, the magneto-optical trap. 
In Sec. 4.5 an account is given of the Sisyphus cooling process. Section 4.6 
is devoted to evaporative cooling. Atomic hydrogen is different from alkali 
atoms, in that it cannot be cooled by lasers, and the final section, Sec. 4.7, 
is devoted to experiments on hydrogen. For a more extensive description 
of many of the topics treated in this chapter, see Ref. [2}. Another useful 
source is the summer school lectures [3]. 


4.1 Magnetic traps 


Magnetic trapping of neutral atoms is due to the Zeeman effect, which we 
described in Chapter 3: the energy of an atomic state depends on the mag- 
netic field, and therefore an atom in an inhomogeneous field experiences a 
spatially-varying potential. For simplicity, let us begin by assuming that the 
energy of a state is linear in the magnetic field. As one can see from our 
earlier discussion in Chapter 3 (sce, e.g., Fig. 3.1), this is true generally for 
the doubly polarized states, and for other states it is a good approximation 
provided the level shifts produced by the magnetic field are either very small 
or very large compared with the hyperfine splitting. ‘The energy of an atom 
in a particular state 7 may then be written as 


Ej, = Ci — mB, (4.1) 
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where ju; is the magnetic moment of the state and CG is aeconcramie allie 
magnetic contribution to the energy thus provides a potential energy — iB 
for the atom. If the magnetic moment is positive, the atom experiences a 
force tending to drive it to regions of higher field, while if it is negative, 
the force is towards regions of lower field. For this reason, states with a 
positive magnetic moment are referred to as high-field seekers, and those 
with a negative one as low-field seekers. 

The energy depth of magnetic traps is determined by the Zeeman en- 
ergy, 4;B. Atomic magnetic moments are of order the Bohr magneton, 
ug = eh/2me, which in temperature units is approximately 0.67 Ke ee sinice 
laboratory magnetic fields are generally considerably less than 1 tesla, the 
depth of magnetic traps is much less than a kelvin, and therefore atoms 
must be cooled in order to be trapped magnetically. 

The task of constructing a magnetic trap is thus to design magnetic field 
configurations with either a local minimum in the magnitude of the magnetic 
field, or a local maximum. The latter possibility is ruled out by a general 
theorem, published surprisingly recently, that a local maximum in |B] is im- 
possible in regions where there are no electrical currents [4|. Thus the case of 
interest is that of a local minimum, and consequently the only atomic states 
that can be trapped by magnetic fields alone are low-field seekers. Magnetic 
field configurations with a local minimum in |B] have been important over 
the past few decades for trapping charged particles as a step in the continu- 
ing quest to realize nuclear fusion in hot plasmas. Then the trapping results 
not from the intrinsic magnetic moment of the particle, but rather from the 
magnetic moment associated with its cyclotron motion. However, despite 
the very different physical conditions in the two cases. the requirements in 
terms of the magnetic field configuration are quite similar, and the design of 
traps for cold atoms has been significantly influenced by work on plasmas. 
Field configurations with a minimum in |B| may be divided into two classes: 
ones where the minimum of the field is zero, and those where it is non-zero. 
We shall now describe these in turn. 


4.1.1 The quadrupole trap 


A simple magnetic field configuration in which the magnetic field vanishes 
at some point is the standard quadrupole one. in which the magnetic field 
varies linearly with distance in all directions. Such a magnetic field may be 
produced by, e.g., a pair of opposed Helmholtz coils, as in standard focusing 
magnets. For definiteness, let us consider a situation with axial symmetry 
about the z direction. If we denote the magnetic field gradients along the 
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« and -y axes by B’, the gradient along the z axis must be —2B’, since the 
divergence of the magnetic field vanishes, V-B = 0. The magnetic field in 
the vicinity of the minimum, whose position we choose to be at the origin 
of the coordinate system, is thus given by 


Be Ba, y,—22), (4.2) 


The magnitude of the field is given by B = B’(a? + y? + 427)"/?, and thus 
it varies linearly with distance from the minimum, but with a slope that 
depends on direction. 

The quadrupole trap suffers from one important disadvantage. In the 
above discussion of the effective potential produced by a magnetic field, we 
assumed implicitly that atoms remain in the same quantum state. This is 
a good approximation provided the magnetic field experienced by an atom 
changes slowly with time, since the atom then remains in the same quantum 
state relative to the instantaneous direction of the magnetic field: it is said to 
follow the magnetic field variations adiabatically. However, a moving atom 
experiences a time-dependent magnetic field, which will induce transitions 
between different states. In particular, atoms in low-field seeking states may 
make transitions to high-field seeking ones, and thereby be ejected from the 
trap. The effects of the time-dependent magnetic field become serious if its 
frequency is comparable with or greater than the frequencies of transitions 
between magnetic sublevels. The latter are of order jupB, and therefore 
vanish if B = 0. Thus trap losses can be appreciable in the vicinity of 
the zero-field point: the quadrupole trap effectively has a ‘hole’ near the 
node in the field, and this limits the time for which atoms can be stored 
in it. 

This disadvantage of the simple quadrupole trap may be circumvented in 
a number of ways. One of these is to ‘plug the hole’ in the trap. In the first 
successful experiment to realize Bose-Einstein condensation this was done 
by applying an oscillating bias magnetic field, as we shall explain in the next 
subsection. An alternative approach, adopted by the MIT group of Ketterle 
and collaborators in early experiments [5], is to apply a laser field in the 
region of the node in the magnetic field. The resulting radiation forces repel 
atoms from the vicinity of the node, thereby reducing losses. The physics of 
this mechanism will be described in Sec. 4.2. Instead of using traps having 
a node in the magnetic field, one can remove the ‘hole’ by working with 
magnetic field configurations that have a non-zero field at the minimum. 
These will be described in Sec. 4.1.3. 
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4,1.2 The POR trap 


As mentioned in Chapter 1, Bose-Einstein condensation in dilute gases was 
first achieved in experiments using a modified quadrupole trap known as the 
time-averaged orbiting potential (TOP) trap. In this trap one superimposes 
on the quadrupole field a rotating, spatially-uniform, magnetic field [6]. For 
definiteness we consider the geometry used in the original experiment, where 
the oscillating magnetic field has components By cosw¢t in the x direction, 
and Bo sinwt in the y direction [7]. The instantaneous field is therefore given 
by 


B = (B’x+ Bo coswt, B’y + Bo sinwt, —2B’z). Ce) 


Thus the effect of the oscillating bias field is to move the instantaneous 
position of the node in the magnetic field. The frequency of the bias field 
is chosen to be low compared with the frequencies of transitions between 
magnetic substates. This condition ensures that an atom will remain in 
the same quantum state relative to the instantaneous magnetic field, and 
therefore will not undergo transitions to other hyperfine states and be lost 
from the trap. Under these conditions the effect, of the bias field may be 
described in terms of an oscillatory component of the energy of an atom. 
If the frequency of the bias field is chosen to be much greater than that of 
the atomic motions, an atom moves in an effective potential given by the 
time average of the instantaneous potential over one rotation period of the 
field. In experiments, frequencies of atomic motions are typically ~ 10? biz. 
frequencies of transitions between magnetic substates are of order ~ Oe 
Hz or more, and the frequency of the bias field is typically in the kilohertz 
range. 

To determine the effective potential we first evaluate the instantaneous 
strength of the magnetic field, which is given by 
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B(t) (Bo coswt + B’x)? + (Bosinwt + B’y)? + 4B?27)!/ 
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+ ee Bap Ae = (coset + cine) 7, (4.4) 


where the latter form applies for sinall distances from the node of the quadru- 
pole field, r < |Bo/B’|. The time average, < B>;, of the magnitude of the 
magnetic field over a rotation period of the field is defined by 


ce Qn /w 
BBN = = i dtB(t). (4.5) 
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By performing the time average, we find from (4.4) that 


12 


B 
cee ee yy 
t DIF Bo 
The important feature of this result is that the time-averaged field never 
vanishes, and consequently there is no longer a ‘hole’ in the trap. The 
magnetic contribution to the energy of an atom in a magnetic substate 7 is 
thus given for small r by 


(a? + y* +827). (4.6) 
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is the projection of the magnetic moment in the direction of the magnetic 
field. For doubly polarized states, in which the nuclear and electron spins 
have the largest possible projections on the magnetic field direction and are 
in the same direction, the magnetic moment is independent of the magnetic 
field (see Sec. 3.2). The oscillating bias field thus converts the linear de- 
pendence of magnetic field strength on distance from the node in the orig- 
inal quadrupole field to a quadratic one, corresponding to an anisotropic 
harmonic-oscillator potential. The angular frequencies for motion in the 
three coordinate directions are 


2 2 Be 
Wy = Wy by alee” (4.9) 
and 
Be 
oe = oi = th, ae (4.10) 


Different choices for the rotation axis of the bias field give traps with different 
degrees of anisotropy (see Problem 4.3). 

Another force which can be important in practice is gravity. This gives 
rise to a potential which is linear in distance. If the potential produced by 
the TOP trap were purely harmonic, the only effect of gravity would be to 
displace the minimum in the harmonic-oscillator potential. However, the 
harmonic behaviour of the TOP trap potential extends only to a distance 
of order | = Bo/|B’| from the origin, beyond which the bias magnetic field 
has little effect. If the gravitational force is strong enough to displace the 
minimum a distance greater than or of order Bo/|B'|, the total potential no 
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longer has the form (4.7) when expanded about the new minimum. Gravity 
modifies the trapping potential appreciably if the gravitational force mg, 
where g is the acceleration due to gravity, exceeds that due to the magnetic 
trap at a distance Bo/|B’| from the origin. From Eq. (4.7) one sees that 
the force constant of the trap is of order |y;|B’?/Bo, and therefore the force 
at a distance Bo/|B’| from the origin is of order |y,;B’|. Thus gravity is 
important if 


ee 3) | ag (4.11) 


By appropriate choice of magnetic field strengths and of the direction of 
the axis of a magnetic trap relative to that of the gravitational force it 1s 
possible to make the minimum of the potential due to both magnetic and 
gravitational forces lie at a point such that the force constants of the trap 
are not in the usual ratio for a TOP trap in the absence of gravity. 


4.1.3 Magnetic bottles and the Ioffe—Pritchard trap 


An inhomogeneous magnetic field with a minimum in the magnetic field at a 
non-zero value may be generated by a configuration based on two Helmholtz 
coils with identical currents circulating in the same direction. in contrast to 
the simple quadrupole field, which is generated by Helmholtz coils with the 
currents in the two coils in opposite directions. Let us investigate the form 
of the magnetic field in the vicinity of the point midway between the coils 
on their symmetry axis, which we take to be the origin of our coordinate 
system. We denote the coordinate in the direction of the symmetry axis 
by z, and the distance from the axis by p. Since there are no currents in 
the vicinity of the origin, the magnetic field may be derived from a scalar 
potential 6, B = —V®. We assume the current coils to be rotationally 
symmetric about the z axis, and thus the magnetic field is independent of 
the azimuthal angle. Since the field is an even function of the coordinates, 
the potential must be an odd one, and therefore an expansion of the potential 
in terms of spherical harmonics Y;,, can contain only terms with odd order 1. 
Because of the rotational invariance about the symmetry axis, the potential 
is a function only of the distance from the origin, r = (2? + p?)'/?, and 
of cos@ = z/r. The potential satisfies Laplace’s equation, and it may be 
written simply as 


= i 2a, (4.12) 
l 


where the P; are Legendre polynomials and the A; are coefficients. There 
can be no terms with inverse powers of r since the field is finite at the origin. 
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In the immediate vicinity of the origin we may restrict ourselves to the first 
two terms in this expansion, and therefore one has 


@ = AjrP;(cos6) + Agr®P3(cos 0) (Gell) 
= Ayz+ As(o28 “20?) (4.14) 
Se <2) (Ala) 
and the magnetic field has components 
By =A = BS =P) I = bAyso, emcees = (0) (4.16) 


where y is the azimuthal angle. If A, and A3 have the same sign, the 
magnetic field increases in magnitude with increasing |z|. Such a field con- 
figuration is referred to as a ‘magnetic bottle’ in plasma physics. Provided 
its energy is not too high, a charged particle gyrating about the field will be 
reflected as it moves towards regions of higher field, and thereby contained. 
Neutral particles, unlike charged ones, can move freely perpendicular to the 
direction of the magnetic field, and therefore to trap them magnetically the 
magnetic field must increase in directions perpendicular to the magnetic 
field as well as parallel to it. To second order in z and p the magnitude of 
the magnetic field is given by 


i] 
B= A, +3A3(z? — 5P): (4.17) 


and therefore the magnetic field does not have a local minimum at the origin. 

The problem of creating a magnetic field with a local minimum in B arose 
in the context of plasma physics, and one way of doing this was proposed by 
loffe [8]. It is clear from the expansion of the potential given above that this 
cannot be done if the magnetic field is axially symmetric: there are only two 
adjustable coefficients, and there is no way to create a local minimum. ‘The 
suggestion Ioffe made was to add to the currents creating the magnetic bottle 
other currents that break the rotational invariance about the symmetry axis 
of the bottle. In plasma physics the configuration used is that shown in Fig. 
4.2, where the additional currents are carried by conductors parallel to the 
symmetry axis (so-called ‘Ioffe bars’). If the magnitude of the current is the 
same for each bar, it follows from symmetry under rotation about the axis 
of the system that the potential produced by the currents in the bars must 
correspond to a potential having components with degree m equal to 2 or 
more. Thus the lowest-order spherical harmonics that can contribute are 
Venere) Pee a and the corresponding solutions of Laplace’s equation 
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Fig. 4.2. Currents that generate the loffe—Pritchard configuration for the magnetic 
field. 


are r°Yo 49 p’e*?”, The leading term in the expansion of the potential 
near the origin must therefore be of the form 


2 . . 
(Oe Oe), (4.18) 


since terms with higher values of 1 have higher powers of r. Here C is a 
constant determined by the current in the bars and their geometry. If the 
zero of the azimuthal angle is taken to lie midway between two adjacent 
conductors, C must be real, and by symmetry the potential function must 
be proportional to x? — y?, since on the x and y axes the magnetic field 
lies along the axes. The components of the field due to the loffe bars are 
therefore 


Be= Cl = Comat arene (4.19) 


When this field is added to that of the magnetic bottle the magnitude of 
the total magnetic field is given to second order in the coordinates by 


Bea wy Whale =a) bap, (4.20) 


and consequently the magnitude of the field has a local minimum at the 
origin if C? > 3A A3, that is for sufficiently strong currents in the bars. A 
convenient feature of this trap is that by adjusting the current in the coils 
relative to that in the bars it is possible to make field configurations with 
different degrees of curvature in the axial and radial directions. 

The use of such magnetic field configurations to trap neutral atoms was 
first proposed by Pritchard [9], and in the neutral atom literature this 
trap is commonly referred to as the loffe-Pritchard trap. A variant of it 
which is convenient in practice is the clover-leaf trap, where the non-axially- 
symmetric field is produced by coils configured as shown in Fig. 4.3 [1]. The 
windings look very different from the loffe bars, but since the azimuthal 
symmetry of the currents corresponds to m = 2 or more, as in the Ioffe 
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Fig. 4.3. Schematic view of the currents in the clover-leaf trap. 


case, the field near the origin must have the same symmetry. To first order 
in the coordinates the component of the magnetic field in the axial direc- 
tion vanishes, and the first non-vanishing contributions are of third order. 
A virtue of the clover-leaf configuration relative to the original loffe one is 
that experimental access to the region near the field minimum is easier due 
to the absence of the current-carrying bars. 


4.2 Influence of laser light on an atom 


Many techniques for trapping and cooling atoms exploit the interaction of 
atoms with radiation fields, especially those of lasers. As a prelude to the 
applications later in this chapter, we give here a general description of the 
interaction of an atom with a radiation field. In Sec. 3.3 we calculated the 
polarizability of atoms with non-degenerate ground states, and here we shall 
generalize the treatment to allow for the lifetime of the excited state, and 
arbitrary directions for the electric field. 

The interaction between an atom and the electric field is given in the 
dipole approximation by 


Bf = abe. (4.21) 


where d is the electric dipole moment operator and € is the electric field 
vector. In a static electric field the change AL, in the ground-state energy 
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Fig. 4.4. Diagrammatic representation of second-order contributions to the energy 
of an atom in its ground state for (a) a static electric field and (b) a time-dependent 
field. The straight lines correspond to the atom and the wavy ones to the interaction 
with the electric field. 


of an atom is given to second order in the electric field by 


/ 2 
1 
AE, = Y i _— _- = 5 See (4.22) 


where 


2 =e, Keld-elgt a Se - (4.23) 


is the atomic polarizability. Here € is a unit vector in the direction of the 
electric field, and we label the ground state by g and the excited states 
by e. This contribution to the energy may be represented by the diagram 
shown in Fig. 4.4 (a). The interaction vertices give factors (e|(—d-€)|g) and 
(g|(—d-€)|e), and the line for the intermediate atomic state gives a factor 
1/(Ee — Eg) to the summand, as one may confirm by comparing with the 
explicit calculation in Sec. 3.3. To describe a time-dependent electric field 
with frequency w we write the electric field as €(r,t) = €,,e°™' + E_,e™. 
Since the electric field is real, the condition 


must be satisfied. In Sec. 3.8 we calculated the energy shift due to this 
time-dependent electric field by conventional perturbation theory. It is in- 
structive, however, to derive the result (3.50) in an alternative fashion, by 
use of diagrammatic perturbation theory. The second-order contribution 
to the energy may be expressed as the sum of two terms which are repre- 
sented by the diagrams shown in Fig. 4.4 (b). These are identical apart 
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from the reversal of the order in which the dipolar perturbations with posi- 
tive and negative frequencies occur. The term varying as e'? corresponds 
in a quantum-mechanical description of the radiation field to absorption of 
a photon, and that varying as e”’ to emission. The terms where either the 
positive-frequency component of the field or the negative-frequency one act 
twice do not contribute to the energy shift, since the final state differs from 
the initial one by the addition or removal of two photons (these are the 
terms which averaged to zero in the perturbation calculation of Sec. 3.3). 
By generalizing the approach used above for a static field, one finds for the 
energy shift 
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where <--->; denotes a time average, and the dynamical polarizability is 
given by 


aw) = > |(eld-élg)|’ Geass Eis) 
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in agreement with Eqs. (3.50) and (3.51). Note that the only difference from 
the static case is that the intermediate energy denominators are shifted by 
+hw to take into account the non-zero frequency of the electric field. 

In many situations of interest the frequency of the radiation is close to 
that of an atomic resonance, and it is then a good approximation to ne- 
glect all transitions except the resonant one. In addition, in the expression 
for the polarizability one may take only the term with the smallest energy 
denominator. The polarizability then reduces to a single term 


Ield-élg) |? 


~) ; 2 
HOV are, (4.27) 


In the above discussion we implicitly assumed that the excited state has 
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an infinitely long lifetime. However, in reality it will decay by spontaneous 
emission of photons. This effect can be taken into account phenomenologi- 
cally by attributing to the excited state an energy with both real and imag- 
inary parts. If the excited state has a lifetime 1/[-, corresponding to the 
e-folding time for the occupation probability of the state, the corresponding 
e-folding time for the amplitude will be twice this, since the probability is 
equal to the squared modulus of the amplitude. If, in the usual way, the 
amplitude of the excited state is taken to vary as exp(—iF.t/h), exponential 
decay of the amplitude with a lifetime 2/T. corresponds to an imaginary 
contribution to the energy of the state equal to —ihAT’,/2. The polarizability 
is then 
\(eld-élg)I? 

Fe —ihl -/2 — Eg — fiw 


a(w) = (4.28) 
Quite generally, the energy of the ground state is a complex quantity, and 
we shall write the energy shift as 


AE, = Vo —ihT ,/2. (4.29) 


This has the form of an effective potential acting on the atom, the real part 
corresponding to a shift of the energy of the state, and the imaginary part 
to a finite lifetime of the ground state due to transitions to the excited state 
induced by the radiation field, as described above. The shift of the energy 
level is given by 


1 
Vg = —50"(w) <E(r, t)” >, (4.30) 


where 
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is the real part of a. These shifts are sometimes referred to as ac Stark 
shifts, since the physics is the same as for the usual Stark effect except that 
the electric field is time-dependent. 

It is convenient to introduce the detuning, which is the difference between 
the laser frequency and the frequency weg = (Ee — E,)/h of the atomic 
transition: 


a’ (w) & (4.31) 


Positive 6 is referred to as blue detuning, and negative 6 as red detuning. 
The energy shift is given by 


ANS 
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Here we have introduced the Rabi frequency, which is the magnitude of the 
perturbing matrix element |(e|d-E,,|g)| expressed as a frequency: 


Op = \(eld-Eul9)|/h. (4.34) 


Ground-state energy shifts are thus positive for blue detuning and negative 
for red detuning. 
The rate of loss of atoms from the ground state is given by 
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where a” is the imaginary part of a, 
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Thus the rate of transitions from the ground state has a Lorentzian depen- 
dence on frequency in this approximation. 

The perturbative treatment given above is valid provided the admixture 
of the excited state into the ground state is small. To lowest order in the 
perturbation, this admixture is of order the matrix element of the perturba- 
tion divided by the excitation energy of the intermediate state. If the decay 
of the intermediate state may be neglected, the magnitude of the energy de- 
nominator is |fi(weg — w)| = h|6| and, with allowance for decay, the effective 
energy denominator has a magnitude n(62 + 12/4)/2. The condition for 
validity of perturbation theory is therefore |(e]d-Ew|g)| < oe eee 
or Qn < (62 +12/4)/?. For larger electric fields it is necessary to go be- 
yond simple perturbation theory but, fortunately, under most conditions 
relevant for experiments on Bose-Einstein condensation, electric fields are 
weak enough that the perturbative approach is adequate. 


4.2.1 Forces on an atom in a laser field 


Experiments on clouds of dilute gases exploit the forces on atoms in a laser 
field in a variety of ways. Before discussing specific applications, we describe 
the origin of these forces. The energy shift of an atom may be regarded as 
an effective potential V in which the atom moves. This way of viewing 
the problem is sometimes referred to as the dressed atom picture, since the 
energy of interest is that of an atom with its accompanying perturbations 
in the radiation field, not just an isolated atom. It is the analogue of the 
concept of an elementary excitation, or quasiparticle, that has been so pow- 
erful in understanding the properties of solids and quantum liquids. If the 
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time-averaged electric field varies with position, the shift of the energy due 
to the field gives rise to a force 


1 
F dipole — —VV(r) = 50 w)V ace, oe >t Ase 


on an atom. Here <--->; denotes a time average. This result may be 
understood as being due to the interaction of the induced dipole moment 
of the atom with a spatially-varying electric field, and it is often referred 
to as the dipole force. More generally, terms due to higher moments of the 
electric charge distribution such as the quadrupole moment will also give 
rise to forces, but these will usually be much less than the dipole force. 

At low frequencies the polarizability is positive, and the dipole moment 
is in the same direction as the electric field. However, at frequencies above 
those of transitions contributing importantly to the polarizability, the in- 
duced dipole moment is in the opposite direction, as one can see by in- 
spection of Eq. (4.31). It is illuminating to consider a frequency close to a 
resonance, in which case we may use the approximate form (4.31) for the real 
part of the polarizability. From this one can see that for frequencies below 
the resonance the force is towards regions of higher electric field, while for 
ones above it the force is towards regions of lower field. As can be seen from 
Eqs. (4.37) and (4.31), the magnitude of the force can be of order weg/Te 
times larger than for static fields of the same strength. 

As we remarked above, the radiation force repelling atoms from regions 
of high electric field at frequencies above resonance has been used to reduce 
loss of atoms at the centre of a quadrupole trap [5]. A blue-detuned laser 
beam passing through the trap centre gave a repulsive contribution to the 
energy of atoms, which were thereby prevented from penetrating into the 
dangerous low-field region, where spin flips could occur. 

The change in sign of the force at resonance may be understood in terms 
of a classical picture of an electron moving in a harmonic potential under the 
influence of an electric field. The equation of motion for the atomic dipole 


moment d = —er, where r is the coordinate of the electron, is 
dd 9 e? 
— +ugd = —E. 4, 
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with wo being the frequency of the harmonic motion. For an electric field 
which oscillates in time as exp(—iwt), we then obtain 


(=e ue d= Se. (4.39) 


This shows that the polarizability, the ratio of the dipole moment to the 
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electric field, is 


e2 


CO) aC oe (4.40) 
which becomes negative for frequencies w that exceed wo. If we compare 
this result with the quantum-mechanical one, Eq. (3.52), we see that it 
corresponds to having oscillator strength unity for a single transition at the 
oscillator frequency. 

In addition to the contribution to the force on an atom due to energy-level 
shifts, which are associated with virtual transitions between atomic states, 
there is another one due to real transitions. Classically this is due to the 
radiation pressure on the atom. In quantum-mechanical language it is a 
consequence of the momentum of a photon being imparted to or removed 
from an atom during an absorption or an emission process. The rate of 
absorption of photons by an atom in the ground state is equal to the rate of 
excitation of the ground state, given by (4.35). Therefore, if the radiation 
field is a travelling wave with wave vector q, the total force on the atom due 
to absorption processes is 


Fraa = hal. (4.41) 


As we shall describe, both this force and the dipole force (4.37) play an 
important role in laser cooling. 


4.2.2 Optical traps 


By focusing a laser beam it is possible to create a radiation field whose 
intensity has a maximum in space. If the frequency of the light is detuned 
to the red, the energy of a ground-state atom has a spatial minimum, and 
therefore it is possible to trap atoms. The depth of the trap is determined 
by the magnitude of the energy shift, given by Eq. (ALS ey), 

One advantage of optical traps is that the potential experienced by an 
alkali atom in its ground state is essentially independent of the magnetic 
substate. This is due to the outermost electron in the ground state of alkali 
atoms being in an s state. The situation is quite different for trapping by 
magnetic fields, since the potential is then strongly dependent on the mag- 
netic substate. With magnetic traps it is difficult to investigate the influence 
of the interaction energy on the spin degrees of freedom of an atomic cloud 
since the energy is dominated by the Zeeman term. By contrast, optical 
traps are well suited for this purpose. 

Optical traps are also important in the context of Feshbach resonances. 
As we shall describe in Sec. 5.4.2, in the vicinity of such a resonance the 
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effective interaction is a strong function of the magnetic field, and therefore 
it is desirable that the magnetic field be homogeneous. This may be achieved 
by applying a uniform magnetic field to atoms in an optical trap, DU itis nou 
possible with magnetic traps, since without inhomogeneity of the magnetic 
field there is no trapping. 

To reduce heating of atoms by absorption of photons, the laser frequency 
in optical traps must be chosen to be away from atomic resonances. For 
example, a Bose-Einstein condensate of Na atoms has been held in a purely 
optical trap by Stamper-Kurn et al. [10]. The laser had a wavelength of 985 
nm while that of the atomic transition is 589 nm. The resulting optical traps 
are shallow, with depths of order uK in temperature units (see Problem 4.4), 
and therefore atoms must be precooled in other sorts of traps before they 
can be held by purely optical forces. 


4.3 Laser cooling: the Doppler process 


The basic idea that led to the development of laser cooling may be under- 
stood by considering an atom subjected to two oppositely directed laser 
beams of the same angular frequency, w, and the same intensity. Imagine 
that the frequency of the laser beams is tuned to lie just below the frequency. 
Weg, of an atomic transition between an excited state |e) and the ground state 
|g). For definiteness we assume that the laser beams are directed along the 
2 axis. 

To estimate the frictional force, we assume that the radiation field is 
sufficiently weak that the absorption may be calculated by perturbation 
theory. From Eqs. (4.35) and (4.36), the rate dN,pp/dt at which a single 
atom absorbs photons from one of the beams is given by 


dNph 
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which is normalized so that its integral over w is unity. The lifetime of 
an atom in the ground state in the presence of one of the laser beams is 
1/CL(w). An atom initially at rest will absorb as many left-moving photons 
as right-moving ones, and thus the total momentum change will be zero 
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Fig. 4.5. Rate of absorption of photons from the two red-detuned laser beams as 
functions of the atomic velocity. 


on average. However, for an atom moving to the right with velocity vz, 
the frequency of the right-moving photons in the rest frame of the atom 
is decreased due to the Doppler effect, and to lowest order in the velocity 
it is given by w — vzg, where gq = w/c is the wave number of the photons. 
The frequency thus lies further from the atomic resonance than it would for 
an atom at rest, and consequently the rate of absorption of right-moving 
photons is reduced, and is given approximately by 

dNright 

dt 

For photons moving to the left the story is the opposite: the frequency 
of the photons in the rest frame of the atom is increased to w + vzq, and 
consequently absorption of these photons is increased: 

dNiett 

de 
The situation is represented schematically in Fig. 4.5, where we show the 
absorption of photons from the two beams as functions of the velocity of the 


=Cl(w— 0,4). (4.45) 
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atom. 

Since the absorption of a photon is accompanied by transfer to the atom of 
momentum fq in the direction of propagation of the photon, the absorption 
of photons from the two laser beams produces a frictional force on the atom. 
The net rate of transfer of momentum to the atom is given by 


dpz 
= —YUz, 4.47 
mre = (4.47) 
where the friction coefficient y is defined by 
Ri 9 ~aL{w ; 
A= 1c [E(w + veg) — Dw — v29)| = sep (4.48) 
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and in the second form we have assumed that the atom moves sufficiently 
slowly that the Doppler shift is small compared with the larger of the 
linewidth and the detuning. The characteristic braking time, which de- 
termines the rate of loss of momentum by an atom, is given by 


: ly ae) (4.49) 
Tfric pz dt m 


For narrow lines, dL /dw can be very large in magnitude if the detuning is of 
order ['¢, and the frictional force is correspondingly large. Because of this. 
the configuration of oppositely directed laser beams is referred to as optical 
molasses. The frictional force is strong only for a limited range of velocities 
because, if the velocity of the atom exceeds the larger of [./q and |6|/q. the 
linear expansion fails, and the force is reduced. 

We now estimate the lowest atomic kinetic energies that one would ex- 
pect to be attainable with the configuration described above. Absorption 
of photons by atoms, as well as giving rise to the frictional force, also heats 
them. An atom at rest is equally likely to absorb photons from either of 
the beams and, since absorption events are uncorrelated with each other. 
the momentum of the atom undergoes a random walk. In such a walk, the 
mean-square change in a quantity is the total number of steps in the walk 
times the square of the step size. The total number of photons absorbed per 
unit time is given by 


dNpb 
dt 


= 2CL(w), (4.50) 


since for small velocities the Doppler shifts may be neglected, and therefore 
the momentum diffusion coefficient, which is the rate of change of the mean- 
square momentum p? of the atom due to absorption of photons, is given by 


dp? 
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The emission of photons as the atom de-excites also contributes to the ran- 
dom walk of the momentum. Just how large this effect is depends on detailed 
assumptions about the emission pattern. If one makes the somewhat arti- 
ficial assumption that the problem is purely one-dimensional, and that the 
photons are always emitted in the direction of the laser beams. the step size 
of the random walk for the z momentum of the atom is again hq, and the 
total number of photons emitted is equal to the number absorbed. Thus the 
rate of change of the mean-square momentum is precisely the same as for 
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absorption, 
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The total momentum diffusion coefficient, D,, due to both absorption and 

emission of photons is thus given by 

p, = 
GH 


210 Mola, (4.53) 


heat 

The kinetic energy of the atom in a steady state is determined by balancing 
the heating rate (4.53) with the cooling due to the frictional force which, 
from (4.47) and (4.49), is given by 


dp? pe 
— = —2-—+ 4.54 
dt fric Tfric ( ) 
One thus arrives at the equation 
= 1 
Be = 5 PpThric: (4.55) 


which shows that the root-mean-square momentum in a steady state is, 
roughly speaking, the momentum an atom would acquire during a random 
walk of duration equal to the braking time Tm. of an atom in the ground 
state. Thus the mean kinetic energy and temperature T associated with the 
motion of the atom in the z direction are given by 


= dL(w)\~* 

mv = kT = hL(w) (Se) | (4.56) 
dw 

The lowest temperature attainable by this mechanism is obtained by mini- 

mizing this expression with respect to w, and is found from (4.44) to be 


AD 
kT =. (4.57) 


For other assumptions about the emission of photons from the excited state, 
the limiting temperature differs from this result by a numerical factor. In 
terms of the detuning parameter 6 = w — weg, the minimum temperature is 
attained for 6 = —I./2, corresponding to red detuning. For blue detuning, 
the atom is accelerated rather than braked, as one can see from the general 


formula for the force. 

As an example, let us estimate the lowest temperature that can be 
achieved by laser cooling of sodium atoms. Since the width P corresponds 
to a temperature of 480 uK according to Table 3.4, we conclude that the 
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minimum temperature attainable by the Doppler mechanism is ~ 240 uk. 
In our discussion above we have shown how cooling is achieved for one veloc- 
ity component. With three pairs of mutually opposed laser beams all three 
components of the velocity may be cooled. 

As we mentioned in the introduction to this chapter, in some experiments 
atoms are passed through a so-called Zeeman slower to reduce their velocities 
to values small enough for trapping in a magneto-optical trap to be possible. 
In the Zeeman slower a beam of atoms is subjected to a single laser beam 
propagating in the direction opposite that of the atoms. As we have seen 
earlier in this section, absorption and subsequent re-emission of radiation 
by atoms transfers momentum from the laser beam to the atoms, thereby 
slowing the atoms. However, if the frequency of the laser beam is resonant 
with the atomic frequency when atoms emerge from the oven, the slowing 
of the atoms and the consequent change of the Doppler shift will cause 
the transition to become non-resonant. Thus the velocity range over which 
laser light will be maximally effective in decelerating atomis is limited. In the 
Zeeman slower the effect of the decreasing atomic velocity on the frequency 
of the atomic transition is compensated by a Zeeman shift produced by an 
inhomogeneous magnetic field. 


4.4 The magneto-optical trap 


Radiation pressure may also be used to confine atoms in space. In the 
magneto-optical trap (MOT) this is done with a combination of laser beams 
and a spatially-varying magnetic field. The basic physical effect is that, 
because atomic energy levels depend on the magnetic field, the radiation 
pressure depends on position. By way of illustration, consider an atom with 
a ground state having zero total angular momentum, and an excited state 
with angular momentum quantum number J = 1. For simplicity we neglect 
the nuclear spin. Consider, for example, the quadrupole magnetic field (4.2). 
On the 2 axis, the magnetic field is in the z direction and it is linear in z. 
The magnetic substates of the excited state are specified by the quantum 
number m, in terms of which the projection of the angular momentum of 
the state along the z axis is mh. Circularly polarized laser beams with equal 
intensity and frequency are imposed in the positive and negative z directions. 
The polarization of both beams is taken to be clockwise with respect to the 
direction of propagation, which means that the beam directed to the right 
(a) couples the ground state to the m = +1 excited substate. On the other 
hand, the polarization of the beam directed to the left has the opposite sense 
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Fig. 4.6. (a) The magneto-optical trap. (b) The relevant transitions. (c) Influence 
of a spatially-varying magnetic field on the atomic transitions. (After Ref. [11].) 


(o_) with respect to the z axis, and thus induces transitions to the m = —1 
substate. The situation is shown schematically in Fig. 4.6. 

Let us assume that the laser frequency is detuned to the red. At z = 0 
the two laser beams are absorbed equally by the atom, and thus there is 
no net radiation force on the atom. However, if the atom is displaced to 
positive values of z, the frequency of the transition to the m = —1 substate 
is reduced, and is thus closer to the laser frequency, while the reverse holds 
for the m = +1 substate. This results in an increased absorption rate for o_ 
photons, which are moving to the left, and a decreased rate for 04 photons, 
which are moving to the right. Consequently there is a force towards the ori- 
gin, where the two transitions have the same frequency. Similar arguments 
apply for negative z. By applying six laser beams, two counterpropagating 
beams along each axis, one can make a three-dimensional trap. 

The use of MOT’s is a universal feature of experiments on cold alkali 
atoms. Not only do they trap atoms, but they also cool them, since the 
Doppler mechanism described above and the Sisyphus process described 
below operate in them. The fact that the atomic frequency depends on 


80 Trapping and cooling of atoms 


position, due to the inhomogeneous magnetic field, implies that efficient 
cooling is possible for atoms with a range of velocities. 

In practice, MOT’s are more complicated than the simple schematic model 
described above. One reason for this is that the ground state of an alkali 
atom has more than one hyperfine state. As an example let us consider 
Na, which has F = 2 and F = 1 hyperfine levels of the 35; 2 ground state. 
The excited 3P3/2 state has hyperfine levels with total angular momentum 
quantum numbers F’ = 0, 1, 2, and 3. If laser light resonant with the 
F = 2 — F" = 3 transition is applied, some atoms will be excited non- 
resonantly to the F’ = 2 state, from which they will decay either to the 
F = 2 or F = 1 levels of the ground state. Since there is no radiation 
resonant with the fF = 1 => f= 2 transitiomeche met emecr is tospulla 
up the population of atoms in the F = 1 level compared with that in the 
F = 2 level. This process is referred to as optical pumping. If this depletion 
of atoms in the F = 2 level is not hindered, the MOT will cease to work 
effectively because of the small number of atoms in the F’ = 2 level, referred 
to as the bright state, which is the one involved in the transition the MOT is 
working on. To remove atoms from the F' = 1 level radiation resonant with 
the F = 1 —> F’ = 2 transition is applied. This is. referred to as repumping. 

As we shall explain below, for evaporative cooling to be effective it is 
necessary to achieve a sufficiently high density of atoms. In a standard 
MOT there are a number of effects which limit the density to values too 
low for evaporative cooling to be initiated. One of these is that the escap- 
ing fluorescent radiation produces a force on atoms which counteracts the 
trapping force of the MOT. A second is that if the density is sufficiently 
high, the cloud becomes opaque to the trapping light. Both of these can be 
mitigated by reducing the amount of repumping light so that only a small 
fraction of atoms are in the substate relevant for the transition the MOT 
operates on. This reduces the effective force constant of the MOT, but the 
density that can be attained with a given number of atoms increases. In 
the experiment of Ketterle et al. [12] repumping light was applied prefer- 
entially in the outer parts of the cloud, thereby giving rise to strong fric- 
tional forces on atoms arriving from outside, while in the interior of the 
cloud radiation forces were reduced because of the depletion of atoms in the 
bright state. Such a trap is referred to as a dark-spot MOT, and densities 
achievable with it are of order 100 times higher than with a conventional 
MOT. The dark-spot MOT made it possible to create clouds with densities 
high enough for evaporative cooling to be efficient, and it was a crucial ele- 
ment in the early experiments on Bose-Einstein condensation in alkali atom 
vapours. 
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It was encouraging that the temperatures achieved in early experiments on 
laser cooling appeared to agree with the estimates made for the Doppler 
mechanism. However, subsequent studies showed that temperatures below 
the Doppler value could be realized, and that this happened for large de- 
tunings, not for a detuning equal to P./2 as the Doppler theory predicts. 
This was both gratifying, since it is commonly the case that what can be 
achieved in practice falls short of theoretical prediction, and disquieting, 
since the measurements demonstrated that the cooling mechanisms were 
not understood [13]. In addition, experimental results depended on the po- 
larization of the laser beams. This led to the discovery of new mechanisms 
which can cool atoms to temperatures corresponding to a thermal energy of 
order the so-called recoil energy, 
(hg)? 

fe “On (4.58) 
This is the energy imparted to an atom at rest when it absorbs a photon of 
momentum fg, and it corresponds to a temperature 
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These temperatures lie several orders of magnitude below the lowest tem- 
perature achievable by the Doppler mechanism, since the recoil energy is 
h?w? /2mc*. The atomic transitions have energies on the scale of elec- 
tron volts, while the rest-mass energy of an atom is ~ A GeV, where 
A is the mass number of the atom. The recoil energy is therefore 
roughly 5 x 10-1°(fw/leV)?/A eV, and the corresponding temperature is 
~ 6 x 107°(fw/leV)?/A K, which is of order 0.1-1 uK. 

The new cooling mechanisms rely on two features not taken into account 
in the Doppler theory. First, alkali atoms are not simple two-level systems, 
and their ground states have substates which are degencrate in the absence 
of a magnetic field, as we saw in Chapter 3. Second, the radiation field 
produced by two opposed laser beams is inhomogeneous. To understand 
how one of these mechanisms, the so-called Sisyphus process, works, consider 
two counterpropagating linearly-polarized laser beams of equal intensity. For 
definiteness, we assume that the beam propagating in the positive z direction 
is polarized along the x axis, while the one propagating in the negative z 
direction is polarized in the y direction. The electric field is thus of the form 


E(z,t) = E(z)e + E*(z)e™, (4.60) 
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Fig. 4.7. Dipole transitions between a doublet ground state and a quadruplet ex- 
cited state. The numbers indicate the square of the Clebsch—Gordan coefficients 
for the transitions. 


where 
e( 2) = Ep(éze'” + eyen e): (4.61) 


In writing this equation we have chosen the origin of the coordinate system to 
eliminate the arbitrary phase difference between the two counterpropagating 
beams. Thus the polarization of the radiation field varies with z, and the 
polarization vector is 


B= ale, Hee). (4.62) 


This varies regularly in the z direction with a period /q, which is one-half 
of the optical wavelength, 4 = 27/q. At z = 0 the electric field is linearly 
polarized at 45° to the x axis, and at z = A/4 it is again linearly polarized, 
but at an angle —45° to the x axis. At z = A/S the electric field is circularly 
polarized with negative sense (o_) about the z axis. while at z = 3X/8 it 
is circularly polarized with positive sense (a4). At an arbitrary point the 
intensities of the positively and negatively circularly-polarized components 
of the radiation field vary as (1 $ sin 2qz)/2, as may be seen by expressing 
(4.62) in terms of the polarization vectors (€, + iéy)/V2. 

As a simple example that illustrates the physical principles, consider now 
the energy of an atom with a doublet (Jy = 1/2) ground state coupled to 
a quadruplet (Je = 3/2) excited state, as shown schematically in Fig. 4.7. 
This would correspond to the transition from a 7S, j2 toa ce /2 State for 
an alkali atom if the nuclear spin were neglected. Due to interaction with 
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Fig. 4.8. Energy of substates of an atom as a function of position for a red-detuned 
radiation field (6 < 0). The zero of the energy scale is taken to be the energy of 
the atom in the absence of radiation. 


the laser field, the energies of the substates are shifted. For each sublevel 
of the ground state there are two contributions to the energy shift, one for 
each of the two circularly-polarized components of the radiation field. The 
contribution of a particular transition to the energy shift is proportional to 
the product of the intensity of the appropriate component of the radiation 
field times the square of the corresponding Clebsch—Gordan coefficient. The 
latter factors are indicated on the diagram. Since the intensities of the 
two circularly-polarized components of the radiation field vary in space, the 
energy shifts induced by the radiation field do so too. Thus at z = 0 the 
shifts of the two lower substates are the same, while at z = \/8, where 
the radiation is completely circularly-polarized in the negative sense, the 
g.. state couples only to the upper substate with magnetic quantum number 
—1/2 (with the square of the Clebsch—Gordan coefficient equal to 1/3), while 
the g_ state couples only to the upper substate with magnetic quantum 
number —3/2 (with the square of the Clebsch—-Gordan coefficient equal to 
1). The shift of the g_ substate is thus three times as large as that of the 
g4. substate. At a general point in space the energy shift of an atom is 


V> = Vo(—-2 £sin 2qz), (4.63) 


as sketched in Fig. 4.8. The magnitude of Vo is found by adding the con- 
tributions from the two transitions illustrated in Fig. 4.7: the energy shifts 
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V= of the two states g+ are proportional to 
2 | 62 (4 + sin 2qz) = 02 (2 = sin 292) (4.64) 
Op (1 = sin 2gz) + 5 n(1 +sin 2¢z) = a a2 = si2g2)), 


where Qp is the Rabi frequency of the transition from the g; sublevel to 
the m = 3/2 excited level at z = 0. Combining this with Eq. (4.33) one sees 
that the prefactor in (4.63) is given by 


ie 


ae 4.65 
362+172/4 aa 


= 


which is positive for red detuning. The periodic potential acting on an atom 
subjected to counterpropagating laser beams is referred to as an optical 
lattice. 

A second key ingredient in understanding cooling in this configuration is 
that the rate at which atoms are optically pumped between the two lower 
substates depends on position. Consider a point where the radiation 1s 
circularly polarized in the positive sense. Under the influence of the radiation 
field, an atom in the g; substate will make transitions to the upper substate 
with m = 3/2, from which it will decay to the g; state again, since there are 
no other possibilities for dipole transitions. By contrast, an atom in the g_ 
substate will be excited to the m = 1/2 upper substate. from which it can 
decay by dipole radiation either to the g_ substate, with probability 1/3, 
or to the g, substate, with probability 2/3. The net effect is thus to pump 
atoms from the g_ substate, which at this point has the higher energy of the 
two substates, into the g: one. Where the radiation field is linearly polarized 
there is no net pumping, while where it is circularly polarized with negative 
sense, atoms are pumped into the g_ substate. At any point, the rate of 
pumping atoms from the g_ substate to the g; substate is proportional 
to the intensity of the circularly-polarized component of the radiation with 
positive sense, that is to (1 — sin 2qgz)/2, and the rate of pumping from the 
g4 substate to the g_ substate is proportional to (1 + sin 2qz)/2. For red 
detuning, pumping thus tends to move atoms from the substate with higher 
energy to that with lower energy, while, for blue detuning, pumping rates 
and energy shifts are anticorrelated and atoms tend to accumulate in the 
higher-energy substate. We assume that the radiation field is sufficiently 
weak that spontaneous emission processes from the excited state to the 
ground state are more rapid than the corresponding induced process, and 
consequently the characteristic time Tp) for pumping is of order the time for 
the radiation field to excite an atom, which we estimated earlier (see (4.35) 
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1 Oe 


eae al (4.66) 


The cooling mechanism may be understood by considering atoms with a 
thermal spread of velocities. Where the radiation is linearly polarized, there 
is no net tendency to pump atoms between the two substates. However, if 
an atom is moving in a direction such that its energy increases, the rate at 
which it is pumped to the other substate also increases. ‘Thus there is a 
tendency for atoms in the substate with the higher energy to be pumped 
into the substate with lower energy. Consider an atom moving away from a 
point where the energies of the two substates are equal. If it is moving into a 
region where its radiation-induced energy shift is greater, it will, by virtue of 
conservation of the total energy of the atom, tend to lose kinetic energy. In 
addition, there will be an increasing tendency for the atom to be pumped into 
the other substate. Conversely, if an atom is moving into a region where its 
energy shift is smaller, it tends to gain kinetic energy, but the rate of optical 
pumping to the higher-energy substate is reduced. Because of the correlation 
between pumping rates and energy shifts, there is a net tendency for an 
atom to lose kinetic energy irrespective of its direction of motion. Since 
optical pumping tends to repopulate the lower-energy substate at. any point 
in space, the process of losing kinetic energy followed by optical pumping 
will be repeated, thereby leading to continual cooling of the atoms. This 
mechanism is referred to as Sisyphus cooling, since it reminded Dalibard and 
Cohen-Tannoudji of the Greek myth in which Sisyphus was condemned to 
eternal punishment in Tartarus, where he vainly laboured to push a heavy 
rock up a steep hill. 


The friction coefficient 


To estimate temperatures that can be achieved by this process we adopt an 
approach analogous to that used in the discussion of Doppler cooling, and 
calculate a friction coefficient, which describes energy loss, and a momentum 
diffusion coefficient, which takes into account heating [14]. If in the charac- 
teristic pumping time an atom moved from a point where the radiation field 
is linearly polarized to one where it is circularly polarized, the rate of energy 
loss would be dE/dt ~ —Vo/tTp». However, for an atom moving with velocity 
v, the distance moved in a time 7p is v7», and we shall consider the situation 
when this is small compared with the scale of modulations of the radiation 
field, the optical wavelength \ = 2n/q. For an atom starting at z = 0, the 
net pumping rate is reduced by a factor ~ v7 /A, while the extra energy 
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lost due to the motion of the atom from its original position is ~ VouTp/A. 
The total energy loss rate is thus reduced by a factor ~ (vT)/ d)? compared 
with the naive estimate. The energy loss rate averaged over possible starting 
points is reduced by a similar factor, as the kinetic theory calculation below 
will demonstrate. Such factors are familiar from the kinetic theory of gases, 
where rates of dissipation processes in the hydrodynamic regime are given 
by the typical collision rate reduced by a factor proportional to the square 
of the mean free path of an atom divided by the length scale over which the 
density, temperature, or velocity of the gas vary. Thus the effective energy 
loss rate is 
dE Vou" Tp EB 


a = . 4.67 
dt Wy Teall. ( ) 


where 
Il VoTp 


SS 
Tcool SIL 


(4.68) 


is a characteristic cooling time. As we shall show below, this result may also 
be obtained from kinetic theory. Substituting the expressions (4.33) and 
(4.66) into this equation one finds 

Il =) 


a 4.69 
Teool Ig ( ) 


where the recoil energy is defined in (4.58). A noteworthy feature of the 
cooling rate is that it does not depend on the strength of the radiation field: 
the energy shift is proportional to the intensity, while the pumping time is 
inversely proportional to it. This should be contrasted with the Doppler 
process, for which the cooling rate is proportional to the intensity. 


Kinetic theory approach 


It is instructive to derive this result in a more formal manner starting from 
the kinetic equation for the atoms. The evolution of the distribution function 
is governed by the Boltzmann equation: 


Gis, Oey Oh Oey Op Ole (4.70) 
Ot ODpMEIOL Ome OD Ot 
pump 
where the Hamiltonian for the particle, its energy, is given by €p = p?/2m+ 
V, the potential being that due to the radiation field. The right hand side 
of this equation, usually referred to as the collision term, takes into account 


pumping of atoms between substates by the radiation field. These may be 
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written 
a) ae 


ey Sof alse. (4.71) 


pump 


pump 


Here i is the distribution function for atoms in the substates + and — 
as a function of the atomic momentum p = mv, and T_1 and [4~ are 
the pumping rates, which depend on the velocity of the atom. The first 
equality in (4.71) follows from the fact that an atom lost from one substate 
is pumped to the other one. 

Let us first assume that the intensity of the radiation is independent of 
space. In a steady state the Boltzmann equation reduces to O es / at| = 


0, and therefore pump 
+ 
ea 
ae. (4.72) 
5 ae 
or 
3 Sule <- WinSale 
ps ce (4.73) 


foe (oe 


In this situation the average energy of the atoms remains constant, because 
the net pumping rate vanishes. However, when the radiation field is in- 
homogeneous, the distribution function will change due to atoms moving 
between points where the radiation field is different. Provided the radiation 
field varies little over the distance that an atom moves in a pumping time, 
the distribution function will remain close to that for a steady state locally, 
which we denote by ie This is given by Eq. (4.72) evaluated for the spatial 
dependence of the pumping rates given above, that is 


ig alle 
fotip 


For z = 4/8, atoms are pumped completely into the g_ state, while for 
z = —A/8, they are pumped into the g1 state. 

To calculate the deviation of the distribution function from the local equi- 
librium result we make use of the fact that under experimental conditions the 
pumping time 7, is short compared with the time it takes an atom to move 
a distance \, over which the population of atoms varies significantly. We 
may then insert the local steady-state solution (4.74) on the left hand side of 
the Boltzmann equation (4.70), just as one does in calculations of transport 
coefficients in gases. The last term on this side of the equation, which is 
due to the influence of the ‘washboard’ potential (4.63) on the atoms, is of 
order V~/kT times the second term, which comes from the spatial gradient 


= —sin2qz, (local steady state). (4.74) 
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of the local equilibrium distribution function. As we shall show, the lowest 
temperatures attainable are such that kT z |V*|, and therefore we shall 
neglect this term. We now linearize the right hand side of the Boltzmann 
equation about the local steady state, and write 6 = = te — ie Thus the 
deviations from the local steady-state solution satisfy the equation 


VO WAGE Sa b= ly te oye Oye) (4.75) 


On the right hand side of the equation we have omitted a term proportional 
to the deviation 6 ee + df, of the total density from its local steady-state 
value since this is small as a consequence of the requirement that the pressure 
be essentially constant. Thus the deviation of the distribution function from 
its steady-state value is given by 


ona = 0/2 ve Was — ae == 2007 i pt COs 2d2, (4.76) 


since the characteristic pumping time is given by 1/7, = T4+— +T°_+. Here 
tp = i + f, is the distribution function for atoms irrespective of which 
sublevel they are in. 

We now evaluate the average force on an atom. For an atom in a particular 
sublevel the force is -WV~, and therefore the total force on atoms with 
momentum pis —-VV*ft—VV~f, = —2qVo(fp — fp )2c0s 2qz. Since the 
local steady-state result for the distribution function (4.74) varies as sin 2qz. 
the spatial average of the force vanishes for this distribution, and the leading 
contributions to the force come from the deviations from the local steady 
state, Eq. (4.76). One then finds that the spatial average of the force on an 
atom is 
ie 


r 


The latter expression indicates that this is of order the force due to atomic 
energy shifts, ~ qVo, reduced by a factor of the mean free path for pumping, 
UTp, divided by the wavelength of light, which gives the spatial scale of 
variations in the distribution function. The average rate of change of the 
energy of an atom is therefore given by F,|ayuvz = —29¢?Vov2T and the 
characteristic cooling rate is thus 


Fylayv = —2q°VoveTp = —47qVo (4.77) 


Lae 4g? Vor, 
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in agreement with our earlier estimate (4.68). The remarkable effective- 
ness of Sisyphus cooling is a consequence of the almost complete reversal of 
sublevel populations on a short length scale, the optical wavelength. 
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Temperature of atoms 


There are a number of effects contributing to the energy diffusion coefficient, 
among them fluctuations in the number of photons absorbed from the two 
beams, and the different directions of the emitted photons which we con- 
sidered in the discussion of Doppler cooling. In Sisyphus cooling there is 
an additional effect due to the fact that the periodic potential accelerates 
atoms, and this is the dominant contribution. The force on an atom is of 
order 2qVo = 47 V/A, and therefore the momentum imparted to an atom in 
the characteristic pumping time, which plays the role of a mean free time in 
this process, is ~ 4mVo7,/X. Diffusion coefficients are of order the square of 
the step size divided by the time for a step, and therefore the momentum 
diffusion coefficient is of order 


p (= ) 24) never 


d tT» 


(4.79) 


The mean-square momentum in a steady state is of order that produced by 
the diffusion process in a characteristic cooling time, where Teg] 18 given by 
(4.78), that is pe ~ DtTeoo1. Thus the characteristic energy of an atom in a 
steady state is of order 


Bw Dime ae ~ Vo. (4.80) 


This remarkably simple result would appear to indicate that by reduc- 
ing the laser power atoms could be cooled to arbitrarily low temperatures. 
However, there are limits to the validity of the classical description of the 
atomic motion. We have spoken as though atoms have a definite position 
and velocity, but according to Heisenberg’s uncertainty principle the mo- 
mentum of an atom confined to within a distance /, has an uncertainty of 
magnitude ~ fi/l, and thus a kinetic energy of at least ~ h?/2ml?. The 
energy of an atom confined to within one minimum of the effective poten- 
tial is of order h?/2m.? ~ E,. If this exceeds the depth of modulation of 
the washboard potential produced by the radiation, a classical treatment, 
fails. A quantum-mechanical calculation shows that for Vo < E, the en- 
ergy of the atoms rises with decreasing radiation intensity, and thus the 
minimum particle energies that can be achieved are of order E,. Detailed 
one-dimensional calculations confirm the order-of-magnitude estimates and 
scaling laws given by our simplified treatment. For example, in the limit of 
large detuning, |é| >> T., the minimum kinetic energy achievable is of order 
30E, [15]. The existence of substantial numerical factors should come as no 
surprise, since in our simple approach we were very cavalier and neglected 
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all numerical factors. The single most important source of the large nu- 
merical factor is the proper quantum-mechanical treatment of the motion of 
atoms in the periodic potential, which shows that the lowest temperatures 
are attained for Vo ~ 50£,. The theory has been extended to higher dimen- 
sions, and for three-dimensional optical lattices Castin and Moglmer find a 
minimum kinetic energy of about 40F, [16]. 

To conclude this section, we remark that methods have been developed 
to cool atoms to kinetic energies less than the recoil energy. This is done by 
collecting atoms in states weakly coupled to the laser radiation and having a 
small spread in velocity [15]. None of these methods have yet been exploited 
in the context of Bose~Einstein condensation. 


4.6 Evaporative cooling 


The temperatures reached by laser cooling are impressively low, but they 
are not low enough to produce Bose-Einstein condensation in gases at the 
densities that are realizable experimentally. In the experiments performed 
to date, Bose-Einstein condensation of alkali gases is achieved by using evap- 
orative cooling after laser cooling. The basic physical effect in evaporative 
cooling is that, if particles escaping from a system have an energy higher 
than the average energy of particles in the system. the remaining particles 
are cooled. Widespread use of this effect has been made in low-temperature 
physics, where evaporation of liquified gases is one of the commonly used 
techniques for cooling. In the context of rarefied gases in traps it was first 
proposed by Hess [17]. For a more extensive account of evaporative cooling 
we refer to the review [18]. Imagine atoms with a thermal distribution of 
energies in a trap, as illustrated schematically in Fig. 4.9. If one makes a 
‘hole’ in the trap high up on the sides of the trap, only atoms with an energy 
at least equal to the energy of the trap at the hole will be able to escape. 
In practice one can make such a hole by applying radio-frequency (rf) ra- 
diation that flips the spin state of an atom from a low-field seeking one to 
a high-field seeking one, thereby expelling the atom from the trap. Since 
the resonant frequency depends on position as a consequence of the Zeeman 
effect and the inhomogeneity of the field, as described in Chapter 3, the 
position of the ‘hole’ in the trap may be selected by tuning the frequency of 
the rf radiation. As atoms are lost from the trap and cooling proceeds, the 
frequency is steadily adjusted to allow loss of atoms with lower and lower 
energy. 

A simple example that illustrates the effect is to imagine a gas with atoms 
which have an average energy €. If the average energy of an evaporated 
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Fig. 4.9. Evaporative cooling. The curve on the left shows the equilibrium Maxwell 
Boltzmann distribution proportional to exp(—e/k7). The energy €., is the thresh- 
old value for evaporation, see Eq. (4.93). 


particle is (1+G)é, the change in the average particle energy may be obtained 
from the condition that the total energy of all particles be constant. If the 
change in the number of particles is denoted by dN, the energy removed by 
the evaporated particles is (1+ )edN. For particle loss, dN is negative. By 
energy conservation, the total energy of the atoms remaining in the trap is 
E+(1+ @)éedN and their number is N +dN. Thus the average energy per 
atom in the trap after the evaporation is 


_ . E+(1+fP)edN 
— 4.81 
é+de eon (4.81) 
or 
dlné 
=n 4.82 
dln N 2 ( ) 


where €(0) and N(0) are initial values. In this simple picture, the average 
energy per particle of the gas in the trap decreases as a power of the particle 
number. 

The relationship between the average energy and the temperature depends 
on the trapping potential. To obtain simple results, we consider potentials 
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which are homogeneous functions of the coordinates with degree v, 
Vo ka (4.84) 


where K(#) is a coefficient which may depend on direction. A further varl- 
able is the effective dimensionality d of the trap, which specifies the number 
of dimensions for which the trapping potential is operative. For example, a 
potential V = mw? (x? + y*)/2, with no restoring force in the z direction, 
has d = 2. The discussion of magnetic traps given in Sec. 4.1 shows that the 
assumption of homogeneity is reasonable for many traps used in practice. 


For an ideal gas one can show that (Problem 4.7) 


Bia Se 
Pe ae (4.85) 
where én is the kinetic energy of a particle, and V is the trapping potential. 
The bar denotes a thermal average. Throughout most of the evaporation 
process, the effects of quantum degeneracy are modest, so we may treat the 
gas as Classical. ‘Thus 


din = SAT, (4.86) 


and 
jd 


e=(—+-— kT. 4.87 
: € se =) ( ) 
This shows that the temperature of the gas depends on the particle number 


in the same way as the average energy, and it therefore follows from Eq. 
(4.82) that 


= 8. (4.88) 


This result shows that the higher the energy of the evaporating particles, the 
more rapidly the temperature falls for loss of a given number of particles. 
However, the rate of evaporation depends on the energy threshold and on 
the rate of elastic collisions between atoms in the gas, since collisions are 
responsible for scattering atoms into states at energies high enough for evap- 
oration to occur. Thus the higher the threshold, the lower the evaporation 
rate. The threshold may not be chosen to be arbitrarily high because there 
are other processes by which particles are lost from the trap without cooling 
the remaining atoms. These limit the time available for evaporation. and 
therefore the threshold energy must be chosen as a compromise between the 
conflicting requirements of obtaining the greatest cooling per particle evap- 
orated, and at the same time not losing the sample by processes other than 
evaporation. 
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One of these other processes is collisions with foreign gas atoms. A sec- 
ond is inelastic collisions, in which two atoms collide and are scattered to 
other hyperfine states. As we shall explain in greater detail in Sec. 5.4.1, 
some processes can proceed via the central part of the two-body interac- 
tion, and the loss rate due to them is generally so high that one must work 
with hyperfine states such as the doubly polarized state and, for atoms 
with a positive nuclear magnetic moment, the maximally stretched state 
(F = I —1/2,mp = —F) which cannot decay by this route. However, even 
these states can scatter inelastically via the magnetic dipole-dipole interac- 
tion between electron spins. Experiments with Bose-Einstein condensation 
in atomic hydrogen in magnetic traps are performed on states of Ht, and 
dipolar losses are a dominant mechanism for loss of atoms and heating, as 
we shall describe in the following section. In experiments on alkali atoms 
dipolar losses are generally less important, and then formation of diatomic 
molecules can be a significant loss mechanism. ‘wo atoms cannot com- 
bine directly because it is impossible to get rid of the binding energy of 

the molecule. The most effective way of satisfying the conservation laws for 
energy and momentum under typical experimental conditions is for a third 
atom to participate in the reaction. 


A simple model 


To estimate the cooling that may be achieved by evaporation, we consider a 
simple model [19]. We assume that the rate at which particles are removed 
from the trap by evaporation is given by 


dN N 
—| =-—, (4.89) 
Ne lee Tee 
and that the rate of particle loss due to other processes is 
N N 
a (4.90) 
dt loss Tloss 


where Tey and Tigsg are decay times for the two types of mechanisms. De- 
pending upon which particular other process is dominant, the loss rate 1 V\ess 
depends on the density in different ways. For scattering by foreign gas atoms 
it is independent of the density n of atoms that are to be cooled, and pro- 
portional to the density of background gas. For dipolar losses, it varies as 
n, and for three-body ones, as n*. If we further assume that the average 
energy of particles lost by the other processes is the same as the average 
energy of particles in the gas and neglect heating of the gas by inelastic 
processes, only particles lost by evaporation change the average energy of 
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particles remaining in the trap. The fraction of particles lost by evaporation 


Ge 


and therefore the temperature change is obtained by multiplying the expres- 
sion (4.88) in the absence of losses by this factor. Thus 
ql Tee 
OMG Foye Se oe 


is 
dN 
dt 


) = aes ae Tloss (4.91) 
loss i Tey + 1 / Tloss Tloss + Tev 


dt 


=e (4.92) 


As we argued earlier, the evaporation time increases rapidly as the av- 
erage energy of the evaporated particles increases, and therefore there is a 
particular average energy of the evaporated particles for which the temper- 
ature drop for loss of a given number of particles is maximal. To model 
the evaporation process, we assume that any atom with energy greater than 
some threshold value €ey is lost from the system. The evaporation rate is 
therefore equal to the rate at which atoms are scattered to states with en- 
ergies in excess of €ey. We shall assume that €e, is large compared with AT 
and, therefore, in an equilibrium distribution the fraction of particles with 
energies greater than €gy is exponentially small. The rate at which particles 
are promoted to these high-lying states may be estimated by using the prin- 
ciple of detailed balance, since in a gas in thermal equilibrium it is equal to 
the rate at which particles in these states are scattered to other states. ‘The 
rate at which atoms with energy in excess of €gy collide in an equilibrium 
gas 1s 


a) = | ae r | sf oom dp’ 
Joip Yo > ‘ple. 4.93 
dt coll aoe Gan (Cane ae P| \ ) 


where a is the total elastic cross section, which we assume to be independent 
of the particle momenta. For €gy >> kT’ we may replace the velocity difference 
by vp, and the distribution functions are given by the classical Maxwell— 
Boltzmann result 


& = eT (PR? /2m+V—p)/kT (4.94) 


The integral over p’ gives the total density of particles at the point under 
consideration, and the remaining integrals may be evaluated straightfor- 
wardly. The leading term for €gy >> kT is given by 


dt. 


= —Nn(0)ob (=) ee (4.95) 


coll 


Here n(0) is the particle density at the centre of the trap, where V = 0, 
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while 0 is the mean thermal velocity given by 


j= - 


{o> dv? exp(—mv?/2kT) BRT \ 1/2 fae 
{o> duv? exp(—mv?/2kT) , ata 


TTT 


It is convenient to introduce the collision time 7) for elastic collisions, 
which we define by 


I m 

— = n(0)oV re, (4.97) 

Tel 
where U;¢) is the mean relative velocity of particles in a gas, given by Ure) = 
/2%. In experiments, the elastic collision time is typically a few orders of 
magnitude less than the loss time. By combining Eqs. (4.89), (4.95), and 
(4.97) we conclude that the decay time for evaporation is given by 


1 1 €ey =e [kT 
— = — Ce 4,98 
Tev Tel ( a) ( ) 


Since the occupancy of single-particle states falls off rapidly at energies 
large compared with the thermal energy kT’, the majority of particles leaving 


the cloud by evaporation have energies close to the threshold energy €ey, 
and it is a good approximation to replace the average energy (1 + @)e of an 
evaporated particle by ¢¢y. We may therefore write Eq. (4.92) as 


alka SORT a 
ae (< a 1) ( AL sa AE aot (4.99) 


dln N 7 € Tloss €ev 


This function first increases as the threshold energy increases above the 
average particle energy, and then falls off when the evaporation rate be- 
comes comparable to the loss rate. The optimal choice of the threshold 
energy may easily be estimated by maximizing this expression, and it is 
given to logarithmic accuracy by ey ~ kT In(thoss/Te1). This condition 
amounts to the requirement that the evaporation time and the loss time 
be comparable. 

It is also of interest to investigate how the degree of degeneracy devel- 
ops as particles are lost. In a trap with a power-law potential, the spatial 
extent of the cloud is ~ T!/” for each dimension for which the potential is 
effective, and therefore the volume varies as ~ T¢/", where d is the effective 
dimensionality of the trap, introduced above Eq. (4.85). The mean thermal 
momentum varies as ~ T!/?, and therefore the volume in momentum space 
varies as ~ T3/2, Thus the phase-space volume scales as Téd/v+3/2 and the 
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phase-space density @ scales as N/ aie) as 


a ae (¢ iL 3) ip (4.100) 
eee 


This shows that the attainment of a large increase in phase-space density for 
loss of a given number of particles is aided by use of traps with low values 
of v, and thus linear traps are better than harmonic ones. 

In experiments, it is desirable that the elastic scattering time decrease 
as the evaporation proceeds. In this case one realizes what is referred to 
as runaway evaporation. In the opposite case, the rate of elastic collisions 
becomes less, and evaporation becomes relatively less important compared 
with losses. The scattering rate scales as the atomic density times a thermal 
velocity (cx gy *) since the cross section is essentially constant, and thus 


one finds that 
@ lt a6) coe L. (4.101) 
dln N yp 2 


For runaway evaporation, this expression should be positive, and this sets 
a more stringent condition on @’ than does the requirement of increasing 
phase-space density. 


4.7 Spin-polarized hydrogen 


As we described in Chapter 1, the first candidate considered for Bose- 
Einstein condensation in a dilute gas was spin-polarized hydrogen. How- 
ever, the road to the experimental realization of Bose-Einstein condensa- 
tion in hydrogen was a long one, and the successful experiment combined 
techniques from low-temperature physics with ones from atomic and optical 
physics. 

The initial appeal of spin-polarized hydrogen was its having no two-body 
bound states. However, as has been strikingly demonstrated by the exper- 
iments on spin-polarized alkali gases, the absence of bound states is not a 
prerequisite for Bose-Einstein condensation. Polarized alkali atoms have 
many molecular bound states, but the rate at which molecules are produced 
is slow. This is because, as we described in the previous section, molecule 
formation is a three-body process and may thus be reduced by working at 
low enough densities. What is essential in realizing Bose Einstein conden- 
sation in dilute systems is that the polarized atoms have a sufficiently long 
lifetime, irrespective of which particular loss processes operate. 

Working with spin-polarized hydrogen presents a number of formidable 
experimental challenges. One is that laser cooling is impractical, since the 
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lowest-frequency optical transition for the hydrogen atom in its ground 
state is the Lyman-qa line (15-2P), which has a wavelength of 122 nm 
in the ultraviolet. Even if it were practical, the temperatures attainable 
by laser cooling would not be particularly low because both the excited 
state linewidth and the recoil temperature (Eq. (4.59)), which determine 
the minimum temperatures for cooling by the Doppler and Sisyphus pro- 
cesses, are large due to the high frequency of the transition and the low 
mass of the hydrogen atom. In the experiments on hydrogen, the gas was 
first cooled cryogenically by heat exchange with a cold surface, and conden- 
sation was achieved by subsequent evaporative cooling, as described in Sec. 
4.6. 


The level structure of the ground state of hydrogen has been described in 
Sec. 3.2 (see Fig. 3.2). As we mentioned in Chapter 1, early experiments 
on spin-polarized hydrogen, in which hydrogen atoms were pressed against 
a surface by a spatially-varying magnetic field, employed states with the 
electron spin aligned opposite the direction of the magnetic field. These are 
the high-field seeking states (H|) labelled a and 6 in Fig. 3.2. The limited 
densities that could be obtained by these methods led to the development 
of purely magnetic traps. Since it is impossible to make a magnetic field 
with a local maximum in a current-free region, trapping is possible only if 
the electron spin is in the same direction as the field, H}, corresponding to 
states c and d in the figure. 


The experimental techniques are described in detail in the review article 
[20] and the original papers [21, 22]. The heart of the experiment is a mag- 
netic trap of the Ioffe—Pritchard type enclosed in a chamber whose walls can 
be cooled eryogenically. Atomic hydrogen is generated in an adjoining cell 
by applying an rf discharge to gaseous molecular hydrogen. ‘The magnetic 
field in the source cell is higher than in the experimental cell, so atoms in the 
low-field seeking states c and d are driven into the experimental cell, where 
they can be trapped magnetically. The experimental chamber also contains 
helium gas. The helium atom has no electronic magnetic dipole moment 
and is unaffected by the magnetic field of the trap. Thus the helium acts as 
a medium for transporting heat away from the hydrogen gas in the trap to 
the cold walls of the experimental cell. 


The state d is a doubly polarized one, and consequently, as we mentioned 
in Sec. 4.6 and will be elaborated in Sec. 5.4.1, it is relatively unaffected 
by atomic collisions, the only allowed processes being ones mediated by 
the magnetic dipole-dipole interaction. In the trapped gas, spin-exchange 
collisions c-+c — d+ can occur, and the b atoms produced by this process, 
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being high-field seekers, will return to the source. Thus the gas in the trap 
will consist only of d atoms. 

After the hydrogen gas in the trap has been cooled, it is thermally iso- 
lated by removing the helium gas. This is done by cooling the walls of 
the experimental cell to a temperature less than 80 mk, so low that any 
atom arriving at the surface will be absorbed but will not subsequently be 
desorbed. 

The gas in the trap is cooled further by evaporation, as described in 
Sec. 4.6. The scattering length for hydrogen atoms is typically 1-2 orders of 
magnitude smaller than for the alkalis, and therefore to achieve rapid enough 
evaporation it is necessary to use higher atomic densities for hydrogen than 
for alkalis. However, this is not a problem, since traps may be loaded to 
higher densities using cryogenic methods than is possible with MOT’s. Bose- 
Einstein condensation sets in at a temperature of about 50 mk, which is 
higher than in experiments with alkalis because of the lower atomic mass 
and the higher atomic densities. 

The main process for the destruction of d atoms is the dipolar one d+d — 
a+a. Due to the heat which this generates, for hydrogen it is more difficult to 
realize condensates containing a large fraction of the total number of atoms 
than it is for alkali atoms, and in the first experiments the fraction of atoms 
in the condensate was estimated to be around 5%. However, the number 
of condensed particles (10°), the peak condensate density (5 x 101° cig 
and the size of the condensed cloud (5 mm long, and 15 wm in diameter) 
are 1mpressive. 

Detection of the condensate represented another challenge. Time-of-flight 
methods could not be used, because of the low condensate fraction. The 
technique employed was to measure the frequency shift of the 15-25 tran- 
sition (at the same frequency as the Lyman-a line), as illustrated schemat- 
ically in Fig. 4.10. A great advantage of this line is that it is very narrow 
because the transition is forbidden in the dipole approximation. For the 
same reason it cannot be excited by a single photon, so the method em- 
ployed was to use two-photon absorption of radiation from a laser operating 
at half the frequency of the transition. Absorption of one photon mixes into 
the wave function of the 1S state a component of a P state, which by ab- 
sorption of a second photon is subsequently converted to the 25 state. The 
shift of the line is proportional to the density of hydrogen atoms, and thus 
the density of condensed atoms could be determined. By this method it was 
possible to identify components of the line due to the condensate and others 
due to the thermal cloud. We shall consider the theory of the line shift in 
Seems. 4, 
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Fig. 4.10. Level scheme of the hydrogen atom to illustrate detection of atomic 
hydrogen by two-photon absorption. 


Problems 


PROBLEM 4.1 Consider two circular coils, each of radius a and with N 
turns. The coils have a common axis, which we take to be the z axis, and 
their centres are at z = +d/2. The current J in each coil has the same 
magnitude, but the opposite direction. Calculate the magnetic field in the 
vicinity of the origin. 


PROBLEM 4.2. Find the classical oscillation frequencies for a °’Rb atom 
in the state |3/2, 1/2) moving in the time-averaged magnetic field given by 
(4.6). The magnitude of the rotating magnetic field is By = 1 mT, while 
the value of the radial field-gradient B’ is 1.2 T m~'. Compare your result 
with the value w/27 = 7.5 kHz for the frequency of the rotating magnetic 
field used experimentally [6]. 


PROBLEM 4.3 Find the time average of the magnitude of the magnetic field 
close to the origin for a TOP trap in which the quadrupole field is of the 
form B’(x,y,—2z) and the bias field has the form (Bo coswt, 0, Bo sin wt). 
Contrast the result with Eq. (4.6) for the original TOP trap. 


PROBLEM 4.4 Estimate the depth of an optical trap for Na atoms produced 
by a 5-mW laser beam of wavelength 1 um when focused to a circular cross 
section of minimum diameter 10 pm. 


PROBLEM 4.5 Determine the force constant of a magneto-optical trap us- 
ing the simple model described in Sec. 4.4. 
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PROBLEM 4.6 Show that the lowest temperatures attainable by the Sisy- 
phus process are of order (me/m)/(e%/hc) times those for the Doppler pro- 
cess. How large is the numerical prefactor? 


PROBLEM 4.7 Consider an ideal gas in three dimensions in a potential 
V(r) which is a homogeneous function of the coordinates of degree v, that 
is, V(Ar) = A”V(r). Assume that v is positive. The effective dimensionality 
of the trap is denoted by d, and, for example, for the anisotropic harmonic 
oscillator potential (2.7), dis the number of the frequencies w; which are non- 
zero. By using the semi-classical distribution function, show for a classical 
gas that 
ea ca ave 

where the bar denotes a thermal average. The result also holds for degen- 
erate Bose and Fermi gases, and is an example of the virial theorem. 
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Interactions between atoms 


From a theoretical point of view, one of the appealing features of clouds of 
alkali atom vapours is that particle separations, which are typically of order 
10? nm, are large compared with the scattering length a which characterizes 
the strength of interactions. Scattering lengths for alkali atoms are of the 
order of 100ag, where ag is the Bohr radius, and therefore alkali atom vapours 
are dilute, in the sense that the dominant effects of interaction are due to 
two-body encounters. It is therefore possible to calculate properties of the 
gas reliably from a knowledge of two-body scattering at low energies, which 
implies that information about atomic scattering is a key ingredient in work 
on Bose-Einstein condensates. 

An alkali atom in its electronic ground state has several different hyperfine 
states, as we have seen in Secs. 3.1 and 3.2. Interatomic interactions give 
rise to transitions between these states and, as we described in Sec. 4.6, such 
processes are a major mechanism for loss of trapped atoms. In a scattering 
process, the internal states of the particles in the initial or final states are 
described by a set of quantum numbers, such as those for the spin, the atomic 
species, and their state of excitation. We shall refer to a possible choice of 
these quantum numbers as a channel.! At the temperatures of interest for 
Bose-Einstein condensation, atonis are in their electronic ground states, and 
the only relevant internal states are therefore the hyperfine states. Because 
of the existence of several hyperfine states for a single atom, the scattering 
of cold alkali atoms is a multi-channel problem. 

Besides inelastic processes that lead to trap loss, coupling between chan- 
nels also gives rise to Feshbach resonances, in which a low-energy bound 
state in one channel strongly modifies scattering in another channel. Fesh- 
bach resonances make it possible to tune both the magnitude and the sign 


? Other authors use the word channel in a different sense, to describe the physical processes 
leading from one particular internal state (the initial state) to another (the final one) 
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of the effective atom-atom interaction, and they have become a powerful 
tool for investigating cold atoms. 

For all but the very lightest atoms, it is impossible from theory alone to 
evaluate scattering properties of cold atoms because the atom—atom inter- 
action potentials cannot be calculated with sufficient accuracy. In addition, 
many properties relevant for cold-atom studies are not directly accessible to 
experiment. Consequently, in deriving information about two-body scatter- 
ing it is usually necessary to extract information about the interaction from 
one class of measurements, and then to use theory to predict properties of 
interest. Following the development of laser cooling, understanding of low- 
energy atomic collisions has increased enormously. In particular the use of 
photoassociation spectroscopy and the study of Feshbach resonances have 
made it possible to deduce detailed information on scattering lengths. 

In the present chapter we give an introduction to atom-atom scattering. 
For further details we refer the reader to the review [1], the lectures [2], and 
the original literature. We first give dimensional arguments to show that, 
because of the van der Waals interaction, scattering lengths for alkali atoms 
are much larger than the atomic size (Sec. 5.1). We then review elements 
of scattering theory for a single channel, and discuss the concept of effective 
interactions (Sec. 5.2). In Sec. 5.3 we determine the scattering length for 
a simple model potential consisting of a hard-core repulsion and a long- 
range van der Waals attraction, which varies as r—®, where r is the atomic 
separation. To describe transitions between different spin states requires a 
more general formulation of the scattering problem as a multi-channel one. 
We consider the general theory of scattering between different channels, 
describe rates of inelastic processes, and show how Feshbach resonances 
arise in Sec. 5.4. In the final section, Sec. 5.5, we describe experimental 
techniques for investigating atom-atom interactions and summarize current 
knowledge of scattering lengths for hydrogen and for alkali atoms. 


5.1 Interatomic potentials and the van der Waals interaction 


Interactions between polarized alkali atoms are very different from those 
between unpolarized atoms. To understand why this is so, we recall that 
interactions between atoms with electrons outside closed shells have an at- 
tractive contribution because two electrons with opposite spin can occupy 
the same orbital. This is the effect responsible for covalent bonding. How- 
ever, if two electrons are in the same spin state, they cannot have the same 
spatial wave function, and therefore the reduction in energy due to two 
electrons sharing the same orbital is absent. To illustrate this, we show in 
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Fig. 5.1. Sketch of the interaction potentials U(r) as functions of the atomic sepa- 
ration r for two ground-state rubidium atoms with electrons in singlet and triplet 
states, 


Fig. 5.1 the interactions for two rubidium atoms in their ground state when 
the two valence electrons are in the singlet spin state and in the triplet one. 
For small separations the interactions are dominated by a strong repulsive 
core due to the overlapping of electron clouds, but at greater separations the 
attractive well is very much deeper for the singlet’ state than for the triplet 
state. The singlet potential has a minimum with a depth of nearly 6000 K 
in temperature units when the atoms are about 8ag apart. By contrast. the 
depth of the minimum of the triplet potential that occurs for an atomic sep- 
aration of about 12a9 is only a few hundred K. For large atomic separations 
there is an attraction due to the van der Waals interaction, but it is very 
weak compared with the attractive interactions due to covalent bonding. 

While the van der Waals interaction is weak relative to covalent bonding, 
it is still strong in the sense that the triplet potential has many molecular 
bound states, as we shall see later from more detailed calculations. We re- 
mark that the electronic spin state for a pair of atoms in definite hyperfine 
states is generally a superposition of electronic triplet and singlet contri- 
butions, and consequently the interaction contains both triplet and singlet 
terms. 

Two-body interactions at low energies are characterized by their scatter- 
ing lengths, and it is remarkable that for polarized alkali atoms these are 
typically about two orders of magnitude greater than the size of an atom, 
~ ag. Before turning to detailed calculations we give qualitative arguments 
to show that the van der Waals interaction can give rise to such large scat- 
tering lengths. The van der Waals interaction is caused by the electric 
dipole-dipole interaction between the atoms, and it has the form —a/r®, 
where r is the atomic separation. The length scale rg in the Schrédinger 
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Table 5.1. Calculated values of the van der Waals coefficient Cg. The value 
for Li is from Ref. [3] and those for other alkali atoms from Ref. [4]. 


Element Cs 


H-H 6.5 

Li-Li 1393 
Na-Na 1556 

K-K 3897 
Rb-Rb = 4691 
Cs-Cs 6851 


equation at zero energy, which sets the basic scale for the scattering length, 
may be estimated by dimensional arguments. The kinetic energy is of order 
h? /mrZ, where m is the atomic mass, and the van der Waals interaction is 
of order a/ re. Equating these two energies gives the characteristic length 
ro, which is of order (am/h?)!/4. On dimensional grounds, the coefficient a 
must be of the form of a typical atomic energy, e4/ag, times the sixth power 
of the atomic length scale ag, that is a = CeeraR, where the dimensionless 
coefficient Cg gives the strength of the van der Waals interaction in atomic 
units. Thus the length scale is given by 


ro & (Cem/me)/4a9. (G0) 


This gives the general magnitude of scattering lengths but, as we shall see in 
Sec. 5.3, the sign and numerical value of the scattering length are determined 
by the short-range part of the interaction. The large scattering lengths for 
alkali atoms are thus a consequence of two effects. First, atomic masses are 
of order 103A times the electron mass, A being the mass number, which 
gives more than a factor of 10 in the length scale. Second, van der Waals 
coefficients for alkali atoms lie between 10° and 104, as one can see from the 
theoretical values of Cg listed in Table 5.1. A number of the measurements 
that we shall describe in Sec. 5.5 provide information about Cg and, for 
example, a study of Feshbach resonances for 133 roves) © oe —=sGG0 ee 35 
[5, 6}. The large values of Cg give a further increase in the length scale by 
almost one order of magnitude, so typical scattering lengths are of order 
10249. 

The 1/ r® contribution to the potential is the leading term in an expansion 
of the long-range part of the two-body interaction U(r) in inverse powers of 
r. If quantities are measured in atomic units the expansion is given more 
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generally by 
Ce Cs Cio 


Tio) =o = (5.2) 


The higher-order coefficients Cg and Cig are typically 102C, and 10*C,, 
respectively, and therefore at distances of order rp a pure 1/ r® potential is 
a good first approximation. 


Magnitude of the van der Waals interaction 
The large van der Waals interactions for alkali atoms, like the large polar- 
izabilities (see Sec. 3.3), are a consequence of the strong resonance lines in 
the optical spectrum of these atoms. To derive a microscopic expression 
for Cg we recall that the van der Waals interaction is due to the electric 
dipole-dipole interaction between atoms, which has the form 


Cea = ee aos [d,- ‘do = 3(dj,- -t)(d2-r)], (G23) 


where f = r/r,r being the vector separation of the two atoms. The ground 
states of atoms are to a very good approximation eigenstates of parity, and 
consequently diagonal matrix elements of the electric dipole operator vanish. 
The leading contribution to the interaction energy is of second order in the 
dipole-dipole interaction and has the form [7, §89] 


(n|dz|0)|?|(n‘|d2|0) |? 


| 
U(r) = ) 
(") a (47r€9)2r6 2 Ey, + Ent — 2Eo 5 4) 


where the factor 6 comes from ee the fact that, for atoms with L = 0 in 
the ground state, the sum is independent of which Cartesian component of 
the dipole operator is chosen. Expressing the result in terms of the oscillator 
strength (see Eq. (3.38)) and measuring excitation energies in atomic units 
one finds 

3 ‘> ale 
2 ; (En = Eo) (En aaa Eo) (En = 1B = 2Eo) 


n,n 


C= (5.0) 
Just as for the polarizability, which we discussed in Sec. 3.3 (see Eq. (3.42)), 
the dominant contribution to the sum comes from the resonance line, and if 
we assume that the total oscillator strength for transitions from the ground 
state to all sublevels of the resonance doublet is unity and neglect all other 
transitions, one finds 


3 
A Nsligasg | 
Here AFjyes is the energy of the resonance line in atomic units. For alkali 
atoms this is less than 0.1 atomic units, and therefore the values of O¢ 


Ce ~ (5.6) 
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are more than 10°, in agreement with more detailed calculations and with 
experiment. As an example consider sodium. The resonance line energy is 
0.0773 atomic units, and therefore Eq. (5.6) yields Cg ~ 1620, while detailed 
calculations give 1556, according to Table 5.1. For the heavier alkali atoms, 
electrons other than the valence one contribute significantly to the sum, and 
consequently Cg is greater than the estimate (5.6). The simple formula (5.6) 
enables one to understand why the trend in the magnitude of C¢ for alkali 
atoms is similar to the variation of the atomic polarizabilities discussed in 
Sec. 3.3. For hydrogen the simple estimate evaluated using the Lyman-a 
energy is Cg = 128/9 = 14.2, which is larger than the actual value ~ 6.5 
since the oscillator strength for the transition is significantly less than unity. 

We note that to calculate the interatomic potential at large distances 
the dipolar interaction may not be treated as static, and retardation of the 
interaction must be taken into account. The interaction is then found to 
vary as 1/r’, rather than 1/r®. This effect becomes important when the 
separation between atoms is comparable to or larger than the wavelength of 
a photon with energy equal to that of the resonance transition. The latter 
is of order 10°ag or more, which is larger than the distances of importance 
in determining the scattering length. Consequently retardation plays little 
role. 


5.2 Basic scattering theory 


Here we review aspects of scattering theory for a single channel and introduce 
the scattering length, which characterizes low-energy interactions between a 
pair of particles. More extensive treatments may be found in standard texts 
(see, e.g., [7, §123]). Consider the scattering of two particles of mass m; and 
m2, which we assume for the moment to have no internal degrees of freedom. 
We shall further assume here that the two particles are distinguishable, and 
the effects of identity of the particles will be described later. As usual, we 
transform to centre-of-mass and relative coordinates. The wave function for 
the centre-of-mass motion is a plane wave, while that for the relative motion 
satisfies a Schrédinger equation with the mass equal to the reduced mass 
My = MyM2/(m1 + M2) of the two particles. To describe scattering, one 
writes the wave function for the relative motion as the sum of an incoming 


plane wave and a scattered wave,” 


A) = e* + heo(x), (5.7) 


2 We shall use plane-wave states e**'? without an explicit factor of ya 2 
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where we have chosen the relative velocity in the incoming wave to be in the z 
direction. At large interatomic separations the scattered wave is an outgoing 
spherical wave f(k) exp(ikr)/r, where f(k) is the scattering amplitude and 
k specifies the wave vector of the scattered wave. We shall assume that 
the interaction between atoms is spherically symmetric, and the scattering 
amplitude f(@) then depends on direction only through the scattering angle 
6, which is the angle between the directions of the relative momentum of 
the atoms before and after scattering. The wave function for large r is thus 
ikr 


Dae a AG) ae (5.8) 


The energy of the state is given by 
ee 
BA —_ 


=e 5.9 


At very low energies it is sufficient to consider s-wave scattering, as we 
shall argue below. In this limit the scattering amplitude f(@) approaches a 
constant, which we denote by —a, and the wave function (5.8) becomes 


a 
Ue (5.10) 


The constant a is called the scattering length. It gives the intercept of the 
asymptotic wave function (5.10) on the r axis. 

In the following we discuss the connection between the scattering length 
and the phase shifts, which in general determine the scattering cross section. 
The differential cross section, that is the cross section per unit solid angle, 
is given by 

do 9 

& = |F(0)P. (5.11) 
For scattering through an angle between @ and 6 + dé, the element of solid 
angle is dQ = 27sin@d@. Since the potential is spherically symmetric, the 
solution of the Schrodinger equation has axial symmetry with respect to the 
direction of the incident particle. The wave function for the relative motion 
therefore may be expanded in terms of Legendre polynomials P,(cos @), 


b = S— ALPi(cos 0) Ryi(r). (5.12) 
l=0 


The radial wave function Rz)(1) satisfies the equation 


2 Mise Dag 
et ial”) + Gi = —— ~ RB 


U(r)| Ruu(r) = 0, (5.13) 
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where U(r) is the potential, and the prime denotes a derivative with respect 
to r. For r — oo the radial function is given in terms of the phase shifts 0 
according to the equation 


i 
lea ee sin(kr — =| + 61). (6 Mab) 
By comparing (5.12) and (5.14) with (5.8) and expanding the plane wave 
exp(ikz) in Legendre polynomials one finds that A; = i!(21+ 1)e" and 


CO 


il & 
HO) = es S (21 + 1)(e?" — 1) P,(cos 8). (5.15) 
= 
The total scattering cross section is obtained by integrating the differential 
cross section over all solid angles, and it is given by 


1 

— | d(cos 6)| f(0)|?. (5.16) 
=) 

When (5.15) is inserted in this expression, and use is made of the fact that 

the Legendre polynomials are orthogonal, one obtains the total cross section 

in terms of the phase shifts: 


A . 
T= ye + 1) sin? 4). (5.10) 


For a finite-range potential the phase shifts vary as k2'+1 for small k. For 
a potential varying as r-” at large distances, this result is true provided 
l < (n —3)/2, but for higher partial waves 6; o OO We Se. GOs, wert 
potentials that behave as 1/ r® or 1 leek all phase shifts become small as k 
approaches zero. The scattering cross section is thus dominated by the / = 0 
term (s-wave scattering), corresponding to a scattering amplitude f = 60/k. 
If one writes the 1 = 0 component of the asymptotic low-energy solution 
(5.14) at large distances as 


sink k 
eS; Sa ell (5.18) 
kr r 
where ¢c, and cy are coefficients, the phase shift for k — 0 is given by 
os (5.19) 
Al 


From the definition of the scattering length in terms of the wave function 
for k — 0 given by (5.10), one finds that 


69 = —ka, (5.20) 
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which shows that a is determined by the coefficients in the asymptotic so- 
lution (5.18) 


& 
? 


ees (5.21) 


In this limit the total cross section, Eq. (5.17), is determined only by a. It 
is 


= a, = ee (22) 


Let us now consider scattering of identical particles in the same internal 
state. The wave function must be symmetric under interchange of the coor- 
dinates of the two particles if they are bosons, and antisymmetric if they are 
fermions. Interchange of the two particle coordinates corresponds to chang- 
ing the sign of the relative coordinate, that is r —- —r, or r > r,6 — 7-0 
and y - 7+ 4, where g is the azimuthal angle. The symmetrized wave 
function corresponding to Eq. (5.8) is thus 


tkr 
b= el te + [f(0) + f(r —0)]- 


(5.23) 


The amplitude for scattering a particle in the direction specified by the polar 
angle 0 is therefore f(0) + f(a — 0), and the differential cross section is 


HHO) + Fr - OP. (5.24) 


the plus sign applying to bosons and the minus sign to fermions. 

The physical content of this equation is that the amplitude for a particle to 
be scattered into some direction is the sum or difference of the amplitude for 
one of the particles to be scattered through an angle 6 and the amplitude 
for the other particle to be scattered through an angle 7 — 6. The total 
cross section is obtained by integrating the differential cross section over all 
distinct final states. Because of the symmetry of the wave function. the state 
specified by angles 6, is identical with that for angles 7 — 0,9 +7, and 
therefore to avoid double counting, one should integrate only over half of the 
total 47 solid angle, for example by integrating over the range 0 < 6 < 7/2 
and 0 < y < 27. Thus if scattering is purely s-wave, the total cross section 
is 


2 


o = 8ra (S25) 


for identical bosons, and it vanishes for identical fermions. 
In Sec. 5.3 we shall derive an explicit expression for the scattering length 
for a model of the interaction potential for alkali atoms. Before doing that 
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we introduce the concept of an effective interaction and demonstrate how it 
is related to the scattering length. 


5.2.1 Effective interactions and the scattering length 


Interactions between atoms are strong, but they occur only when two atoms 
are close together. In dilute gases this is rather unlikely, since interactions 
are very small for typical atomic separations. For most configurations of the 
system, the many-body wave function varies slowly in space, but when two 
atoms approach each other, there are rapid spatial variations. To avoid hav- 
ing to calculate short-range correlations between atoms in detail, it is con- 
venient to introduce the concept of an effective interaction. This describes 
interactions among long-wavelength, low-frequency degrees of freedom of a 
system when coupling of these degrees of freedom via interactions with those 
at shorter wavelengths has been taken into account. The short-wavelength 
degrees of freedom are said to have been ‘integrated out’. In recent years this 
approach has found applications in numerous branches of physics, ranging 
from critical phenomena to elementary particle physics and nuclear physics. 

To make these ideas quantitative, consider the problem of two-particle 
scattering again, this time in the momentum representation. The particles 
are assumed to have equal masses m, and therefore m, = m/2. The wave 
function in coordinate space is given by (5.7), which in the momentum 


representation is? 


v(k’) = (27)°d(k! = k) ap Psc(k’), (5.26) 


where the second term on the right hand side of this equation is the Fourier 
transform of the scattered wave in (5.7). The wave function (5.26) satisfies 
the Schrodinger equation, which is* 


ie eee ee a. | ee 1 
(“= - : ) Yall) = UI) + 7p UK al ), (5.27) 


3 A function F(r) and its Fourier transform F’(q) are related by 


Pe) = 7 Fade" = f Gas rae 


where V is the volume. Thus F(q) = f drF(r)e~*9". 

4 We caution the reader that there are different ways of normalizing states in the continuum. 
In some of the atomic physics literature it is common to use integrals over energy rather than 
sums over wave numbers and to work with states which differ from the ones used here by a 
factor of the square root of the density of states. Matrix elements of the potential are then 
dimensionless quantities, rather than ones with dimensions of energy times volume, as they are 
here. 
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where h2k2/m (= E) is the energy eigenvalue and U(k’,k”) = U(k’ — k”) 
is the Fourier transform of the bare atom-atom interaction. The scattered 
wave is thus given by 


, = 
sa (k’) if: (“ h2b/2 Wk? “| [oun 5 yu U (k’ ku tt"), 


m m a 

(5223) 

where we have in the standard way introduced the infinitesimal imaginary 

part 6 to ensure that only outgoing waves are present in the scattered wave. 
This equation may be written in the form 


h2 ke tke 


=] 
seen oe i) Ti ko hee a (5.29) 
TH 
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where the scattering matrix T satisfies the so-called Lippmann—Schwinger 
equation 


A2h!/2 =Il 
T(k',k; E) = = yu k’,k”) )(B- = +18) T(k" k; BE). 
kk” 
(5.30) 


The scattered wave at large distances and for zero energy (E = k = 0) may 
be calculated from Eq. (5.29). Using the Fourier transform 


(Q7)3 k2 Agr’ ee 


we find 


ee (00) 
Pel) aR 


We have replaced the argument k’ in the T matrix by zero, since the values 
of k’ of importance in the Fourier transform are of order 1/7. The expression 


(5.32) may thus be identified with (5.10), which implies that the scattering 
matrix at zero energy and the scattering length are related by the expression 


(5.32) 


mm 


= —~{T(0,0; 3: 
a= 751 (0.0:0) (5.33) 
Or 
Anh2a 
T(0,0;0) = ——. (5.34) 


More generally the scattering amplitude and the T matrix are related by 
the equation 
m 


aks k’) a 2 


TQS I = ih Jam), (G5) 
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In the Born approximation, which is obtained by taking only the first term 
on the right hand side of the Lippmann—Schwinger equation, the scattering 
length is given by 


m m 
Q@Born — pd = yD [ave (at) 
corresponding to |k — k’| = 0. Thus the scattering matrix, 7’, may be re- 


garded as an effective interaction, in the sense that when inserted into the 
Born-approximation expression for the scattered wave function it gives the 
exact result when the atoms are far apart. All the effects of short-wavelength 
components of the wave function that reflect the correlations between the 
two particles have been implicitly taken into account by replacing U(0) by 
ae 

To obtain further insight into effective interactions we now adopt another 
point of view. Let us divide the intermediate states in the Lippmann— 
Schwinger equation into two groups: those with energy greater than some 
cut-off value e. = h?k?/m, and those with lower energy. We can perform 
the summation over intermediate states in (5.30) in two stages. First we 
sum over all intermediate states with energy in excess of €,, and then over 
the remaining states. The first stage leads to a quantity U(k’, k; EF) which 
satisfies the equation 


Oe es 2) = Ue Ie) 


it h2k! = & 
+= dS UKk") (e- +i) U(k",k;E), (5.37) 
m 
kA ie 


and the second stage builds in the correlations associated with lower-energy 
states: 


T(kk, BE) = U(k!k; B) 


cee SS wives) (e- 


ve 
kk! Ean 


27.02 4 = 
ee +6 | T(k" k; E). (5.38) 


The latter equation shows that if one uses U as the interaction in a scattering 
problem in which intermediate states with energies in excess of €, do not 
appear explicitly, it produces the correct scattering matrix. In this sense 
it is an effective interaction, which describes interactions between a limited 
set of states. The difference between the effective interaction and the bare 
one is due to the influence of the high-momentum states. It is important 
to observe that the effective potential depends explicitly on the choice of 
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the energy €¢. However, the final result for the scattering amplitude is, of 
course, independent of this choice. 

If one takes the limit k. — 0, the effective interaction reduces to the 
scattering matrix. For small k,, that is for describing interactions between 
very-long-wavelength excitations and at low energies, the effective interac- 
tion becomes simply 


e Arth?a 


U(0, 0; 9)[.0 = 2 Ub, (5.39) 


m 

We shall make extensive use of this effective interaction, which is also 
referred to as a pseudopotential, for calculating properties of dilute gases. 
The key point is that the effective interaction may be used to make precise 
calculations for dilute systems without the necessity of calculating short- 
range correlations. This implies that the Born approximation for scattering, 
and a mean-field approach such as the Hartree or Hartree-Fock ones for 
calculating energies give the correct results provided one uses the effective 
interaction rather than the bare one. 

Later, in discussing the microscopic theory of the dilute Bose gas, we 
shall need an expression for the effective interaction for small but non-zero 
ko. This may be found from (5.38) and is | 


U(k’,k; E) ~ T(k',k; E) 
1 
a5 S) T(k kK; E) (e- if 


kk" <Kke 


2 p/2 


=i 

+18) Tk! kee) oa) 
m 
In the opposite limit, kg — oo, the effective interaction is the bare interac- 
tion, because no degrees of freedom are integrated out. 


5.3 Scattering length for a model potential 


As we have described earlier, the interaction between two alkali atoms at 
large separation is dominated by the van der Waals attraction. We now 
evaluate the scattering length for a model potential which has the van der 
Waals form ~ 1/r® at large distances, and which is cut off at short distances 
by an infinitely hard core of radius re [8, 9]: 


CG) — con Or ae U(r) =—-— for r>re. (5.41) 


This simplified model captures the essential aspects of the physics when the 
potential has many bound states, as it does for alkali atoms. The core radius 
is to be regarded as a way of parametrizing the short-distance behaviour of 
the potential, rather than as a realistic representation of it. 
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The Schrodinger equation (5.13) for the relative motion is conveniently 
written in terms of the function y = rR, 


ESE Ly oie 


HW ke = 
x (r) + © he 


Cie) == U0, (5.42) 


/ 


Since we consider low-energy s-wave scattering, we set k and / equal to zero 
in (5.42), which results in 


2M 
x" (r) + aril) S10, oe ee (5.43) 


Due to the presence of the hard core, x must vanish at r = re. 
Our strategy is to use (5.43) to determine y at large r, where it has the 
form 


Ge Cl CD, (Sly) 
in terms of which the scattering length is given by a = —c2/c, (compare 
(5.18) above). First we introduce the dimensionless variable « = r/ro, where 

2MyrQ@ ae 
ro ( pe ) ( ) 


This is the length scale we derived in Sec. 5.1 from qualitative arguments, 
except that here we have allowed for the possibility of the masses of the two 
atoms being different. The Schrodinger equation then becomes 


nega) IL 
Ta as axle) = 0. (5.46) 
In order to turn the differential equation (5.46) into one whose solutions are 
known, we write 


x = a? f (27) (5.47) 


and try to choose values of @ and y which result in a known differential 
equation for f = f(y) with y = x7. We obtain 


2 ; d 
a = p(B —1yP 2" fy) + fy — 1) F 26 TOO oe 
; 2 
4 opyp O27 . Ww) (5.48) 
anid 


1 ‘ 
7ox(2) = yP-9)/9 f(y). (5.49) 
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If we choose @ = 1/2 and y = —2, introduce the new variable z = y/2, and 
write f(y) = g(z), we find 
ina We 1 
m2 ae eu Meee 
which is Bessel’s equation. The general solution of (5.50) may be written as 
a linear combination of the Bessel functions Jy/4(z) and J_y,a(), 


= 0) Gat) 


= Wor 12) Laypal 2) (5.51) 
where 
ae [EX ie 


Since x must vanish at r = 7¢, the coefficients satisfy the condition 


A eatia ete) 


= ; Rae 
a a CS eg) 


In terms of the original variables, the radial function y(r) = rR(r) is given 
by 


Tyja(r6/2ré) 
J_sja(r§/2r2) 
This function is plotted in Fig. 5.2 for different values of the parameter 
2 [pd 
ay) 2a 


For alkali atoms, the interatomic potentials become repulsive for r < 10ao. 


x(r) = A(r/ro)!/? Jyja(r/2r7) TAG ae Sb) 


and therefore an appropriate choice of r. is of this magnitude. Since ro ~ 
100a9 the condition 


Ay le (Gis) 


is satisfied, which implies that the potential has many bound states, as we 
shall argue below. We may then evaluate (5.53) by using the asymptotic 


Jp(z) © |Z cos E —(p+ me (5.56) 


valid for large z. We find from (5.53) that 
A cos(r2/2r2 — 1/8) 


Bo cos(r2/2r2 — 37/8) 


expansion 


(5.57) 


To determine the scattering length we must examine the wave function 
y at large distances r >> ro, that is for small values of z. In this limit the 
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Fig. 5.2. The radial wave function x as a function of r/ro for selected values of 
6 = r3/2r?. From top to bottom, the three curves correspond to core radii 
re & 0.121597r9,0.120977rp9, and 0.11895 ro, and illustrate the sensitivity of the 
wave function to small changes in the short-range part of the potential. The nor- 
malization constant has been chosen to make the wave function at large r positive, 
and as a consequence the wave function for r — r. has the opposite sign for case 


(c) compared with the other two cases. 
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Fig. 5.3. The scattering length a as a function of the hard core radius re. Both 
are measured in units of rg. @ to © correspond to the three values of r, used to 
generate curves (a) to (c), respectively, in Fig. 5.2; for case (b) a is —186.0ro. 


leading term in the Bessel function is 


op 
vi Se aS 
and therefore the radial wave function has the form 
sk J2 
RS 8 ee Ss I re 5.59 
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By comparing this result with the general expression (5.33) for the wave 
function at large distances we conclude that 


13/4) 
21 (5/4) 


d= 1) 


A 
a (5.60) 


The scattering length obtained from (5.53) and (5.60) is plotted in Fig. 5.3 
as a function of the hard core radius. Inserting the ratio A/B from (5.57) 
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we arrive at the expression 


1'(3/4) cos(r2/2r2 — 1/8) 
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which may alternatively be written as 
gy 
eS ee a — tan(® — 37/8)| = 0.478r9|1 — tan(® — 37/8)], (5.62) 


2/21(5/4) 


where © = r}/2r?. 

From Eq. (5.62) we can draw a number of important conclusions. First, 
the scale of scattering lengths is set by the quantity rg, in agreement with 
the dimensional arguments made at the beginning of this section. Second, 
the scattering length can be either positive (corresponding to a repulsive ef- 
fective interaction) or negative (corresponding to an attractive one). Third, 
the scattering length depends on the details of the short-range part of the 
interaction (in this case the parameter r,), and therefore it is impossible on 
the basis of this simple model to obtain realistic estimates of the scattering 
length. This is due to the fact that the sign of the effective interaction at 
zero energy depends on the energy of the highest bound state. One may 
estimate the number of bound states by imagining slowly increasing the 
strength of the potential from zero to its physical value. A bound state ap- 
pears whenever the scattering length tends to minus infinity and therefore 
the number N;, of bound states is given by the integer part of (®/m — 3/8) 
or 


2 
ie ® 
Ne ee (5.63 
: Pig ie \ ) 


if ® is large. 

One can make statistical arguments about the relative likelihood of attrac- 
tive and repulsive interactions by assuming that all values of ® in a range 
much greater than 7 are equally probable. According to (5.62) the scattering 
length a is positive unless ® — 32/8 —v7 lies in the interval between 7/4 and 
n/2, with v being an integer. Since the length of this interval is 7 /4, there is 
a ‘probability’ 1/4 of the scattering length being negative and a ‘probability’ 
3/4 of it being positive. Thus, on average, repulsive interactions should be 
three times more common than attractive ones. 

The van der Waals potential plays such an important role in low-energy 
scattering of alkali atoms because, in the range of atomic separations for 
which it dominates the interaction, it is so strong that it can cause many 
spatial oscillations of the zero-energy wave function. The qualitative con- 
clusions we have arrived at using the simple model apply for more general 


120 Interactions between atoms 


forms of the short-range part of the potential, as may be demonstrated by 
using the semi-classical approximation [8]. 


5.4 Scattering between different internal states 


In treating atom-atom scattering we have so far neglected the internal de- 
erees of freedom of the atoms due to the nuclear and electronic spins. These 
give rise to the hyperfine and Zeeman splittings, as discussed in Chapter 3. 
For an alkali atom in its ground state, the electronic spin is 1/2 and the total 
number of nuclear spin states is 27 +1, where I is the nuclear spin. For two 
alkali atoms in their ground states the total number of hyperfine states is 
thus [2(27 + 1)]?, and we shall label them by indices a and 6 which specify 
the hyperfine states of each of the atoms. Two atoms initially in the state 
|a@) may be scattered by atom-atom interactions to the state |a’G") and, as 
a consequence, scattering becomes a multi-channel problem. In this section 
we indicate how to generalize the theory of scattering to this situation. 

In the absence of interactions between atoms, the Hamiltonian for two 
atoms consists of the kinetic energy associated with the centre-of-mass mo- 
tion, the kinetic energy of the relative motion, and the hyperfine and Zeeman 
energies, Eq. (3.8). As in the single-channel problem, the centre-of-mass 
motion is simple, since the corresponding momentum is conserved. We can 
therefore confine our attention to the relative motion, the Hamiltonian for 


which is 
Fyre = Ho + U, (5.64) 
where 
p? 
Ho = 9 a6 eran) ats ae) (5.65) 
Wt 


Here the first term in Hp is the kinetic energy operator for the relative mo- 
tion, p being the operator for the relative momentum, [Hgpin is the Hamilto- 
nian (3.8), the labels 1 and 2 refer to the two atoms, and U is the atom-atom 
interaction. The eigenstates of Ha may be denoted by |a(,k), where hk is 
the relative momentum. If the eigenvalues of the spin Hamiltonian are given 


by 
Jelsa(O)) = Ea), (5.66) 


the energies of the eigenstates of Ho are 


hk 
i 
Sn Toate. (5.67) 
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The scattering amplitude is now introduced by generalizing (5.8) to allow 
for the internal states. The asymptotic form of the wave function corre- 
sponding to (5.8) is thus 
k! 


ae 


t 
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b= coro) +S fag (kas, Kare) 
a! B! 
where hk, g is the relative momentum in the incoming state, which is referred 
to as the entrance channel. The scattered wave has components in different 
internal states a’’ which are referred to as the exit channels. 

It is important to note that if the entrance and exit channels are different, 
their hyperfine and Zeeman energies are generally different, and therefore 
the magnitude of the relative momentum hk’, gr in the exit channel a’ 
is different from that in the entrance channel. The two relative momenta 
are related by the requirement that the total energy E be conserved, # = 
Eag(kag) = Eo'g/(kygr), and thus the condition on the wave numbers for 
the relative motion is 


= [eae (5.68) 


ee = a Ge = Gg Ga = Car (5.69) 
Lit keg < 0, the channel is said to be closed, since there is insufficient energy 
for the pair of atoms to be at rest far from each other, and the corresponding 
term should not be included in the sum. Another way of expressing this is 
that a channel a’(’ is closed if the energy in the relative motion as given by 
the Hamiltonian Eq. (5.65) is less than a threshold energy Ey,(a’ 3’) given 
by 


Fin (a! 8’) = ta Gar (5.70) 


For many purposes it is convenient to work in terms of the T’ matrix rather 
than the scattering amplitude. This is defined by a Lippmann—Schwinger 
equation analogous to that for the single-channel problem, Eq. (5.30), which 
we write formally as 


ee ee (onnl) 

where the propagator for the pair of atoms in the absence of interactions 
between them is given by 

CoS io (22) 

The scattering amplitude is related to the matrix element of the 7’ matrix 


by the same factor as for a single channel. This is given in Eq. (5.35) for 
two particles of equal mass, and the generalization to unequal masses is 
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straightforward, amounting to the replacement of m by 2m,. We therefore 


get 


a’ f Myr [= 
Woy Usecolion) = Ss (a! BIT kyig's Kap; E)|a8). (5.73) 
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The central part of the interaction 


To estimate rates of processes we need to invoke the specific properties of 
the interatomic interaction. The largest contribution is the central part 
U°, which we discussed in Sec. 5.1. This depends on the separation of the 
atoms, and on the electronic spin state of the two atoms. For alkali atoms 
and hydrogen, the electronic spin is 1/2, and therefore the electronic spin 
state of a pair of atoms can be either a singlet or a triplet. One therefore 
writes the interaction in terms of the electron spin operators S$; and S2. By 
expressing the scalar product $;-S2 in terms of the total spin by analogy 
with (3.3) one sees that S1-S has eigenvalues 1/4 (for triplet states) and 
—3/4 (for singlet states). Consequently the interaction may be written in 
the form 


Us + 3U;, 
4 
where Po = 1/4—S1-S2 and Py = 3/4+81-S2 are projection operators for the 
two-electron singlet and triplet states, respectively. At large distances the 


Oe = UL SSE = ap (U; = U;)81-Se, G3 


singlet and triplet potentials are dominated by the van der Waals interaction. 
The interaction (5.74) is invariant under rotations in coordinate space, and 
therefore it conserves orbital angular momentum. However, it can exchange 
the spins of the atoms, flipping one from up to down, and the other from 
down to up, for example. Because it is invariant under rotations in spin 
space, it conserves the total electronic spin angular momentum. 


The magnetic dipole-dipole interaction 


Some transitions are forbidden for the central part of the interaction, and 
under such circumstances the magnetic dipole-dipole interaction between 
electronic spins can be important. This has a form analogous to the electric 
dipole-dipole interaction (5.3) and it may be written as 

_ Ho(2up)? 


Uma = = [S1-S2 — 3(51-F)(S2-P)}. (5.75) 


This is independent of nuclear spins and is invariant under simultaneous 
rotations in coordinate space and electron spin space, and therefore it con- 
serves the total angular momentum. However, it does not conserve sepa- 
rately orbital angular momentum and electronic spin angular momentum. 
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The interaction transforms as spherical tensors of rank 2 in both coordinate 
space and spin space, and it may be written in the form 


Ze aig 
= — (=) 3 SS You(P) Deu, (5.76) 
p=-—2 


where Yjm(f) is a spherical harmonic and X2,, is a spherical tensor of rank 
2 made up from the two spin operators. Its components are 
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This interaction can induce transitions in which the orbital angular momen- 
tum quantum number / changes by —2, 0, or +2. Two incoming atoms in 
an s-wave state can thus be scattered to a d-wave state, the angular mo- 
mentum being taken from the electronic spins. As we shall show, typical 
non-vanishing matrix elements of the dipole-dipole interaction are roughly 
one or two orders of magnitude less than those for spin exchange, which 
involve the $; - Se term in (5.74). 


Low-energy collisions 


The scattering amplitude is determined by solving the Schrodinger equa- 
tion in essentially the same way as was done for a single channel. It is 
convenient to work in a basis of angular-momentum eigenstates of the form 
Ima). The quantum number / specifies the total orbital angular mo- 
mentum due to the relative motion of the atoms, and m its projection on 
some axis. Expressing the state in terms of this basis corresponds to the 
partial wave expansion in the single-channel problem supplemented by the 
channel label af specifying the electronic and nuclear spin state of the two 
atoms. The result is a set of coupled second-order differential equations 
for the different channels specified by the quantum numbers /,m,a, and 
GB. The picture of a low-energy collision that emerges from such calcu- 
lations is that the two incoming atoms are initially in single-atom states 
obtained by diagonalizing the hyperfine and Zeeman terms in Eq. (6.65) IF 
we forget for the moment about the dipole-dipole interaction, the interac- 
tion at large separations is dominated by the van der Waals term, which 
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does not mix different hyperfine states. However, for smaller separations 
the central part of the interaction is different for triplet and singlet elec- 
tronic spin states. As a simple model, let us assume that for separations 
greater than some value Ro the interaction may be taken to be indepen- 
dent of hyperfine state and therefore there is no mixing of the different 
hyperfine states. At smaller separations, where the dependence of the in- 
teraction on the electronic spin state becomes important, we shall neglect 
the hyperfine interaction, and therefore the interaction depends only on the 
electronic spin state. The wave function for the incoming particles at Ro 
may be expressed in terms of electronic singlet and triplet states, and then 
for r < Ro the singlet and triplet states propagate in different ways. Fi- 
nally, the outgoing wave at r = Ro must be re-expressed in terms of the 
hyperfine states for two atoms. Because the potential for r < Ro depends 
on the electronic spin state this will generally give rise to an outgoing wave 
function with a hyperfine composition different from that of the incoming 
state. In practice, a multi-channel calculation is necessary to obtain reli- 
able quantitative results because the transition between the outer and inner 
regions is gradual, not sharp. For a more detailed account, we refer to 
Ref. [2]. 

A convenient way of summarizing data on low-energy scattering is in 
terms of ficticious singlet and triplet scattering lengths. which are the scat- 
tering lengths a, for the singlet part of the central potential and a, for 
the triplet when the hyperfine splittings and the dipole-dipole interac- 
tion are neglected. Since the long-range part of the interaction is well- 
characterized, from these quantities it is possible to calculate scattering 
lengths for arbitrary combinations of hyperfine states and the rates of in- 
elastic collisions. 

If both atoms occupy the same doubly polarized state F = Fax = 1+1/2 
and mr = +F ymax, the electron spins are either both up or both down. 
Consequently the electronic spin state of the two atoms is a triplet, and 
only the triplet part of the interaction contributes. For pairs of atoms in 
other hyperfine states the electronic spin state is a superposition of singlet 
and triplet components, and therefore both triplet and singlet parts of the 
interaction play a role, and in particular they will mix different channels. 

The coupling of channels has two effects. First, atoms can be scattered 
between different magnetic substates. Since the trap potential depends on 
the magnetic substate, this generally leads to loss of atoms from the trap, 
as described in Sec. 4.6. Second, the elastic scattering amplitude and the 
effective interaction are altered by the coupling between channels. We now 
discuss these two topics in greater detail. 
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5.4.1 Inelastic processes 


Rates of processes may be calculated in terms of the scattering amplitude. 
The differential cross section is the current per unit solid angle in the final 
state divided by the flux in the initial state. With the wave function (5.68) 
the flux in the entrance channel is the relative velocity ee Sl yey alien 
and the current in the exit channel is | fx6 ie (kos, ky a Iu ag per unit solid 
angle. The differential cross section is oe 
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The rate at which two atoms in states a and (G and contained within a 
volume V are scattered to states a/ and (7 is given by ie /V, where 
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is the density of final states of the relative motion per unit energy and per 
unit volume. Equation (5.80) is equivalent to Eq. (2.5) for a single particle, 
but with the mass of an atom replaced by the reduced mass and the particle 
momentum by the relative momentum m,v!,, gr The relative velocity in the 
final state is given by 


(5.81) 
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In the Born approximation one replaces the T matrix by the potential itself, 
and the result (5.79) then reduces to Fermi’s Golden Rule for the rate of 
transitions. If either the incoming atoms are in the same internal state, or 
the outgoing ones are in the same state, the 7’ matrix must be symmetrized 
or autisymmetrized according to the statistics of the atoms, as we described 
earlier for elastic scattering (see Eq. (5.24)). 

In a gas at temperatures high enough that the effects of quantum degen- 
eracy can be neglected, the total rate of a process is obtained by multiplying 
the rate (5.79) for a pair of particles by the distribution functions for atoms 
in internal states a and @ and then integrating over the momenta of the 
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particles. This leads to equations for the rate of change of the densities of 
atoms: 


we = ae = =e = a = Kee Malta: (5.82) 
When the effects of degeneracy become important, statistical factors must 
be included for the final states to take into account induced emission for 
bosons and Pauli blocking for fermions. 

The rate coefficients K are temperature dependent and are defined by 


rat yaaa Dag Oge rn 
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where the bar indicates an average over the distribution of the relative ve- 

locities v of the colliding atoms and over angles for the final relative mo- 

mentum. These coefficients have the dimensions of volume divided by time, 

and a typical lifetime for an atom in state a to be lost by this process is 
= a!’ 3! 

given by T. =1/Kyg Ne. 


Spin-exchange processes 


To estimate the rate of processes that can proceed via the central part of the 
interaction, we use the fact that the interaction may be written in the form 
(5.74). If we adopt the simplified picture of a collision given earlier and 
also neglect the hyperfine and magnetic dipole-dipole interactions during 
the scattering process we may write the effective interaction for the spin 
degrees of freedom as 


_ Ani? (a4, — as) 


Vet) = S1:°So d(r), (5.84) 


which has the usual form of an exchange interaction. Here we have replaced 
U, — Us in (5.74) by the difference between the corresponding pseudopoten- 
tials, following the same line of argument that led to Eq. (5.39). The matrix 
elements of the 7 matrix are therefore given by 

Anh? (a, — as) 


(a'B"|T\a8) = (a’8"|S1-S2|a). (5.85) 


For incoming atoms with zero kinetic energy the rate coefficient (5.83) is 
therefore 

ha = An(at — as) 0497 (a B'|S1-S2\a8)|’. (5.86) 

For hydrogen, the difference of the scattering lengths is of order ag. aud 


therefore for atoms in the upper hyperfine state, the rate coefficient is of 
order 1078 cm? s7! if the spin matrix element is of order unity. For alkali 
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atoms the corresponding values are of order 10~!' cm? s~! because of the 
larger scattering lengths. Since typical densities in experiments are of order 
10'3 cm~? or more, the estimates for rate coefficients indicate that atoms 
will be lost by exchange collisions in a fraction of a second. For atoms in 
the lower hyperfine multiplet in low magnetic fields the rate coefficients are 
generally smaller because of the reduced amount of phase space available to 
the outgoing atoms. 

The fact that rates of spin-exchange processes vary as (a, — as)? makes 
it possible to deduce information about scattering lengths from data on the 
lifetimes of atoms in traps. As we shall describe in Sec. 5.5, the lifetime of 
a double condensate of “Rb atoms was found to be unexpectedly long, and 
this provided evidence for the triplet and singlet scattering lengths being 
roughly equal. 


Dipolar processes 


Some transitions cannot occur via the central part of the interaction because 
of angular momentum selection rules. For example, two atoms which are 
both in the doubly polarized state |F = 1+ 1/2,m pr = F) cannot scatter to 
any other channel because there are no other states with the same projection 
of the total spin angular momentum. Consider next two atoms which are 
both in the maximally stretched state |F = I — 1/2,mrp = —F) in a low 
magnetic field. This state is partly electronic spin triplet and partly singlet. 
Consequently, the central part of the interaction does have matrix elements 
to states other than the original one. However if the nuclear magnetic mo- 
ment is positive, as it is for the bosonic alkali isotopes we consider, these 
other states have F = I + 1/2, and therefore they lie above the original 
states by an energy equal to the hyperfine splitting. Therefore, for temper- 
atures at which the thermal energy kT is less than the hyperfine splitting, 
transitions to the upper hyperfine state are suppressed. Clouds of atoms con- 
taining either the doubly polarized state or the maximally stretched state 
can, however, decay via the magnetic dipole-dipole interaction, but rates 
for dipolar processes are typically 10-2-10~* times those for spin-exchange 
processes, as we shall explain below. Similar arguments apply for the states 
|F = 1+4+1/2,mp = —F) and |F = I —1/2,mp = F). The doubly po- 
larized state |F = I +1/2,mp = F) and the maximally stretched state 
|F = 1 —1/2,mpr = —F) have low inelastic scattering rates and, since they 
can be trapped magnetically, these states are favoured for experiments on 
dilute gases. 

Polarized gases in which all atoms are either in the doubly polarized state 
or the maximally stretched state with F = [—1 /2 can decay via the magnetic 
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dipole-dipole interaction. We shall estimate rate coefficients for dipole— 
dipole relaxation of two incoming atoms with zero relative momentum using 
the Born approximation, in which one replaces the T matrix in Eq. (5.83) by 
the matrix element of the magnetic dipole-dipole interaction (5.75) between 
an incoming state with relative momentum zero and an outgoing one with 
relative momentum k/,, gl whose magnitude is defined by Eq. (5.81) for E = 
Eq + Ep. 
If the relative momentum of the incoming atoms is zero, the result is 
1g! m? 
KE = qq la! 8 UmalKeygr, OB) varpe (5.87) 
where the bar denotes an average over directions of the final relative mo- 
mentum. The wave function for the initial state, which has zero momentum. 
is unity, and that for the final state is exp ik’, gv, and therefore the matrix 
element of the magnetic dipole-dipole interaction (5.75) is 


Uma(kKaigr, 9) = f eUnal\e oe, (5.88) 


and it is an operator in the spin variables. A plane wave is given in terms 
of spherical waves by (7, §34] 


ee aia aa ae (5.89) 


where j; is the spherical Bessel function and k denotes a unit vector in 
the direction of k. The expression (5.76) for the magnetic dipole-dipole 


interaction shows that it has only contributions corresponding to an orbital 
angular momentum / = 2, and consequently the matrix element reduces to 
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(5.90) 
The integral containing the spherical Bessel function may easily be evaluated 
using the fact that 
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radius. We have introduced the length re so that the expression for the 
matrix element resembles the effective interaction 4h?a/m for the central 
part of the potential. 

It is striking that this result is independent of the magnitude of the rela- 
tive momentum in the final state. This is because of the slow fall-off of the 
dipole-dipole interaction at large distances. By contrast the matrix element 
for a short-range interaction having the same tensor structure as the mag- 
netic dipole-dipole interaction depends on k’ and is proportional to k’? for 
small k’. The suppression of the matrix element in that case is due to the re- 
duction by the centrifugal barrier of the wave function at atomic separations 
less than the wavelength \ ~ 1/k’ corresponding to the relative momentum 
of the outgoing atoms. The matrix element for the dipole-dipole interaction 
remains constant at small relative momenta because the main contribution 
to the integral comes from separations of order \ ~ 1/k’ where the magni- 
tude of the Bessel function has its first (and largest) maximum. While the 
value of the interaction is of order Dies «x k’® and therefore tends to 
zero as k’ — 0, the volume of space in which the integrand has this magni- 
tude is of order \°, and the integral is therefore of order pigu® ~ hi2re/Me, 
which is independent of k’. The matrix element for spin-exchange processes 
is of order 47h? (a, — as)/m, and therefore the ratio of the magnitude of the 
dipole matrix element to that for spin exchange is 


Uma 
Vex 


if one neglects differences between the matrix elements of the spin operators. 
This ratio is of order 107! for hydrogen, and for the alkalis it lies between 
10-1! and 10~? since scattering lengths for alkali atoms are of order 100 ao. 

The rate coefficient for dipolar transitions is obtained by inserting the 
matrix element (5.92) into the expression (5.79), and, because of the orthog- 
onality of the spherical harmonics, for incoming particles with zero relative 
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The states of greatest interest experimentally are the doubly polarized 
state and, for atoms with a positive nuclear magnetic moment, the maxi- 
mally stretched lower hyperfine state, since these cannot decay via the rel- 
atively rapid spin-exchange processes. Detailed calculations for hydrogen 
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give dipolar rate coefficients of order 10-15 cm? s~! or less depending on 
the particular transition and the magnetic field strength [10]. Estimates for 
alkali atoms are comparable for the doubly polarized state [11]. Dipolar 
rates can be much greater or much less than the typical values cited above 
because coupling between channels can give resonances, and also because 
of phase-space limitations. The latter are important for atoms initially in 
the lower hyperfine multiplet, for example a maximally stretched state. The 
phase space available is reflected in the factor vj, gi in Eq. (5.94). In this case 
the relative velocity in the final state is due solely to the Zeeman splitting, 
and not the hyperfine interaction as it is for collisions between two doubly 
polarized atoms. Since Ueyrgl o B1/2 for small fields, the dipole rate vanishes 
in the limit of low magnetic fields. Consequently, these states are attrac- 
tive ones for experimental study. In experiments on alkali atoms, dipolar 
processes do not generally limit the lifetime. However, for hydrogen the den- 
sities achieved are so high that the characteristic time for the dipolar process 
is of order one second, and this process is the dominant loss mechanism, as 
we mentioned in Sec. 4.7. For the hydrogen atom, which has nuclear spin 
1/2, there is only one lower hyperfine state (F = 0) and it is a high-field 
seeker. Consequently, for hydrogen, dipolar losses in magnetic traps cannot 
be avoided by working with a state in the lower hyperfine multiplet. 

In the heavier alkalis Rb and Cs, relativistic effects are important and they 
provide another mechanism for losses [12]. This is the spin-orbit interaction, 
which acting in second order gives rise to transitions like those that can occur 
via the magnetic dipole-dipole interaction. The sign of the interaction is 
opposite that of the dipolar interaction. In Rb, the second-order spin-orbit 
matrix element is smaller in magnitude than that for the dipole process, and 
the result is that the inelastic rate coefficient for the doubly polarized and 
maximally stretched states are decreased compared with the result for the 
dipolar interaction alone. For Cs, with its higher atomic number, spin-orbit 
effects are larger and, while still of opposite sign compared with the dipolar 
interaction, they are so large that they overwhelm the dipolar contribution 
and give an increased inelastic scattering rate. To date. these losses have 
thwarted attempts to observe Bose-Einstein condensation of cesium atoms. 


Three-body processes 


Thus far in this section we have only considered two-body reactions, but as 
we indicated in Chapter 4, three-body recombination puts stringent limits 
on the densities that can be achieved in traps. The rate of this process is 
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given by the equation 
—— ie (5.95) 


where L is the rate coefficient and n is the density of the atomic species. ‘The 
rate is proportional to the third power of the density because the process is a 
three-body one, and the probability of three atoms being close to each other 
varies as n°. The rate coefficients L for alkali atoms have pen calculated by 
Me le et al. [13], who find them to be 2.6 x 10778 cm® s~! for “Li, 2.0 x 
10~28 em® s—! for 22Na and 4x 107%" cm® s—1 for ®’Rb. The are of the 
three-body rates for the alkalis may be crudely understood by noting that 
for a three-body process to occur, three atoms must be within a volume oe 
where ro is the distance out to which the two-body interaction is significant. 
The probability of an atom being within a volume r@ is of order nr§, and 
thus the rate of three-body processes compared with that of two-body ones 
is roughly given by the same factor, if we forget about differences between 
phase space for the two processes. Therefore the rate coefficient for three- 
body processes is of order rj compared with the rate coefficient for two-body 
processes, that is L ~ ix ey assuming that all processes are allowed to occur 
via the central part of the interaction. In Sec. 5.1 we showed for the alkalis 
that r9 ~ 10249, which, together with K ~ 10-1! cm? s~! (see below (5.86)), 

gives a crude estimate of the three-body rate coefficient of order 10-29 cm® 
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s-!. For hydrogen, the rate is very much smaller, of order 1 
because of the much weaker interatomic potential. Consequently, three-body 
processes can be important in experiments with alkali atoms, but not with 
hydrogen. Rates of three-body interactions, like those of two-body ones, are 
affected by the identity of the atoms participating in the process. In Sec. 
13.2 we shall demonstrate how the rate of three-body processes is reduced 


by the appearance of a condensate. 


5.4.2 Elastic scattering and Feshbach resonances 


A qualitative difference compared with the single-channel problem is that the 
scattering amplitude is generally not real at k = 0 if there are other open 
channels. However, this effect is rather small under typical experimental 
conditions for alkali atoms at low temperatures because the phase space 
available for real transitions is small, and to a very good approximation 
elastic scattering can still be described in terms of a real scattering length, 
as in the single-channel theory. Another effect is that elastic scattering in one 
channel can be altered dramatically if there is a low-energy bound state in a 
second channel which is closed. This phenomenon, which is referred to as a 
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Feshbach resonance, was first investigated in the context of nuclear physics 
[14]. These resonances have become an important tool in investigations of 
the basic atomic physics of cold atoms, and, because they make it possible 
to tune scattering lengths and other quantities by adjusting an external 
parameter such as the magnetic field, they have applications in experiments 
on trapped gases. 

Feshbach resonances appear when the total energy in an open channel 
matches the energy of a bound state in a closed channel, as illustrated in 
Fig. 5.4. To first order in the coupling between open and closed channels the 
scattering is unaltered, because there are, by definition, no continuum states 
in the closed channels. However, two particles in an open channel can scatter 
to an intermediate state in a closed channel, which subsequently decays to 
give two particles in one of the open channels. Such second-order processes 
are familiar from our earlier treatments of the atomic polarizability in Sec. 
3.3, and therefore from perturbation theory one would expect there to be a 
contribution to the scattering length having the form of a sum of terms of 
the type 
7 C 
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where E is the energy of the particles in the open channel and Eyes is the 
energy of a state in the closed channels. Consequently there will be large 
effects if the energy FE of the two particles in the entrance channel is close 


a (5.96) 


to the energy of a bound state in a closed channel. As one would expect 
from second-order perturbation theory for energy shifts, coupling between 
channels gives rise to a repulsive interaction if the energy of the scattering 
particles is greater than that of the bound state. and an attractive one if 
it is less. The closer the energy of the bound state is to the energy of 
the incoming particles in the open channels, the larger the effect on the 
scattering. Since the energies of states depend on external parameters, such 
as the magnetic field, these resonances make it possible to tune the effective 
interaction between atoms. 


Basic formalism 


We now describe the general formalism for treating Feshbach resonances. 
The space of states describing the spatial and spin degrees of freedom may 
be divided into two subspaces, P, which contains the open channels, and Q, 
which contains the closed ones. We write the state vector |W) as the sum of 
its projections onto the two subspaces, 


UV = |Wp) + |Yo), (5.97) 
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Fig. 5.4. Schematic plot of potential energy curves for two different channels that 
illustrate the formation of Feshbach resonances. 4, is the threshold energy, 
Eq. (5.70), for the entrance channel, and Eves is the energy of a state in a closed 
channel. 


where |Wp) = P|) and |Wg) = Q|W). Here P and Q are projection oper- 
ators for the two subspaces, and they satisfy the conditions P + Q = 1 and 
PQ=0. 

By multiplying the Schrédinger equation H|W) = E|W) on the left by 
P and Q we obtain two coupled equations for the projections of the state 
vector onto the two subspaces: 


f= Hpp)|Vp) = Hpg|VaQ) (5.98) 
and 
(E — Hgq)|¥q) = Hop|¥e); (5.99) 


wieresiippe= PHP Hog — SHO, Heo — PHQ and Hop = QHP. 
The operator Hpp is the Hamiltonian in the P subspace, Hgq that in the 
Q subspace, and Hpg and Hgp represent the coupling between the two 
subspaces. The formal solution of (5.99) is 


Wo) = (E — Hag + 16) ' Hap|¥P), (5.100) 


where we have added a positive infinitesimal imaginary part 6 in the denom- 
inator to ensure that the scattered wave has only outgoing terms. When Eq. 
(5.100) is inserted into (5.98), the resulting equation for |W p) becomes 


(E — Hpp — Hpp) |Wp) =0. (31101) 
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Here 


Hop = Hpo(E — Haq + id) * Hep (5.102) 


is the term that describes Feshbach resonances. It represents an effective 
interaction in the P subspace due to transitions from that subspace to the Q 
subspace and back again to the P subspace. In agreement with our earlier 
qualitative arguments, it has a form similar to the energy shift in second- 
order perturbation theory, and corresponds to a non-local potential in the 
open channels. Due to the energy dependence of the interaction, it is also 
retarded in time. 

It is convenient to divide the diagonal parts Hpp+Hgg of the Hamiltonian 
into a term Ho independent of the separation of the two atoms. and an 
interaction contribution. Here Ho is the sum of the kinetic energy of the 
relative motion and the hyperfine and Zeeman terms, Eq. (3.8). We write 


pe ig oa03 


where U, is the interaction term for the P subspace. Equation (5.101) may 
be rewritten as 


(8 — Hp =U) |p) = 0, (5.104) 


where the total effective atom-atom interaction in the subspace of open 
channels is given by 


U=U,+ U2 (5.105) 
with 
Us = fe er (5.106) 


A simple example 


For the purpose of illustration, let us begin by considering the 7 matrix 
when there is no interaction in the open channels if the open and closed 
channels are not coupled. We also treat U2 in the first Born approximation, 
which corresponds to calculating the matrix element of Uj for plane-wave 
states. The diagonal element of the J matrix in the channel a3 may be 
evaluated by using the identity 1 = >°,, |n)(n|, where the states |n) form 
a complete set.” If one takes for the states the energy eigenstates in the 
absence of coupling between channels, the result for two atoms with zero 


a 
5 In the sum there are both bound states and continuum states. The normalization condition 
for the bound states is f dr|Wn(r)|? = 1, and the continuum states are normalized as usual. 
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relative momentum in the incoming state is 


(a, 0|T|aB, 0) a2 : allstecleenuh 
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Here Ein (a) is the threshold energy (5.70), and we denote the eigenstates 
of the Hamiltonian Hog by E, and the state vectors by |n). This result has 
the form anticipated, and it shows how the scattering length can be large if 
the energy of the two scattering particles is close to the energy of a state in 
a closed channel. 


General solution 


Before deriving more general results, we describe their key features. ‘The ex- 
pression for the scattering length retains essentially the same form when the 
interaction U; is included, the only difference being that the open-channel 
plane-wave state |a3,0) is replaced by a scattering state which is an energy 
eigenstate of the Hamiltonian including the potential U;. When higher- 
order terms in Us are taken into account, the energy of the resonant state is 
shifted, and the state may acquire a non-zero width due to decay to states 
in the open channels. 

To solve the problem more generally we calculate the 7’ matrix corre- 
sponding to the interaction given in Eq. (5.101). As before, Eqs. (5.71) and 
(5.72), we write the Lippmann-Schwinger equation (5.30) as an operator 
equation 


LO UG yl. (5.108) 
The quantity Gp is given by 
Cy = =e), (5.109) 


where Hy is the Hamiltonian (5.65). It represents the free propagation of 
atoms, and is the Green function for the Schrédinger equation. The formal 
solution of (5.108) is 


i Sy) 0 See (5.110) 


The second equality in (5.110) may be proved by multiplying (1 — UGo)1U 
on the right by GoGo 1 and using the fact that UGo commutes with (1 — 
UG o) |, together with the identities 


VC — UC le. = OE — CERNE, | Se! eu anu 
By inserting (5.109) into the first equality in (5.110) we obtain 
T =(E +i — Hyp) (E +16 — Hp -U)'U. (5.112) 
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Putting A= E+i6 — Ho —U and B = U2 in the matrix identity 
(A—B)1=A1+B(A- B)”) (5.113) 
one finds 
(EE opt — (B+id—Hy—U1)*[14+U2(E+id—Ho—U)~"], (5.114) 
which when inserted into Eq. (5.112) gives the useful result 
7p =e etene TUN l= Cigl (6.115) 


Here 7, which satisfies the equation 7; = U; + U1 GoT\, is the T matrix in 
the P subspace if transitions to the Q subspace are neglected. 

Let us now interpret the result (5.115) by considering its matrix elements 
between plane-wave states with relative momenta k and ke 


(kIT Ik) = (k’|Py lke) + (k'|(L — UaGo)1U2(1 — Go) 1k). (6.116) 


The scattering amplitude is generally a matrix labelled by the quantum 
numbers of the entrance and exit channels, but for simplicity we suppress the 
indices. Acting on a plane-wave state for the relative motion |k) the operator 
Qy = (1—GoV) ~1 generates an eigenstate of the Hamiltonian Hpo+U, as one 
may verify by operating on the state with the Hamiltonian. This result is 
equivalent to Eqs. (5.26) and (5.27) for the single-channel problem. At large 
separations the state Qy|k) consists of a plane wave and a spherical wave. 
which is outgoing because of the id in Go. We denote this state by |k: U,+), 
the plus sign indicating that the state has outgoing spherical waves. ‘The 
operators U; and Hp are Hermitian and therefore (1 — U; Go)! aS G AU) 
‘Coe JE: wenll, riers (C5 == UE — lly) = 16)~! is identical with Go defined in Eq. 
(5.109) except that the sign of the infinitesimal imaginary part is opposite. 
We may thus write 


(=e) |i envie A i | (5.117) 
As a consequence of the difference of the sign of 4, the state contains 7ncom- 
ing spherical waves at large distances, and this is indicated by the minus 


sign in the notation for the eigenstates.° The scattering amplitude (5.116) 
may therefore be written as 
! ! / 
(k'|T|k) = (k'|Ti\k) + (k’; Uy, —|Uo|k; U, +). (5.118) 
This is the general expression for the scattering amplitude in the P subspace. 
5 Tf the relative velocity of the incoming particles is zero and provided real scattering between 
different open channels may be neglected, scattering states with ‘outgoing’ spherical waves are 


the same as those with ‘incoming’ ones since there are no phase factors ~ e*'*", and therefore 
both functions behave as 1 — a/r at large distances. 
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Tuning effective interactions 


We now apply the above results, and we begin by considering the contri- 
bution of first order in Ug. This is equivalent to replacing U by U; in Eq. 
(5.116), which gives 


Tet +—Giy = eGt. (5.119) 
The matrix elements between plane-wave states are given by 
(ke [Tk) = (i! [Ti lk) + (ie/; Ui, —[Dalic; U1, +). (5.120) 


This result differs from the simple example with U; = 0 that we considered 
above in two respects: the interaction in the P subspace gives a contribu- 
tion T, to the T matrix, and the contribution due to the U2 term is to be 
evaluated using scattering states that take into account the potential Uj, 
not plane waves. 

Let us now neglect coupling between the open channels. ‘The scattering in 
a particular channel for particles with zero relative velocity is then specified 
by the scattering length, which is related to the 7 matrix by the usual factor. 
As explained in footnote 5, we may then neglect the difference between the 
scattering states with incoming and outgoing spherical waves and we shall 
denote the state simply by |W). We again evaluate the matrix element of 
Uz, defined in Eqs. (5.102) and (5.106), by inserting the unit operator and 
find 


Anh? Anche > | a 


5.121 
= oo (5.121) 


where the sum is over all states in the Q subspace and ap is the scattering 
length when coupling between open and closed channels is neglected. 

If the energy EL, is close to the energy Eyes of one particular bound state, 
contributions from all other states will vary slowly with energy, and they, 
together with the contribution from the potential Uj, may be represented 
by a non-resonant scattering length any whose energy dependence may be 
neglected. However in the resonance term the energy dependence must be 
retained. The scattering length may then be written as 


Anh? Anh? | (bres| Hap |bo) 
= Qnr + : 
mM mm Hg = 1s 


This displays the energy dependence characteristic of a Feshbach resonance. 

Atomic interactions may be tuned by exploiting the fact that the energies 
of states depend on external parameters, among which are the strengths of 
magnetic and electric fields. For definiteness, let us consider an external 


(5.122) 
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magnetic field. We imagine that the energy denominator in Eq. (5.122) 
vanishes for a particular value of the magnetic field, B= Bo. Expanding 
the energy denominator about this value of the magnetic field we find 


ith — Eres © (tres —= [hey = ug)(B on Bo), (5.123) 
where 
Oe O€g 
fo — an and ug = ys) (al24) 
are the magnetic moments of the two atoms in the open channel, and 
OF, 
res = — ae (5.125) 
is the magnetic moment of the molecular bound state. The scattering length 
is therefore given by 
AB 
@ = Gnr (1+ oi) (5.126) 
where the width parameter AB is given by 
Tel bo) |? 


7” Ai Gan (hess = [le = Li) 


This shows that the characteristic range of magnetic fields over which the 
resonance significantly affects the scattering length depends on the magnetic 
moments of the states, and on the coupling between channels. Consequently. 
measurement of Feshbach resonances provides a means of obtaining infor- 
mation about interactions between atoms. Equation (5.126) shows that in 
this approximation the scattering length diverges to too as B approaches 
Bo. Because of the dependence on 1/(B — Bo). large changes in the scat- 
tering length can be produced by small changes in the field. It is especially 
significant that the sign of the interaction can be changed by a small change 
in the field. 

Higher-order contributions in Uz may be included, and the exact solution 
(5.116) may be expressed in the form 


T =T,+(1—-UiGo) | Hpa(E — Heq- Hog) 'Hep(i—UiGo)™*, (5.128) 
where 
Hoq = Hop(E - Hpp) ‘Hg. (Gal29) 


By comparing this result with the earlier one (5.119) we see that the only 
effect of higher-order terms in U2 is to introduce an extra contribution [7 QQ 
in the Hamiltonian acting in the Q subspace. This effective interaction 
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in the @ subspace takes into account the influence of coupling to the open 
channels, and it is therefore the analogue of the interaction Hp in the open 
channels. Physically it has two effects. One is to shift the energies of the 
bound states, and the second is to give them a non-zero width Rljves if decay 
into open channels is possible. The width leads to a scattering amplitude of 
the Breit-Wigner form ~ 1/(Fin — Exes + ihTpes/2). For | Fin — Eves| >> liTres 
the scattering amplitude shows the 1/(£in— Fires) behaviour predicted by the 
simpler calculations. For |Ein — Exves| S Altes the divergence is cut off and 
the scattering amplitude behaves smoothly. However, the width of resonant 
states close to the threshold energy in the open channel is generally very 
small because of the small density of final states, and Feshbach resonances 
for cold atoms are consequently very sharp. 

Detailed calculations of Feshbach resonances have been made for lithium 
and sodium, using the methods outlined above, by Moerdijk et al. [15]. Fesh- 
bach resonances have been investigated experimentally for *°Na [16], °°Rb 
(17, 18] and '8°Cs [5]. Level shifts due to the interaction of atoms with a 
laser field can also induce Feshbach resonances, as has recently been observed 
in sodium [19]. As we shall describe in Sec. 5.5, Feshbach resonances are 
becoming a key tool in extracting information about interactions between 
atoms. In addition they provide a means of varying the scattering length 
almost at will, and this allows one to explore properties of condensates 
under novel conditions. For example, in the experiment by Cornish eé al. 
on ®°Rb described in Ref. [18] the effective interaction was changed from 
positive to negative by varying the magnetic field, and this caused the cloud 
to collapse. 


5.5 Determination of scattering lengths 


In this section we survey the methods used to determine scattering lengths 
of alkali atoms. Most experiments do not give directly the value of the 
scattering length, but they give information about atom-atom interactions, 
from which scattering lengths may be calculated. The general framework in 
which this is done was described immediately preceding Sec. 5.4.1. 


Measurement of the collision cross section 


For identical bosons, the cross section for elastic collisions at low energy 
is given by 87a”, and therefore a measurement of the elastic cross section 
gives the magnitude of the scattering length, but not its sign. In Sec. 11.3 
we shall describe how the scattering length is related to the damping rate 
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Fig. 5.5. Schematic representation of potential energy curves to illustrate the 
method of photoassociative spectroscopy. 


for collective modes and temperature anisotropies. One difficulty of this 
technique is that it requires knowledge of the particle density. 


Molecular spectra 


Measurements of the frequencies of transitions between molecular bound 
states of two polarized atoms give information about the interaction po- 
tential. However, this method is not particularly sensitive to the long-range 
part of the interaction, which is crucial for determining the scattering length. 


Photoassociative spectroscopy 


The understanding of interactions between cold atoms has advanced rapidly 
over the past decade due to the use of photoassociative spectroscopy, in 
which one measures the rate at which two interacting ground-state atoms 
in an unbound state are excited by means of a laser to a molecular state 
in which one of the atoms is in a P state. The principle of the method is 
illustrated in Fig. 5.5. For two atoms in the ground state, the potential is of 
the van der Waals form (~ r—°) at large distances, as described in Sec. 5.1. 
This is represented by the lower curve, labelled “S +5”. When one atom is 
excited to a P state, the electric dipole interaction, Eq. (5.3). gives a first- 
order contribution to the energy because the state with one atom excited 
and the other in the ground state is degenerate with the state in which the 
two atoms are interchanged, and this varies as r~° at large distances, as 
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does the dipole interaction itself. Its sign can be either positive or negative, 
depending on the symmetry of the excited state of the two atoms. The 
potentials for this case are labelled in the figure by “S + P”. 

The long-range part of the potential when one atom is excited is very much 
stronger than the van der Waals interaction and, consequently, the excited- 
state potential, when attractive, has many bound states, some of which 
have sizes much greater than those of the bound states for the ground-state 
potential. The transition rate to an excited molecular state is given in terms 
of the matrix element of the perturbation due to the laser, between the state 
with two ground-state atoms and the excited state. The spatial variation of 
the ground-state wave function is generally slow compared with that of the 
excited molecular state, since the excited-state potential is much stronger. 
Consequently, the largest contribution to the matrix element comes from 
the region where the relative momentum of the two atoms in the excited 
state is small, that is near the classical turning points of the motion. In 
regions where the relative momentum is larger, the product of the two wave 
functions oscillates rapidly in space, and, when integrated over space, gives 
little contribution to the matrix element. Thus the transition probability 
depends sensitively on the magnitude of the ground-state wave function near 
the turning point of the motion in the excited molecular state. The position 
of the turning point depends on the molecular state under consideration, and 
therefore the variation of the strengths of transitions to different molecular 
states, which have different energies and are therefore resonant at different 
laser frequencies, shows strong features due the oscillations in the ground- 
state wave function for two atoms. From a knowledge of the excited-state 
potential and the transition rates for a number of molecular excited states 
it is possible to deduce properties of the ground-state wave function and 
scattering length. 

Excited molecular states may decay to give atoms which have kinetic ener- 
gies high enough that they can overcome the trapping potential. Therefore, 
one way of detecting transitions to excited molecular states is by measuring 
trap loss. Alternatively, a second light pulse may be used to excite the atom 
further, possibly to an ionized state which is easily detectable. Extensive 
discussions of the method and developments of it are given in Refs. [1] and 


(2}. 


Other methods 


Other measurements give information about atomic interactions. Since rates 
of inelastic processes are sensitive to the atomic interaction, especially to 
differences between singlet and triplet scattering lengths, measurement of 
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them can give information about the potential. This has been particularly 
important for °’Rb. Surprisingly, it was found experimentally that a double 
condensate of atoms in the FP = 2, mp = 2 and f = lwp = —! states 
lived much longer than suggested by an order-of-magnitude estimate of the 
lifetime due to exchange collisions based on Eq. (5.86) with the assumption 
that |a;—ds| is comparable to |a|. The explanation for this is that the triplet 
and singlet scattering lengths are nearly equal. ‘This means physically that 
the singlet and triplet components of the wave function are essentially in 
phase again when the two particles have been scattered, and consequently 
they reconstruct the initial hyperfine state, with only a small admixture of 
other hyperfine states. 

As explained in Sec. 5.4.2, the positions of Feshbach resonances and the 
width AB, Eq. (5.127), are sensitive to the interatomic interaction. There- 
fore by studying these resonances it is possible to deduce properties of inter- 
atomic potentials. Techniques that make use of the properties of Feshbach 
resonances are becoming increasingly important in extracting information 
about potentials, as is exemplified by the discussion of results for Rb isotopes 
and '8°Cs given below. 


5.5.1 Scattering lengths for alkali atoms and hydrogen 


Below we list current values of the scattering lengths for hydrogen and the 
members of the alkali series. The reader is referred to Ref. [2] and the original 
literature for further discussion. The triplet scattering length is denoted by 
at, the singlet one by as, and that for two atoms in the maximally stretched 
lower hyperfine state F = I — 1/2, mp = —(I — 1/2) by ams. All scattering 
lengths are given in atomic units (1 a.u. = ao = 4regh?/mee” © 0.0529 nm). 


Hydrogen 


The hydrogen atom is sufficiently simple that scattering lengths may be 
calculated reliably from first principles. Recent calculations give a, = 1.2 
[20] and ag = 0.41 {21). 


Lithium 


Scattering lengths for the lithium isotopes have been reported by Abraham 
et al. |22], who employed photoassociative spectroscopy. 


6Li For this fermion they obtained a, = 45.54 2.5 and a, = —2160 + 250, 
the latter exceeding by more than one order of magnitude the estimate based 
on the dimensional arguments of Sec. 5.1. 
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Ola They found ag = 3342 and q% = —27.6+40.5. As we shall see in 
Chapter 6, the negative value of the triplet scattering length for ‘Li prevents 
the formation of a condensate with more than a few thousand atoms. 


Sodium 


*2Na Scattering lengths have been derived by Tiesinga et al. [23] from 
photoassociative spectroscopy data. They found a, = 85+3 and ams = 
52+5. A more recent analysis of different types of data gives a; = 65.3+0.9, 
fo OMe elena Ga 0.4-s2 1.2 (Al. 


Potassium 


Scattering lengths for potassium isotopes have been derived from photoas- 
sociative spectroscopy by Bohn et al. [25]. Their results are: 


er iy 2 ce 1400 and one —— 2004, 
Se OW raid on — Ooi. 
gee ee andl aya 900%, 


The results are somewhat different from earlier ones obtained from molecular 
spectroscopy [26, 27]. 


Rubidium 
85Rb From photoassociative spectroscopy and study of a Feshbach reso- 
nance, Roberts et al. found a, = —369 + 16 and as = PAQOwES. [18]. Vogels 
et al. found @ms = —450+ 140 from photoassociative spectroscopy [28]. 


87Rb All the scattering lengths are closely equal. Roberts et al. found 
a; = 10644 and a, = 90 +1 from the same kinds of data as they used for 
the lighter isotope [18]. From inelastic scattering data obtained with the 
double condensate and from photoassociative spectroscopy Julienne et al. 
reWbalsl Cres <= WOR Se (PEI), 


Cesium 
13305 The cross section for the scattering of 1°8Cs atoms in the doubly 
polarized state, F = 4,mp = 4, was measured by Arndt et al. [30] in the 
temperature range from 5 to 60 HK. It was found to be inversely propor- 
tional to the temperature, characteristic of resonant scattering (|a] > oo). 
Since the cross section did not saturate at the lowest temperatures, the 
measurements yield only a lower bound on the magnitude of the scattering 
length, |a,| > 260. Chin et al. [5] have made high-resolution measurements 
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of a large number of Feshbach resonances, from which Leo et al. [6] deduced 
the values a, = 2400 + 100 and as = 280+ 10. The calculations of Ref. 
[6] indicate that for some choices of the magnetic field, the ratio of elastic 
scattering cross sections to inelastic ones can be large enough that the possi- 
bility of Bose-Einstein condensing Cs atoms by evaporative cooling cannot 
be ruled out. 


Problems 


PROBLEM 5.1 Use the model of Sec. 5.3 to determine the value of r./ro at 
which the first bound state appears. In the light of this calculation, discuss 
why two spin-polarized hydrogen atoms in a triplet electronic state do not 
have a bound state. (The triplet-state potential for hydrogen is positive for 
distances less than approximately 7a.) 


PROBLEM 5.2 Calculate the rate of the process d+ d — a+ a for hy- 
drogen atoms at zero temperature. This process was discussed in Sec. 4.7, 
and expressions for the states are given in Eqs. (3.24)—(3.27). Use the Born 
approximation and take into account only the magnetic dipole-dipole inter- 
action. Give limiting results for low magnetic fields (B < AF s/up) and 
high magnetic fields. 


PROBLEM 5.3 Make numerical estimates of rates of elastic scattering, and 
inelastic two- and three-body processes for hydrogen and alkali atoms at low 
temperatures under typical experimental conditions. 
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6 
Theory of the condensed state 


In the present chapter we consider the structure of the Bose-Einstein con- 
densed state in the presence of interactions. Our discussion is based on the 
Gross—Pitaevskii equation [1], which describes the zero-temperature prop- 
erties of the non-uniform Bose gas when the scattering length @ is much 
less than the mean interparticle spacing. We shall first derive the Gross— 
Pitaevskii equation at zero temperature by treating the interaction between 
particles in a mean-field approximation (Sec. 6.1). Following that. in Sec. 
6.2 we discuss the ground state of atomic clouds in a harmonic-oscillator 
potential. We compare results obtained by variational methods with those 
derived in the Thomas—Fermi approximation, in which the kinetic energy 
operator is neglected in the Gross—Pitaevskii equation. The Thomas—Fermi 
approximation fails near the surface of a cloud, and in Sec. 6.3 we calculate 
the surface structure using the Gross—Pitaevskii equation. Finally, in Sec. 
6.4 we determine how the condensate wave function ‘heals’ when subjected 
to a localized disturbance. 


6.1 The Gross—Pitaevskii equation 


In the previous chapter we have shown that the effective interaction between 
two particles at low energies is a constant in the momentum representation, 
Up = 4rh?a/m. In coordinate space this corresponds to a contact interac- 
tion Upd(r — r’), where r and r’ are the positions of the two particles. To 
investigate the energy of many-body states we adopt a Hartree or mean-field 
approach, and assume that the wave function is a symmetrized product of 
single-particle wave functions. In the fully condensed state, all bosons are 
in the same single-particle state, d(r), and therefore we may write the wave 
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function of the N-particle system as 


N 


Woo, tN) = ][ oe). (6.1) 


i=1 


The single-particle wave function (x;) is normalized in the usual way, 


| some =e (6.2) 


This wave function does not contain the correlations produced by the inter- 
action when two atoms are close to each other. ‘These effects are taken into 
account by using the effective interaction Ugd(r — r’), which includes the 
influence of short-wavelength degrees of freedom that have been eliminated, 
or integrated out, as described in Sec. 5.2.1. In the mean-field treatment, we 
shall not take into account explicitly interactions between degrees of free- 
dom corresponding to length scales less than the interparticle spacing, and 
therefore we can effectively set the cut-off wave number k, to zero. The 
effective interaction is thus equal to Up, the T’ matrix at zero energy, and 
the effective Hamiltonian may be written 


N 2 
SJ Di S-o(r 


t<j 


V(r) being the external potential. The energy of the state (6.1) is given by 


pan [ ir) Ivor MP +vinlem?2 + 


+2 oor} 64 
In the Hartree approximation, all atoms are in the state whose wave func- 
tion we denote by ¢. In the true wave function, some atoms will be in states 
with more rapid spatial variation, due to the correlations at small atomic 
separations, and therefore the total number of atoms in the state @ will be 
less than N. However, as we shall demonstrate in Sec. 8.1 from microscopic 
theory for the uniform Bose gas, the relative reduction of the number of 
particles in the condensate, the so-called depletion of the condensate due 
to interactions, is of order (na?)1/2, where n is the particle density. As a 
measure of the particle separation we introduce the radius rs of a sphere 
having a volume equal to the average volume per particle. This is related 
to the density by the equation 
iL 


n/3yr3 oS) 


— 


The depletion is thus of order (a/ rs)°/* which is typically of order one per 
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cent or less in experiments performed to date, and therefore depletion of the 
condensate due to interactions may be neglected under most circumstances. 

We begin by considering the uniform Bose gas. In a uniform system of 
volume V, the wave function of a particle in the ground state is 1 / Vi/2 and 
therefore the interaction energy of a pair of particles is Up/V. The energy 
of a state with N bosons all in the same state is this quantity multiplied by 
the number of possible ways of making pairs of bosons, N(N —1)/2. In this 
approximation, the energy is 


N(N —- 1) Vee & 

= Up & = Vi : 6.6 

E 517 Up Be Uo, (6.6) 

where n = N/V. In writing the last expression we have assumed that 


iN Il. 
It is convenient to introduce the concept of the wave function of the con- 
densed state, 


o(r) = NY? ¢(r). (6.7) 
The density of particles is given by 
nr) = |b)’, (6.8) 


and, with the neglect of terms of order 1/N, the energy of the system may 
therefore be written as 


2 
BW) = fac | VHP + VOWEIP+ Uwe! |. (69 


To find the optimal form for 7, we minimize the energy (6.9) with respect 
to independent variations! of w(r) and its complex conjugate ¢*(r) subject 
to the condition that the total number of particles 


N= fewer (6.10) 


be constant. The constraint is conveniently taken care of by the method 
of Lagrange multipliers. One writes dE — pdN = 0, where the chemical 
potential jz is the Lagrange multiplier that ensures constancy of the particle 
number and the variations of ~ and w* may thus be taken to be arbitrary. 
This procedure is equivalent to minimizing the quantity F — wN at fixed p. 
Equating to zero the variation of EF — jsN with respect to ~*(r) gives 
i? 9 2 

~S—V7V(r) + V(eU(r) + Uol)PU(e) = pale), (6.11) 

1 w is given in terms of two real functions, its real and imaginary parts. In carrying out the 


variations, the real and imaginary parts should be considered to be independent. This is 
equivalent to regarding 7 and w* as independent quantities. 
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which is the time-independent Gross—Pitaevskii equation. This has the form 
of a Schrodinger equation in which the potential acting on particles is the 
sum of the external potential V and a non-linear term Up|q(r)|? that takes 
into account the mean field produced by the other bosons. Note that the 
eigenvalue is the chemical potential, not the energy per particle as it is for 
the usual (linear) Schrodinger equation. For non-interacting particles all in 
the same state the chemical potential is equal to the energy per particle, but 
for interacting particles it is not. 
For a uniform Bose gas, the Gross—Pitaevskii equation (6.11) is 


pu = Up|w(r) |? = Uon, (6.12) 


which agrees with the result of using the thermodynamic relation pp = 
OE/ON to calculate the chemical potential from the energy of the uniform 
state, Eq. (6.6). 


6.2 The ground state for trapped bosons 


We now examine the solution of the Gross Pitaevskii equation for bosons 
in a trap [2]. For definiteness, and because of their experimental relevance, 
we shall consider harmonic traps, but the formalism may easily be applied 
to more general traps. 

Before embarking on detailed calculations let us consider qualitative prop- 
erties of the solution. For simplicity, we neglect the anisotropy of the oscil- 
lator potential, and take it to be of the form V = mwér/2. If the spatial 
extent of the cloud is ~ R, the potential energy of a particle in the oscillator 
potential is ~ muwe R? /2, and the kinetic energy is of order hi? /2mR? per par- 
ticle, since a typical particle momentum is of order h/R from Heisenberg’s 
uncertainty principle. Thus in the absence of interactions, the total energy 
varies as 1/R? for small R and as R? for large R, and it has a minimum 
when the kinetic and potential energies are equal. ‘The corresponding value 
of the radius of the cloud is of order 


V7 ip iz ; 
Qosc = ( ) ) (6.13) 


Two 


7 


which is the characteristic quantum-mechanical length scale for the harmonic 
oscillator. This result is what one would anticipate, because we have made 
what amounts to a variational calculation of the ground state of a single 
particle in an oscillator potential. 

We now consider the effect of interactions. A typical particle density 
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is n ~ N/R®, and the interaction energy of a particle is therefore of or- 
der nUp ~ Up N/ R3. For repulsive interactions, the effect of an additional 
contribution to the energy varying as R->? shifts the minimum of the total 
energy to larger values of R, and consequently, for increasing values of Na, 
the kinetic energy term becomes less important. It is instructive to investi- 
gate a strong-coupling limit, in which the kinetic energy may be neglected. 
The equilibrium size is found by minimizing the sum of the potential and 
interaction energies, and this occurs when the two contributions to the en- 
ergy are of the same order of magnitude. By equating the two energies, one 
finds the equilibrium radius to be given by 


1/5 
Rie Goce (=) : (6.14) 
osc 
and the energy per particle is 
= ~ Piso € = (6.15) 


The quantity Na/dosc is a dimensionless measure of the strength of the inter- 
action, and in most experiments performed to date for atoms with repulsive 
interactions it is much larger than unity, so the radius R is somewhat larger 
than dosc- For |a| ~ 10 nm and dose ~ 1 pm (see Eq. (2.35)), with N between 
104 and 10°, the ratio R/dosc is seen to range from 2.5 to 6. In equilibrium, 
the oscillator and interaction energies are both proportional to R? and there- 
fore the ratio between the kinetic energy, which is proportional to Reel 
the potential (or interaction) energy is proportional to (dos¢ 7 Na) alu 
confirms that the kinetic energy is indeed negligible for clouds containing a 
sufficiently large number of particles.” 

Let us now turn to attractive interactions. For a small number of parti- 
cles, the total energy as a function of R is similar to that for non-interacting 
particles, except that at very small R the energy diverges to —co as —1 Je 
Consequently, for a sufficiently small number of particles the energy has 
a local minimum near that for non-interacting particles, but at a smaller 
radius. This state is metastable, since for small departures from the mini- 
mum, the energy increases, but for small R the energy eventually varies as 
—1/R? and becomes less than that at the local minimum. With increas- 
ing particle number, the local minimum becomes shallower, and at a critical 
particle number NN, it disappears. For larger numbers of particles there is no 
metastable state. As one might expect, the critical number is determined by 


2 As we shall see from the detailed calculations in Sec. 6.3, the leading term is of order 
(Gcec/ Ne ° In( Nay agee)e 
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the condition that the dimensionless coupling parameter be of order —1, that 
IS Vere aoee/ lal) For “lathe (triplet) scattering length is —27.6a9 = —1.46 
nm, and therefore in traps with frequencies of order 100 Hz, corresponding 
tO dosc Of order microns, the critical number is of order 10°, which is what 
is found experimentally [3]. 

We now consider the problem quantitatively. We shall determine the 
ground-state energy for a gas trapped in an anisotropic three-dimensional 
harmonic-oscillator potential V given by 


Il 
V (a, 4,2) = sm(wya* + wey? + w§2”), (6.16) 


where the three oscillator frequencies w; (t = 1,2,3) may differ from each 
other. Many traps used in experiments have an axis of symmetry, so that 
two of the frequencies are equal, but we shall consider the general case. 
The Gross—Pitaevskii equation (6.11) may be solved directly by numerical 
integration, but it is instructive to derive some analytical results. We begin 
with a variational calculation based on a Gaussian trial function and then 
go on to the Thomas—Fermi approximation. 


6.2.1 A variational calculation 


In the absence of interparticle interactions the lowest single-particle state 
has the familiar wave function, 


1 v7 eon /2ay ey? /2a8 go ees (6.17) 
010203 


bo(r) i 73/4( 


where the oscillator lengths a; (i = 1,2,3) are given by a? = h/mw; accord- 
ing to Eq. (2.34). The density distribution n(r) = Nd¢o(r)? is thus Gaussian. 
Interatomic interactions change the dimensions of the cloud, and we adopt 
as our trial function for 7 the same form as (6.17), 


1/2 ‘ 5 
br) = aie A SPL gC (6.18) 
“as 14203 


where the lengths b; are variational parameters. The trial function satisfies 
the normalization condition (6.10). Substitution of (6.18) into (6.9) yields 
the energy expression 


a 2 2 
Oe bs )- N*U5 (6.19) 
2( 


es a 
E(x, ba, 63) = N ) hw ‘= © 4a? 27)3/2by bobs 


If we evaluate (6.19), putting the b; equal to their values a; in the absence 
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of interaction, one finds 


OF N2Uo 
Ewes N. 
d 2 oh 
= N La 


: (6.20) 


where 


(oojvjoo) = 222 a fas AeNeIE (6.21) 


is the interaction energy for two particles in the ground state of the oscil- 
lator. The result (6.20) corresponds to a perturbation theory estimate, and 
it is a good approximation as long as the interaction energy per particle is 
small compared with any of the zero-point energies. If the magnitudes of the 
three oscillator frequencies are comparable (w; ~ wo), the ratio of the miter 
action energy to the zero-point energy of the oscillator is of order Na/@osc; 
which, as we argued above, is a dimensionless measure of the strength of 
the interaction. It gives the ratio of the interaction energy to the oscillator 
energy hwy when the wave function is that for the particles in the ground 
state of the oscillator. The condition Na/dosc ~ 1 marks the crossover be- 
tween the perturbative regime and one where equilibrium is determined by 
competition between the interaction energy and the potential energy due to 
the trap. 

As the interaction becomes stronger, the cloud expands, and the optimal 
wave function becomes more extended, corresponding to larger values of the 
lengths b;. It is convenient to introduce dimensionless lengths x; defined by 


b 
Veen ae 99 
oe (6.22) 


Minimizing E with respect to the variational parameters a; (i = 1, 2,3) then 
yields the three equations 


Il 1 i NUo 1 
= fw; (2? — =) - ——>—=5 — . =. a 
y (ay =a (Cn ea aia oe: Ce) 
Here we have introduced the characteristic length 
= i 6.24 


for an oscillator of frequency 


Qo = Gio. ee (6.25) 


6.2 The ground state for trapped bosons 153 


the geometric mean of the oscillator frequencies for the three directions. In 
the general case we obtain the optimal parameters for the trial function by 
solving this set of coupled equations. Let us here, however, consider the 
simpler situation when the number of particles is sufficiently large that the 
interaction energy per particle is large compared with hw; for all w;. Then 
it is permissible to neglect the kinetic energy terms (proportional to 1/ a) 
in (6.23). By solving for x; we find 


9\ 1/2 ny B52 
ea (e) eee (626) 


9\ 1/10 sng\ 1/8 g 
w= (=) (SB) 2a (6.27) 
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or 


and the leading contribution to the energy per particle is given by 


an Oe Ne 
a7 as} (=) ho. (6.28) 


According to the variational estimate (6.28) the energy per particle is pro- 
portional to N2/° in the limit when the kinetic energy is neglected, and is of 
order (Na/a)?/° times greater than the energy in the absence of interactions. 
As we shall see below, this is also true in the Thomas—Fermi approximation, 
which is exact when the particle number is large. 

In Fig. 6.1 we illustrate for an isotropic oscillator the dependence of F}/N 
on the variational parameter b (= b; = bg = 63) for different values of the 
dimensionless parameter Na/dosgc. We have included examples of attractive 
interactions, corresponding to negative values of the scattering length a. As 
shown in the figure, a local minimum exists for negative a provided N is 
less than some value N,, but for larger values of N the cloud will collapse. 
The critical particle number is found from the condition that the first and 
second derivatives of :/N with respect to b are both equal to zero, which 
gives [4] 

Nola| _ 2(2m)1/? 


~~ i 
aaa 0.87. (6.29) 


Qosc 


The minimum energy per particle (in units of fiwo) is plotted in Fig. 6.2 as a 
function of Na/dosc within the range of stability —0.67 < Na/dose < 00. For 
comparison, we also exhibit the result of the Thomas—Fermi approximation 
discussed in the following subsection. A numerical integration of the Gross— 
Pitaevskii equation gives N.|a|/dose & 0.57 [5]. 

If the kinetic energy is included as a perturbation, the total energy per 
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Fig. 6.1. Variational expression for the energy per particle for an isotropic harmonic 
trap as a function of the variational parameter }, for different values of the dimen- 
sionless parameter Na/dosc. The dotted curve corresponds to the critical value, 
approximately —0.67, at which the cloud becomes unstable. 


particle contains an additional term proportional to (Na/ Qosc)2/® (Problem 
6.1). In Sec. 6.3 we shall calculate the kinetic energy more accurately for 
large Na/dosc and show that it is proportional to (Na/ Gioseln | IMG) Greer 


6.2.2 The Thomas—Fermi approximation 


For sufficiently large clouds, an accurate expression for the ground-state 
energy may be obtained by neglecting the kinetic energy term in the Gross- 
Pitaevskii equation. As we have seen for a harmonic trap in the preceding 
subsection, when the number of atoms is large and interactions are repulsive, 
the ratio of kinetic to potential (or interaction) energy is small. A better 
approximation for the condensate wave function for large numbers of atoms 
may be obtained by solving the Gross-Pitaevskii equation, neglecting the 
kinetic energy term from the start. Thus from Eq. (6.11) one finds 


[Vr) + olde) 7] Hr) = eve), (6.30) 


where pi is the chemical potential. This has the solution 


nr) = |(r)|? = [w - V(x)] /Uo (6.31) 
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Fig. 6.2. Variational estimate of the energy per particle for an isotropic harmonic 
trap as a function of the dimensionless parameter Na/dosc. The dotted line is the 
result in the Thomas—Fermi approximation. 


in the region where the right hand side is positive, while ~ = 0 outside this 
region. The boundary of the cloud is therefore given by 


a) (6732) 


The physical content of this approximation is that the energy to add a par- 
ticle at any point in the cloud is the same everywhere. This energy is given 
by the sum of the external potential V(r) and an interaction contribution 
n(r)Uo which is the chemical potential of a uniform gas having a density 
equal to the local density n(r). Since this approximation is reminiscent of 
the Thomas—Fermi approximation in the theory of atoms, it is generally 
referred to by the same name. For atoms, the total electrostatic potential 
takes the place of the trapping potential, and the local Fermi energy that of 
the mean-field energy Ug|q)|? = Uon. 

In the Thomas—Fermi approximation the extension of the cloud in the 
three directions is given by the three semi-axes R; obtained by inserting 
(6.16) into (6.32), 


Pes aS LS. (6.33) 
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The lengths R; may be evaluated in terms of trap parameters once the 
chemical potential has been determined. The normalization condition on ~, 
Eq. (6.10), yields a relation between the chemical potential and the total 
number of particles N. For a harmonic trap with a potential given by Eq. 
(6.16) one finds 


om { 2u el m7 
Ne ae 6.34 
i (=) Uo’ ( ) 


as may be seen by scaling each spatial coordinate yt 2 Puy, mw?) ? and inte- 
grating over the interior of the unit sphere. Solving (6.34) for ps we obtain 
the following relation between ps and hw: 


1527/5 (Na\*? 
—— (=) ho. (6.35) 


The quantity R = (Ry R2R3)!/ 3 is a convenient measure of the spatial extent 
of the cloud. By combining (6.33) and (6.35) we obtain 


- 1s Na \ 1/5 
R=15' (=) a = 1.719 (=) a. (6.36) 
a l 


which implies that R is somewhat greater than a under typical experimen- 
tal conditions. In Fig. 6.3 we compare wave functions for the variational 
calculation described in the previous section and the Thomas-Fermi ap- 
proximation. 

Since p = OE/ON and p x N?/° according to Eq. (6.35) the energy per 
particle is 


if 8 a 

Wt 7 (C32) 
This is the exact result for the leading contribution to the energy at large N, 
and it is smaller than the variational estimate (6.28) by a numerical factor 
(36007) !/>/7 = 0.92. The central density of the cloud is n(0) = 4 /Uo within 
the Thomas-Fermi approximation. 

In order to see how the total energy is distributed between potential and 
interaction energies we insert the Thomas-Fermi solution given by (6.31) 
into (6.9) and evaluate the last two terms, neglecting the kinetic energy. 
The calculation is carried out most easily by scaling the spatial coordinates 
so that the potential V(r) and the Thomas-Fermi solution both become 
spherically symmetric. The ratio between the interaction energy Fin and 


6.2 The ground state for trapped bosons Wai 
0.5 


Gaussian 
0.4 


w 02 Temes tse 


Cas 
OM! j= 
0 +> _2O as ee SE 
0 I 2 


rIBAgs¢ 


Fig. 6.3. The ground-state wave function in the Gaussian variational approxi- 
mation (full line) and in the Thomas—Fermi approximation (dotted line) for an 
isotropic harmonic-oscillator potential. The wave functions are given in units of 


ee (Basc)°/?, and Gb = CNG ame 


the potential energy Epor then becomes 


Fint = iA drr*(1 -” alee a 2 


6.38 
Epot ie Cer =) 3 ao 


This result is an expression of the virial theorem, see Problem 6.2. The 
interaction energy in the Thomas-Fermi approximation is thus equal to 
2/5 times the total energy. Since the total energy per particle is 5u/7 we 
conclude that the interaction energy per particle and the chemical potential 
are related by 


= =p, (6.39) 


We shall return to this result in Chapter 11 when calculating the effect of 
interactions on properties of clouds at non-zero temperature. 

The Thomas-Fermi approximation gives an excellent account of the gross 
properties of clouds when Na/a is large compared with unity. However, 
in a number of important problems of physical interest, the kinetic energy 
plays a crucial role. In the next section we consider the surface structure of 
clouds, and in Sec. 9.2 vortex states. 
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6.3 Surface structure of clouds 


The Thomas-Fermi approach is applicable provided the order parameter 
varies sufficiently slowly in space. It fails near the edge of the cloud, as one 
may see by estimating the contributions to the energy functional for the 
Thomas-Fermi wave function. The density profile is n(r) = [u — V(r)]/Uo, 
and if we expand the external potential about a point ro in the surface, 
which is given by V(1ro) = #2, this becomes n(r) = F - (r — ro)/Uo, where 


F =—VV(ro) (6.40) 


is the force that the external potential exerts on a particle at the surface. 
The condensate wave function is given by 


vo) = [EE] ee 


If we denote the coordinate in the direction of VV(ro) by x, and denote the 
position of the surface by x = %o, the interior of the cloud corresponds to 


(6.41) 


x < £9. The Thomas-Fermi wave function for the cloud varies as (a) = x) '/? 
for x < xp, and therefore its derivative with respect to z is proportional to 
(x6 a! 2. Consequently, the kinetic energy term in the energy functional 
behaves as 1/(xp9 — x), and the total kinetic energy per unit area of the 
surface, which is obtained by integrating this expression over 7, diverges as 
—In(%q — x), as x approaches xo from below. To estimate the distance from 
the surface at which the kinetic energy term becomes important, we observe 
that the kinetic energy contribution to the energy functional is of order 


h2|dy/deel? h? 


a ree, A? 
2m|w|? 2m(ap — 2x)? ee) 


per atom. The difference between the chemical potential and the external 
potential is 


u—Vi(r)  F(xo — 2), (6.43) 


where F is the magnitude of the trapping force acting on a particle at the 
surface of the cloud. Thus the kinetic energy term dominates for 79-2 S 6, 
where 


= (h? /2mF)/3, (6.44) 


which is the same length scale as occurs in the quantum mechanics of a 
free particle in a linear potential. For an isotropic harmonic potential V = 
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Tier | 2B aig mw6R, where R is the radius of the cloud, and therefore 


5 — (dose _ (hwo \*? B 6.45 
cms oe = U a (6. ) 


where Gog = (h/mwo)!/? and in writing the second expression we have used 
the fact that » = mwéR?/2. Consequently, the fraction of the volume of 
the cloud where the Thomas—Fermi approximation is poor is proportional 
to (@osc/R)*/°, which is small for a large enough number of particles. 

We now study the surface region starting from the Gross—Pitaevskii equa- 
tion. If the external potential varies slowly on the length scale 6, we may 
expand the potential about the position of the surface as we did above, and 
the problem becomes essentially one-dimensional |6, 7]. In terms of the coor- 
dinate v introduced above, and with the origin chosen to be at the position 
of the surface, the Gross-Pitaevskii equation is 


ede 


ig ee Spee ste Uo|a(x)|? W(x) = 00, (6.46) 


In the discussion above we identified the length scale 6 associated with the 
surface structure and, as one would expect, the Gross—Pitaevskii equation 
simplifies if one measures lengths in units of 6. In addition, it is convenient 
to measure the wave function of the condensate in terms of its value b = 
(F6/Up)'/? in the Thomas-Fermi theory at a distance 6 from the edge of 
the cloud. After introducing a scaled length variable y = z/6 and a scaled 
wave function given by V = w/b we obtain the equation 


py" =yW+ wv, (6.47) 


where the prime denotes differentiation with respect to y. The solution in 
the Thomas—Fermi approximation is 


iy for oe, YY = 0 for y > 0. (6.48) 


First let us consider the behaviour for x >> 6, corresponding to y > 1. 
Since the condensate wave function is small we may neglect the cubic term. 
The resulting equation is that for the Airy function, and its asymptotic 
solution is 


Cae ae 
Pe as ear 


Us oa (6.49) 


Deep inside the cloud, corresponding to y < —1, the Thomas—Fermi solu- 
tion U ~ ,/—y is approximately valid. To determine the leading correction 
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to the wave function, we write V = Wp + VW, and linearize (6.47), thereby 
finding 
Wi! + yy + 3UZ, = Uy. (6.50) 


Using Up = (—y)!/? from (6.48) and neglecting / in (6.50) since it con- 
tributes to terms of higher order in 1/y, we arrive at the result 
il 


ee 
By? /—y 


(6.51) 


The asymptotic solution is thus 
il 
Us Vay ( =P =a): (6.52) 
Sy 


Equation (6.47) may be solved numerically and this enables one to evaluate 
the coefficient C’ in Eq. (6.49), which is found to be approximately 0.3971 
[| 

We now evaluate the kinetic energy per unit area perpendicular to the 
axis, 


2 2 
Se ae f del vue. Ge 
2m 2m 
Let us first use the Thomas-Fermi wave function (6.48) which we expect to 
be valid only in the region z < —6. Since the integral diverges Wei ge => (0) 
as we discussed at the beginning of this section, we evaluate the integral for 
x less than some cut-off value —1. We take the lower limit of the integration 
to be —L, where L is large compared with 6. We expect that the kinetic 
energy will be given approximately by the Thomas—Fermi result if the cut- 
off distance is chosen to be ~ —6, the distance at which the Thomas—Fermi 
approximation fails, 
nae eee 


=— de(y')? ~ ——In-. 54 
2m te hove a) 8m Up ay) ) 


We now compare this result with the kinetic energy per unit area calculated 
numerically using the true wave function, 
> ae es oF | 4.160L 


da(ap')? = ain In eR (6.55) 


Im =m J_p 


which is valid for large values of In(L/6). 

We conclude that one obtains the correct asymptotic behaviour of the 
kinetic energy if one uses the Thomas-Fermi approach and cuts the integral 
off at « = —1, where 


I = 0.2406. (6.56) 
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As we shall demonstrate below, the same effective cut-off may be used for 
calculating the kinetic energy in more general situations. 

We now turn to the system of physical interest, a cloud of N atoms trapped 
in a three-dimensional harmonic-oscillator potential. For simplicity, we con- 
sider only the isotropic case, where the potential is V(r) = mwér?/2. The 
Gross- Pitaevskii equation for the ground-state wave function is 


oe d il Arka | 
aa ge (Ga) + gwar? + — I(r) 7} V(r) = wr). (6.57) 


By the substitution y = rw we obtain 


since 4 = mw R?/2. The Thomas—Fermi solution is 


Po ee 
MIE = 6 (| (6.59) 
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By expanding about r = R in Eq. (6.58) we arrive at an equation of the 
form (6.47), with the length scale 6 given by Eq. (6.45). 

To calculate the kinetic energy, we use the Thomas-Fermi wave function 
and cut the integral off at a radius R —1, where / is given by the calculation 
for the linear ramp, Eq. (6.56). The result is 


(6.60) 
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This expression agrees well with the numerical result [7] for In(#?/6) greater 
than 3, the relative difference being less than 2.5%. 


6.4 Healing of the condensate wave function 


In the previous section we considered the condensate wave function for an 
external potential that varied relatively smoothly in space. It is instructive 
to investigate the opposite extreme, a condensate confined by a box with 
infinitely hard walls. At the wall, the wave function must vanish, and in the 
interior of the box the condensate density approaches its bulk value. The 
distance over which the wave function rises from zero at the wall to close to 
its bulk value may be estimated from the Gross—Pitaevskii equation, since 
away from the wall the wave function is governed by competition between 
the interaction energy term ~ nUp and the kinetic energy one. If one denotes 
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the spatial scale of variations by €, the kinetic energy per particle is of order 
hi? /2mE? and the two energies are equal when 


he 
mee =o. (6.61) 
or 
a7) oe) 
ee L ees (6.62) 


~ ImnUo ~ 8rna 6a’ 


where the particle separation rz is defined in Eq. (6.5). Since in experiments 
the distance between atoms is typically much larger than the scattering 
length, the coherence length is larger than the atomic separation. The length 
€ is referred to in the condensed matter literature as the coherence length, 
where the meaning of the word ‘coherence’ is different from that in optics. 
Since it describes the distance over which the wave function tends to its bulk 
value when subjected to a localized perturbation, it is also referred to as the 
healing length. 

To investigate the behaviour of the condensate wave function quantita- 
tively, we begin with the Gross—Pitaevskii equation (6.11), and assume that 
the potential vanishes for x > 0, and is infinite for x < 0. The ground- 
state wave function is uniform in the y and z directions, and therefore the 
Gross-Pitaevskii equation is 


fn? Pap(a) 


ca ne Uolah(a)Pv(a) = pv(). (6.63) 


For bulk uniform matter, the chemical potential is given by Eq. (6.12), and 
thus we may write ps = Up|wWo|? where Wp is the wave function far from the 
wall, where the kinetic energy term becomes negligible. The equation then 
becomes 

he d’p(a) 


2m dx? 


= —Uo( (bo! — (2) ?)#@). (ae) 


When ~ is real, one may regard w as being a spatial coordinate and x as 
being the ‘time’. Then (6.64) has the saine form as the classical equation 
of motion of a particle in a potential ~ pew? — 4/2. The equation may be 
solved analytically, subject. to the boundary conditions that (0) = 0 and 


(co) = Yo, with the result 
w(x) = wo tanh(2/ V2). (6.65) 


This confirms that the wave function approaches its bulk value over a dis- 
tance ~ €, in agreement with the qualitative arguments above. 


References IES 


Problems 


PROBLEM 6.1 Consider N bosons interacting via repulsive interactions 
in an isotropic harmonic trap. Use the Gaussian trial function (6.18) to 
calculate the kinetic energy per particle of a cloud in its ground state when 
Na/ dose is large. 


PROBLEM 6.2 Consider a condensate which is trapped by a potential which 
is a homogeneous function of degree v of the radial coordinate but with arbi- 
trary dependence on the angular coordinates (V(Ar) = A” V(r)). In equilib- 
rium, the energy of the condensate must be unchanged by a small change in 
the wave function from its value in the ground state, subject to the number 
of particles being constant. By considering a change of spatial scale of the 
wave function, with its form being unaltered, show that the kinetic, trap 
and interaction energies, which are given by Exin = (h?/2m) f dr|Vuv(r)’, 
Dre) drVir)|r) | and Bia, = 5Up f dr|w(r)|* satisfy the condition 


2 Fikin io aE trap Ar 3 Hint = 0, 


which is a statement of the virial theorem for this problem. Show in addition 
that the chemical potential is given by 


LN = ee ain Fira ar te 


and determine the ratio between the chemical potential and the total energy 
per particle in the limit when the kinetic energy may be neglected. 


PROBLEM 6.3 Consider a cloud of 10° atoms of ®’Rb in an isotropic 
harmonic-oscillator potential with the oscillation frequency wo given by 
wo/2n = 200 Hz. Take the scattering length a to be 100a9 and calculate the 
total energy, the chemical potential 4, the radius R, the coherence length 
& at the centre of the cloud, and the length 6 giving the scale of surface 
structure. 
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Dynamics of the condensate 


The time-dependent behaviour of Bose-Einstein condensed clouds, such as 
collective modes and the expansion of a cloud when released from a trap, is 
an important source of information about the physical nature of the conden- 
sate. In addition, the spectrum of elementary excitations of the condensate 
is an essential ingredient in calculations of thermodynamic properties. In 
this chapter we treat the dynamics of a condensate at zero temperature 
starting from a time-dependent generalization of the Gross—Pitaevskii equa- 
tion used in Chapter 6 to describe static properties. From this equation 
one may derive equations very similar to those of classical hydrodynamics, 
which we shall use to calculate properties of collective modes. 

We begin in Sec. 7.1 by describing the time-dependent Gross. Pitaevskii 
equation and deriving the hydrodynamic equations. We then use the hydro- 
dynamic equations to determine the excitation spectrum of a homogeneous 
Bose gas (Sec. 7.2). Subsequently, we consider modes in trapped clouds 
(Sec. 7.3) within the hydrodynamic approach, and also describe the method 
of collective coordinates and the related variational method. In Sec. 7.4 
we consider surface modes of oscillation, which resemble gravity waves on 
a liquid surface. The variational approach is sed il cees fo euurean ule 
free expansion of a condensate upon release from a trap. Finally, in Sec. 
7.6 we discuss solitons, which are exact one-dimensional solutions of the 
time-dependent Gross-Pitaevskii equation. 


7.1 General formulation 


In the previous chapter we saw that the equilibrium structure of the conden- 
sate is described by a time-independent Schrédinger equation with a non- 
linear contribution to the potential to take into account interactions between 
particles. To treat dynamical problems it is natural to use a time-dependent 
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generalization of this Schrodinger equation, with the same non-linear inter- 
action term. This equation is the time-dependent Gross- Pitaevskii equation, 
py (e,t) + (oUt) + Volver.) Pve.A) = nD, 
2m Ot 
and it is the basis for our discussion of the dynamics of the condensate. 
The time-independent Gross—Pitaevskii equation, Eq. (6.11), is a non- 
linear Schrédinger equation with the chemical potential replacing the en- 
ergy eigenvalue in the time-independent Schrédinger equation. ‘To ensure 
consistency between the time-dependent Gross—Pitaevskii equation and the 
time-independent one, under stationary conditions (r,t) must develop in 
time as exp(—ipt/h). The phase factor reflects the fact that microscopically 
vw is equal to the matrix element of the annihilation operator wy between the 
ground state with N particles and that with N — 1 particles, 


(r,t) = (N — 1 b(r)|N) x exp[—i(Ew — Ew-1)t/f), (7.2) 


since the states |N) and |N — 1) develop in time as exp(—iEyt/h) and 
exp(—iEy_it/h). For large N the difference in ground-state energies 
Ey—En_, is equal to OE/ON, which is the chemical potential. There- 
fore this result is basically Josephson’s relation for the development of the 


(7.1) 


phase @ of the condensate wave function 
— =. (Ge) 


Both for formal reasons as well as for applications a variational formu- 
lation analogous to that for static problems is useful. The time-dependent 
Gross—Pitaevskii equation (7.1) may be derived from the action principle 


ta 
pu 0. (7.4) 


ty 


where the Lagrangian L is given by 
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Here F is the energy, Eq. (6.9), and the energy density is given by 


DL 


De Ui 
—— 2) a {2 oa) Ae lod 
Hive + vigor + Ziyi 7.6) 


In the variational principle (7.4) the variations of w (or ~*) are arbitrary, 
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apart from the requirement that they vanish at ¢ = t;, t = te, and on 
any spatial boundaries for all ¢t. With a physically motivated choice of 
trial function for w, this variational principle provides the foundation for 
approximate solutions of dynamical problems, as we shall illustrate in Sec. 
(sakes 

The physical content of the Gross-Pitaevskii equation (7.1) may be re- 
vealed by reformulating it as a pair of hydrodynamic equations, which we 
now derive. 


7.1.1 The hydrodynamic equations 


Under general, time-dependent conditions we may use instead of (7.1) an 
equivalent set of equations for the density, which is given by |q|?, and the 
gradient of its phase, which is proportional to the local velocity of the con- 
densate. 

To understand the nature of the velocity of the condensate, we derive the 
continuity equation. If one multiplies the time-dependent Gross—Pitaevskil 
equation (7.1) by 7*(r,¢) and subtracts the complex conjugate of the result- 
ing equation, one arrives at the equation 

5 
wel ap We eve — OES) = 0) Ce) 
This is the same as one obtains from the usual (linear) Schrodinger equa- 
tion, since the non-linear potential in the Gross—Pitaevskii equation is real. 
Equation (7.7) has the form of a continuity equation for the particle density, 
n = |»|?, and it may be written as 


On 


a +V-{nv) =0, (7.8) 
where the velocity of the condensate is defined by 
= ow ele ue) (7.9) 
2mi pi? 
The momentum density j is given by 
ee one : 
j= E(V'Ve-9V0), (7.10) 
and therefore the relation (7.9) is equivalent to the result 


1 = my, (71) 


which states that the momentum density is equal to the particle mass times 
the particle current density. 
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Simple expressions for the density and velocity may be obtained if we 
write w in terms of its amplitude f and phase @, 


= fe, (7.12) 
from which it follows that 
aa, (712) 
and the velocity v is 
h 
v=—V¢. (7.14) 
m 


From Eq. (7.14) we conclude that the motion of the condensate corresponds 
to potential flow, since the velocity is the gradient of a scalar quantity, 
which is referred to as the velocity potential. For a condensate, Eq. (7.14) 
shows that the velocity potential is hé/m. Provided that ¢ is not singular, 
we can immediately conclude that the motion of the condensate must be 
irrotational, that is! 


Vxv = AV xv =0. (7.15) 


The possible motions of a condensate are thus much more restricted than 
those of a classical fluid. 

The equations of motion for f and ¢ may be found by inserting (7.12) 
into (7.1) and separating real and imaginary parts. Since 


Ov _ OF i _ 86 


OP » id é 
ae ane ry ye (7.16) 

and 
SY a On I = oe (py) 

we obtain the two equations 
ke 2 

Ee = corral -(f°V) (als) 

and 

Oo i a 
SS —m J (ry 2 

ha paral f+ 5mv + V(r) +Uof?. a9) 


Equation (7.18) is the continuity equation (7.8) expressed in the new 


! Note that this result applies only if ¢ is not singular. This condition is satisfied in the examples 
we consider in this chapter, but it fails at, e.g., the core of a vortex line. The properties of 
vortices will be treated in Chapter 9. 
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variables. To find the equation of motion for the velocity, given by Eq. 
(7.14), we take the gradient of Eq. (7.19), and the resulting equation is 


Ov ee le es 
ma = —V(fie+ ginv i (7.20) 
where 
h? 9 
i=V+no - ; ; 
ft + nUg at Jn (7.21) 


Equation (7.19) may be expressed in terms of the functional derivative? 
dE /én, 
Oo (it mean OE 
Ot  hén(r) 
The quantity 6E/én(r) is the energy required to add a particle at point r, 


and therefore this result is the generalization of the Josephson relation (7.3) 
2 


a?) 


to systems not in their ground states. Under stationary conditions fu+ Smwv 
is a constant, and if in addition the velocity is zero, that is @ is independent 
of position, ji is a constant, which is precisely the time-independent Gross 
Pitaevskii equation (6.11). 

The quantity nUp in Eq. (7.21) is the expression for the chemical potential 
of a uniform Bose gas, omitting contributions from the external potential. 
At zero temperature, changes in the chemical potential for a bulk system are 
related to changes in the pressure p by the Gibbs—Duhem relation dp = ndp, 
a result easily confirmed for the uniform dilute Bose gas, since p = nUo and 
p = —OE/8V = n7Up/2 (see Eqs. (6.12) and (6.6), respectively). Equation 
(7.20) may therefore be rewritten in the form 

Ov 1 ae 1 ee 1 
ey oe ( _ + a (sa¥ vi) — NTA (P25) 

Equations (7.8) and (7.23) are very similar to the hydrodynamic equations 
for a perfect fluid. If we denote the velocity of the fluid by v, the continuity 
equation (7.8) has precisely the same form as for a perfect fluid, while the 
analogue of Eq. (7.23) is the Euler equation 


1 1 
NG ee ee, (7.24) 
Ot mn m 


2 The functional derivative 6E/én(r) of the energy is defined according to the equation dE = 
f dr[SE/dn(x)|dn(r), and it is a function of r with the dimension of energy. It is given in terms 
of the energy density (7.6), which is a function of n and Vn, by 


Oe Os Ss oe 
Sn(r) én An “~ Oa; O(On/Axi)’ 


where the sum is over the three spatial coordinates. 
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or 


2 
il 
DE ee v(5) a Al (7.25) 
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Here the pressure p is that of the fluid, which generally has a form different 
from that of the condensate. 

There are two differences between equations (7.23) and (7.25). The first 
is that the Euler equation contains the term vx(V xv). However, since 
the velocity field of the superfluid corresponds to potential flow, V xv = 0, 
the term v x (V x v) for such a flow would not contribute in the Euler 
equation. We shall comment further on this term in the context of vortex 
motion at the end of Sec. 9.4. The only difference between the two equations 
for potential flow is therefore the third term on the right hand side of Eq. 
(7.23), which is referred to as the quantum pressure term. This describes 
forces due to spatial variations in the magnitude of the wave function for 
the condensed state. Like the term Vv?/2, its origin is the kinetic energy 
term fi?7|Wy|?/2m = mnv?/2 + h?(V f)?/2m in the energy density, but the 
two contributions correspond to different physical effects: the first is the 
kinetic energy of motion of particles, while the latter corresponds to ‘zero- 
point motion’, which does not give rise to particle currents. If the spatial 
scale of variations of the condensate wave function is /, the pressure term in 
Eq. (7.23) is of order nUg/mil, while the quantum pressure term is of order 
h?/m?1°. Thus the quantum pressure term dominates the usual pressure 
term if spatial variations of the density occur on length scales / less than 
or of order the coherence length € ~ h/(mnUp)'/? (see Eq. (6.62)), and it 
becomes less important on larger length scales. 

As we have seen, motions of the condensate may be specified in terms 
of a local density and a local velocity. The reason for this is that the only 
degrees of freedom are those of the condensate wave function, which has 
a magnitude and a phase. Ordinary liquids and gases have many more 
degrees of freedom and, as a consequence, it is in general necessary to em- 
ploy a microscopic description, e.g., in terms of the distribution function for 
the particles. However, a hydrodynamic description is possible for ordinary 
gases and liquids if collisions between particles are sufficiently frequent that 
thermodynamic equilibrium is established locally. The state of the fluid may 
then be specified completely in terms of the local particle density (or equiv- 
alently the mass density), the local velocity, and the local temperature. At 
zero temperature, the temperature is not a relevant variable, and the motion 
may be described in terms of the local density and the local fluid velocity, 
just as for a condensate. The reason that the equations of motion for a 
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condensate and for a perfect fluid are so similar is that they are expressions 
of the conservation laws for particle number and for total momentum. How- 
ever, the physical reasons for a description in terms of a local density and a 
local velocity being possible are quite different for the two situations. 


7.2 Elementary excitations 


The properties of elementary excitations may be investigated by considering 
small deviations of the state of the gas from equilibrium and finding periodic 
solutions of the time-dependent Gross~Pitaevskii equation. An equivalent 
approach is to use the hydrodynamic formulation given above, and we begin 
by describing this. In Chapter 8 we shall consider the problem on the basis 
of microscopic theory. We write the density as n = Neqt+6n, where Neq 1s the 
equilibrium density and dn the departure of the density from its equilibrium 
value. On linearizing Eqs. (7.8), (7.20), and (7.21) by treating the velocity 
v and 6n as small quantities, one finds 


Oon 
and 
ge ey (7.27) 
ary = Dp 


where djs is obtained by linearizing (7.21). Taking the time derivative of 
(7.26) and eliminating the velocity by means of (7.27) results in the equation 
of motion 
2 

moe = V Gite, VOL): (723) 
This equation describes the excitations of a Bose gas in an arbitrary poten- 
tial. To keep the notation simple, we shall henceforth in this chapter denote 
the equilibrium density by n. Note that n is the density of the condensate, 
since we neglect the zero-temperature depletion of the condensate. In Chap- 
ter 10, which treats the dynamics at finite temperature, we shall denote the 
condensate density by no, in order to distinguish it from the total density, 
which includes a contribution from thermal excitations. 


A uniform gas 
As a first example we investigate the spectrum for a homogeneous gas, 
where the external potential V is constant. In the undisturbed state the 
density n is the same everywhere and it may therefore be taken outside 
the spatial derivatives. We look for travelling-wave solutions, proportional 
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to exp(iq- r — iwt), where q is the wave vector and w the frequency. From 
Eq. (7.21) the change in f is seen to be equal to 


poe 
i= —|6 7.29 
n= (to +E) in (7.29) 
and the equation of motion becomes 
8 2 neg? 
muw*dn = | nUgg? + —— } On. (720) 
Am 


To make contact with the microscopic calculations to be described later, 
it is convenient to work with the energy of an excitation, €,, rather than 
the frequency. Non-vanishing solutions of (7.30) are possible only if the 
frequency is given by w = +e,/h, where 


= 1 2nUoe ae ee (eS 
Here 
eon 
O 
=) (a2) 


is the free-particle energy. This spectrum was first derived by Bogoliubov 
from microscopic theory [1]. In the following discussion we shall adopt the 
convention that the branch of the square root to be used is the positive one. 

The excitation spectrum (7.31) is plotted in Fig. 7.1. For small gq, €g is a 
linear function of gq, 


eq 2 Sieh, Cies3) 


and the spectrum is sound-like. The velocity s is seen to be 


Ss / 2g) (7.34) 


This result agrees with the expression for the sound velocity calculated from 
the hydrodynamic result s? = dp/dp = (n/m)du/dn, where p = nm is the 
mass density. The repulsive interaction has thus turned the energy spec- 
trum at long wavelengths, which is quadratic in q for free particles, into 
a linear one, in agreement with what is observed experimentally in liquid 
“He. As we shall see in Chapter 10, the linear spectrum at long wavelengths 
provides the key to superfluid behaviour, and it was one of the triumphs 
of Bogoliubov’s pioneering calculation. In the hydrodynamic description 
the result is almost ‘obvious’, since sound waves are well-established excita- 
tions of hydrodynamic systems. What is perhaps surprising is that at short 
wavelengths the leading contributions to the spectrum are 


€q ze +n, (7.35) 
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Fig. 7.1. Excitation spectrum of a homogeneous Bose gas (full line) plotted as a 
function of the wave number expressed as the dimensionless variable iig/ms, where 
the sound velocity s is given by Eq. (7.34). The expansion (7.35) for high wave 
number is shown as a dotted line. 


which is also shown in Fig. 7.1. This is the free-particle spectrum plus a 
mean-field contribution. The transition between the linear spectrum and 
the quadratic one occurs when the kinetic energy, h2q? /2m, becomes large 
compared with the potential energy of a particle ~ nUp, or in other words 
the ‘quantum pressure’ term dominates the usual pressure term. This occurs 
at a wave number ~ (2mnUp)!/2/h, which is the inverse of the coherence 
length, €, Eq. (6.62). The coherence length is related to the sound velocity, 
Eq. (7.34) by € = h/V2ms. On length scales longer than €, atoms move 
collectively, while on shorter length scales, they behave as free particles. 
The spectrum of elementary excitations in superfluid liquid 4He differs from 
that for a dilute gas because of the strong short-range correlations. The 
first satisfactory account of the roton part of the spectrum was given by 
Feynman [2]. 

As a generalization of the above approach one may calculate the re- 
sponse of the condensate to a space- and time-dependent external potential 
V(r, t) = Vqexp(iq- r — iwt). There is then an additional term Vq in the 
equation for dj, and one finds 


ree 
m ( — 7 én = ng’Vaq, (7.36) 
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or 
én = x(q, w) Va; (7.37) 
where 
2 
nq 
= Lae 
x(q, w) Ol = (7.38) 


is the density—density response function for the condensate. Thus the re- 
sponse diverges if the frequency of the external potential is equal to the 
frequency of an elementary excitation of the condensate. In the final chap- 
ter we shall use the expression for the response function to calculate how the 
interaction between two fermions is affected by the presence of a condensate 
of bosons. 


The Bogoliubou equations 


An alternative route to calculating the excitation spectrum is to start from 
the Gross-Pitaevskii equation directly, without introducing the hydrody- 
namic variables. This approach complements the hydrodynamic one since 
it emphasizes single-particle behaviour and shows how the collective effects 
at long wavelengths come about. Let us denote the change in 7 by ov. 
Linearizing the Gross—Pitaevskii equation (7.1), one finds 


2 
SVU A) + V(E)EY(E,#) + Vol2 lr, Pw (et) + HOr,1)?5U"(e.1)] 
_ OdW(r,1) 
and 
h? 


ao oY eo) + V(r) dw" (r,t) + Uo[2|b(r, t)|?de* (x, t) + Y* (vr. t)7dyb(r, t)] 


poow (cy | 
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Here 7(r,t) is understood to be the condensate wave function in the un- 
perturbed state, which we may write as wy = \/n(r)e /", where n(r) is 
the equilibrium density of particles and p is the chemical potential of the 
unperturbed system. To avoid carrying an arbitrary phase factor along in 
our calculations we have taken the phase of the condensate wave function 
at t = 0 to be zero. We wish to find solutions of these equations which are 
periodic in time, apart from the overall phase factor eee present for the 
unperturbed state. We therefore search for solutions of the form 


dap(r,t) =e mt/h lu(r)e * — Dee], (7.41) 


(7.40) 
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where u(r) and u(r) are functions to be determined. ‘The overall phase 
factor e—#/M is necessary to cancel the effects of the phases of (r,t)? and 
w* (r,t)? in Eqs. (7.39) and (7.40), and thereby ensure that the equations 
can be satisfied for all time. The choice of the sign in front of v is a matter 
of convention, and we take it to be negative so that wu and v will have the 
same sign. Since the equations couple 67) and 67*, they cannot be satisfied 
unless both positive and negative frequency components are allowed for. By 
inserting the ansatz (7.41) into the two equations (7.39) and (7.40) we obtain 
the following pair of coupled equations for u(r) and v(r): 


2 
-7 4a (Te te Zieh) Ss = ns u(r) —n(r)Upv(v) =0 (7.42) 


and 


2 
- + V(r) + 2n(r)Up — w+ hs u(r) — n(r)Upu(r) =0, (7.43) 


which are referred to as the Bogoliubov equations. 
We now apply this formalism to the uniform Bose gas, V(r) = 0. Because 
of the translational invariance the solutions may be chosen to be of the form 
ear ear 
wie) = Uae apatite Vavrapa (7.44) 


where we have introduced the conventional normalization factor 1/V'/? ex- 
plicitly, V being the volume of the system. 

The chemical potential for the uniform system is given by nUp (Eq. (6:12), 
and thus the Bogoliubov equations are 


hq? 
(5 Se hw) Ug — NUpUg = 0 (7.45) 
and 
hg? 
(= + nUp + hw Ug — NUptg = 9. (7.46) 


The two equations are consistent only if the determinant of the coefficients 
vanishes. With the definition (7.32) this leads to the condition 


(ef + nUp + hw) (eq + nUp — fiw) — a Us =O, (7.47) 
or 
(fiw)? = (€) + nUg)? — (nUo)? = coe, + 2nUo), (7.48) 


which agrees with the spectrum (7.31) obtained earlier from the hydrody- 
namic approach. 
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The nature of the excitations may be elucidated by investigating the be- 
haviour of the coefficients ug and vg. Here we shall consider the case of 
repulsive interactions. For the positive energy solutions, one has 


nUo 


mately 7.49 
ey (7.49) 


Ug = 
where 

o, = e + nUg (7.50) 
is the energy of an excitation if one neglects coupling between wg and vg. 


The normalization of ug and vg is arbitrary, but as we shall see from cine 
quantum-mechanical treatment in Sec. 8.1, a convenient one is 


lutgl” — lvgl? =1, (7.51) 


since this ensures that the new operators introduced there satisfy Bose com- 
mutation relations. The Bogoliubov equations are unaltered if ug and vg are 
multiplied by an arbitrary phase factor. Therefore, without loss of generality 
we may take uw, and v, to be real. With this choice one finds that 


is 
2 = q 59 
y= 5 (241) (7252) 
and 
ie 
2_ +f Sa “ 
UE 5 ({ — 1), (733) 


In terms of €,, the excitation energy is given by 


a= yes = (UP: (7.54) 


The coefficients ug and vg are exhibited as functions of the dimensionless 
variable hg/ms in Fig. 7.2. 

For the positive energy solution, vg tends to zero as 1/ q° for large q, 
and in this limit dy = e47-0) /V1/2, with Wg = €g/h. This corresponds 
to addition of a single particle with momentum fq, and the removal of 
a particle in the zero-momentum state, as will be made explicit when the 
quantum-mechanical theory is presented in Chapter 8. At smaller momenta, 
excitations are linear superpositions of the state in which a particle with mo- 
mentum fq is added (and a particle in the condensate is removed) and the 
state in which a particle with momentum —hq is removed (and a parti- 
cle added to the condensate). At long wavelengths ug and vg diverge as 
1 q'/*, and the two components of the wave function are essentially equal 
in magnitude. 
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Fig. 7.2. The coefficients ug and vg given by Eqs. (7.52)—(7.53) as functions of the 
wave number, expressed as the dimensionless variable hgq/ms. 


The algebraic expressions for the excitation spectrum and the factors 
Ug and vg are completely analogous to those for a superconductor in the 
Bardeen—Cooper-Schrieffer (BCS) theory, apart from some sign changes due 
to the fact that we are here dealing with bosons rather than fermions. In 
the BCS theory, which we shall describe in Sec. 14.3 in the context Gia. 
transition to a superfluid state for dilute Fermi gases, the dispersion relation 
for an elementary excitation is €g = ,/€? + A?, where €, is the normal-state 
energy of a particle measured with respect to the chemical potential, as for 
the boson problem we consider, and A is the superconducting energy gap. 
Thus one sees that for bosons the excitation energy is obtained by replacing 
A? in the BCS expression by —(nUp)’. 


Attractive interactions 


If the interaction is attractive, the sound speed is imaginary, which indicates 
that long-wavelength modes grow or decay exponentially in time, rather 
than oscillate. This signals an instability of the system due to the attractive 
interaction tending to make atoms clump together. However at shorter 
wavelengths modes are stable, since the free-particle kinetic energy term 
dominates in the dispersion relation. The lowest wave number gq. for which 
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the mode is stable is given by the condition that its frequency vanish. Thus 
from Eq. (7.31) 


ce). + 2nUp = 0 (7.55) 
or 
4mnUp 
— = = 167nJa\, (7.56) 


where we have used Eq. (5.39) to express Up in terms of the scattering 
length a. This shows that the spatial scale of unstable modes is greater than 
or of order the coherence length, Eq. (6.62), evaluated using the absolute 
magnitude of the scattering length. 

It is instructive to relate these ideas for bulk matter to a cloud in a trap. 
For simplicity, we consider the trap to be a spherical container with radius 
Ro. The lowest mode has a wave number of order 1/Ro, and the density is 
n ~ N/R8. Thus according to (7.56) the lowest mode is stable if the number 
of particles is less than a critical value Nc given by 1/R} ~ N.la|/ RB or 


(7.57) 


and unstable for larger numbers of particles. The physics of the instability 
is precisely the same as that considered in Chapter 6 in connection with the 
energy of a cloud: for sufficiently large numbers of particles, the zero-point 
energy of atoms is too small to overcome the attraction between them. In the 
present formulation, the zero-point energy is the kinetic energy of the lowest 
mode in the well. To make contact with the calculations for a harmonic- 
oscillator trap in Chapter 6, we note that the estimate (7.57) is consistent 
with the earlier result (6.29) if the radius Ro of the container is replaced by 
the oscillator length. 


7.3 Collective modes in traps 


Calculating the properties of modes in a homogeneous gas is relatively 
straightforward because there are only two length scales in the problem, 
the coherence length and the wavelength of the excitation. For a gas ina 
trap there is an additional length, the spatial extent of the cloud, and more- 
over the coherence length varies in space. However, we have seen in Chapter 
6 that static properties of clouds may be calculated rather precisely if the 
number of atoms is sufficiently large, Na/a >> 1, since under these condi- 
tions the kinetic energy associated with the confinement of atoms within 
the cloud, which gives rise to the quantum pressure, may be neglected. It is 
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therefore of interest to explore the properties of modes when the quantum 
pressure term in the equation of motion is neglected. For such an approx- 
imation to be reliable, a mode must not be concentrated in the boundary 
layer of thickness ~ 6, and must vary in space only on length scales large 
compared with the local coherence length. In this approach one can describe 
collective modes, but not excitations which are free-particle-like. 

The basic equation for linear modes was derived earlier in Eq. (7.28). 
When the quantum pressure term is neglected, the quantity f reduces to 
nUg + V, and therefore 


dj = Upon. (7.58) 


Inserting this result into Eq. (7.28), we find that the density disturbance 
satisfies the equation 


07 6n 
If we consider oscillations with time dependence én « e~’, the differential 
equation (7.59) simplifies to 


eo sap Vn +nV7sn). (7.60) 
m 
The equilibrium density is given by 
pe — V(r) 
= 7.61 


and therefore the equation (7.60) reduces to 
i 
wn = —{VV - Von — [wp — V(r)|V76n}. (62) 
m 


In the following two subsections we discuss solutions to (7.62) and the asso- 
ciated mode frequencies [3]. 


7.38.1 Traps with spherical symmetry 


First we consider an isotropic harmonic trap (A = 1). The potential is 
1 
Ve = sors (7.63) 


and in the Thomas-Fermi approximation the chemical potential and the 
radius of the cloud are related by the equation uw = mu R? /2. Tt is natural 
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to work in spherical polar coordinates r,9, and y. Equation (7.62) then 


becomes 
2 2 0 ws 2 \~2 
Bie = oO a SN On. (7.64) 


Because of the spherical symmetry, the general solution for the density de- 
viation is a sum of terms of the form 


Sh Daa. he), Ge®) 


where Yj, is a spherical harmonic. In a quantum-mechanical description, | 
is the quantum number for the magnitude of the total angular momentum 
and m that for its projection on the polar axis. 

One simple solution of Eq. (7.64) is 


én = CGA, Y~), (7.66) 


where C is an arbitrary constant. With increasing | these modes become 
more localized near the surface of the cloud, and they correspond to surface 
waves. They will be studied in more detail in Sec. 7.4. Since the function 
(7.66) satisfies the Laplace equation, the last term in Eq. (7.64) vanishes, 
and one finds a = lw. The 1 = 0 mode ts tmvial, since 1b wepresentse2 
change in the density which is constant everywhere. The resulting change 
in the chemical potential is likewise the same at all points in the cloud, 
and therefore there is no restoring force, and the frequency of the mode is 
zero. The three | = 1 modes correspond to translation of the cloud with 
no change in the internal structure. Consider the 1 = 1,m = 0 mode. The 
density variation is proportional to rYi9o « z. In equilibrium. the density 
profile is n(r) « (1 — r?/R?), and therefore if the centre of the cloud is 
moved in the z direction a distance ¢, the change in the density is given by 
én = —COn/Oz « z. The physics of the / = 1 modes is that, for a harmonic 
external potential, the centre-of-mass and relative motions are separable for 
interactions that depend only on the relative coordinates of the particles. 
The motion of the centre of mass, rem, is that of a free particle of mass 
Nm moving in an external potential Nmu?r2,,/2, and this has the same 
frequency as that for the motion of a single particle. These modes are 
sometimes referred to as Kohn modes. ‘They represent a general feature 
of the motion, which is unaffected by interactions as well as temperature. 
Modes with higher values of | have larger numbers of nodes, and higher 
frequencies. 

To investigate more general modes it is convenient to separate out the 
radial dependence due to the ‘centrifugal barrier’, the I(1 + 1)/r? term in 
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the Laplacian, by defining a new radial function G(r) = D(r)/r!, and to 
introduce the dimensionless variable 


ue 


oH a (7.67) 


The differential equation for the radial function G(r) is 


eG(r) =1G(r) + rG'(r) - sR? = 7) ler) A ae END) , CBS) 


r 


where a prime denotes a derivative. To solve this eigenvalue problem we first 
introduce the new variable u = r?/R?. The differential equation satisfied by 
G(u) is seen to be 


BP LG = as 
yo 


u(1 — u)G"(u) 4 ( u) G'(u) + aoe) Ga) == 0, 4769) 


which is in the standard form for the hypergeometric function F(a, (3, y,u), 
u(l — u)F"(u) + [y — (a+ 64+ lulF’(u) — oBF(u) = 0. (7.70) 


For the function to be well behaved, either a or 3 must be a negative integer, 
—n. The hypergeometric function is symmetrical under interchange of a and 
G, and for definiteness we put a = —n. Comparing Eqs. (7.69) and (7.70), 
one sees that 8 =!1+n+3/2, y=1+3/2, and that the eigenvalue is given 
by €—1 = 2n(l+n+4+ 3/2) or 


poe ean onl Eon), (eal 


The index n specifies the number of radial nodes. 
The normal modes of the cloud are therefore given by 


én(r, t) = Cr'F(—n,l+n4+3/2,143/2,77/R’)Yim(0, ye", (7.72) 


C being an arbitrary constant. Solutions for low values of n and / may be 
evaluated conveniently by using the standard series expansion in powers of 
eee Al 


_o8u , ofat+1p(e +1) u* 
AiG aE 1) 2! 
As an alternative, the solutions may be written in terms of the Jacobi poly- 
nomials (0,'+1/2) (Qe? / Re = 11). 

For n = 0, the modes have no radial nodes and they are the surface 
modes given by Eq. (7.66). The velocity field associated with a mode may 
be obtained from Eqs. (7.27) and (7.58). The mode with | =0 and n= | is 


(7.73) 
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Fig. 7.3. Excitation frequencies of a condensate in an isotropic harmonic trap ac- 
cording to Eq. (7.71) (full lines). The dotted lines indicate the result in the absence 
of interactions. The degeneracy occurring at w = wo for 1 = 1 is due to the fact 
that these modes correspond to pure centre-of-mass motion. 


spherically symmetric and the radial velocity has the same sign everywhere. 
It is therefore referred to as the breathing mode. 

The low-lying excitation frequencies in the spectrum (7.71) are shown in 
Fig. 7.3. For an ideal gas in a harmonic trap, mode frequencies correspond 
to those of a free particle if the mean free path is large compared with the 
size of the cloud, and these are shown for comparison. The results exhibit 
clearly how mode frequencies of the condensate differ from those of an ideal 
gas. 


7.3.2 Anisotropic traps 


Next we consider anisotropic traps. Most experimental traps are harmonic 
and anisotropic, but with an axis of syminetry which we shall take to be the 
z axis. We write the potential in the form 


Vee smugip? +p ~mwz” = a muy? +? 27), (7.74) 
where p? = 2? + y?. The anisotropy parameter \ = w3/wo is unity for 
a spherically symmetric trap, and V8 for the TOP trap discussed in Sec. 
4.1.2. For traps of the loffe-Pritchard type, A can be adjusted continuously 
by varying the currents in the coils. 

For such a trap the equilibrium density is given in the Thomas—Fermi 
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approximation by 


2 2h PS 
__ hb po Mz 
— on (1 — Re = 2 ): (Gr) 


where the radius R of the cloud in the zy plane is given by u—V(R, 0,0) = 0 
or 


2 
Ca (7.76) 
Mado 


Note that the central density n(r = 0) equals w/Up. Equation (7.62) for the 
mode function is thus 


2 by te. Pm WO 1 pe 2 22\~2 
wdn = wo( ai +A za )on — ae et ems 7 20) aan) 
Because of the axial symmetry there are solutions proportional to e”””, 
where m is an integer. One simple class of solutions is of the form 
dn o p! exp(tily) = (2 + iy)! x r'¥,21(8, 9), (hare) 


which is the same as for surface modes of an isotropic trap. Since V76n = 0, 
the frequencies are given by 


Ce (7.79) 
Likewise one may show (Problem 7.2) that there are solutions of the form 


bn x 2(a t iy)! x r'¥, 2-1), 9), (7.80) 


whose frequencies are given by 
as? == (U = De tee = age (7.81) 


Low-lying modes 
In the following we investigate some of the low-lying modes, since these are 
the ones that have been observed experimentally [5]. As we shall see, the 
modes have velocity fields of the simple form v = (aa, by,cz), where a,b 
and ¢ are constants. One example is dn « p* exp(+i2y) = (a + iy)”, which 
corresponds to Eq. (7.78) for 1 = 2. The mode frequency is given by 


ti ae Dose (7.82) 


A second is pz exp(+iv) = 2(a + iy) x r?¥2,41(0,%) with a frequency given 
by w? = (1 + \*)w@. For traps with spherical symmetry these two types of 
modes are degenerate, since they both have angular symmetry correspond- 
ing to 1 = 2, but with different values of the index m equal to +2 arid aah, 
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respectively. There is yet another mode, with | = 2,m = 0, which is degen- 
erate with the others if the trap is spherically symmetric, but which mixes 
with the lowest | = 0,m = 0 mode, the breathing mode, if the spherical sym- 
metry is broken. To see this explicitly we search for a solution independent 
of y of the form 


én =at bp? + cz’, (7.83) 


where a, b and ¢ are constants to be determined. Upon insertion of (7.83) 
into (7.77) we obtain three linear algebraic equations for a, 6 and c, which 
may be written as a matrix equation. The condition for the existence of non- 
trivial solutions is that the determinant of the matrix vanish. This yields 
w* = 0 (for én = constant) and 


(oe re = Bog) — 2 = 0 (7.84) 
which has roots 
1 
ee — (2 + ae Sey We oM). (7.85) 


For A? = 8 the smaller root yields 
1/2 
i= wh (14 2 2/29) x 1.797W. (7.86) 


Both this m = 0 mode and the | = 2, m = 2 mode with frequency V2w9 given 
by (7.82) have been observed experimentally [5]. The two mode frequencies 
(7.85) are shown in Fig. 7.4 as functions of the anisotropy parameter 4. 

The density variations in all modes considered above exhibit a quadratic 
dependence on the cartesian coordinates. The associated velocity fields are 
linear in z,y, and z according to the acceleration equation (7.27). The 
motion of the cloud therefore corresponds to homologous stretching of the 
cloud by a scale factor that depends on direction. 


The scissors mode 


In the Thomas—Fernii approximation there are modes having a simple ana- 
lytical form also for a general harmonic trap 


l 
V(r) = 5m(wie’ + wey? +032"), (7.87) 


where the frequencies w,, w2 and w3 are all different. For traps with rota- 
tional symmetry about the z axis we have seen that there exist modes with 
a density variation proportional to xz or yz, the associated frequency being 
given by we = we(1 +7), These modes are linear combinations of ro and 
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Fig. 7.4. The mode frequencies (7.85) as functions of A. 


NG) Sale which are degenerate eigenstates. In addition there is a mode with 
frequency given by w? = 2w? and a density variation proportional to zy, 
which is a linear combination of the modes with | = 2,m = +2. Modes with 
density variations proportional to xy, yz or zx are purely two-dimensional, 
and also exist for a general harmonic trap with a potential given by (7.87). 
Let us consider a density change given by 


Gu (7.88) 


where C is a coefficient which we assume varies as e~*“’. In order to derive 
the velocity field associated with this mode we start with the hydrodynamic 
equations in their original form. In the Thomas-Fermi approximation, 64 = 


Updn (see Eq. (7.58)) and therefore from Eq. (7.27) the velocity is given by 
—imwv = —UpV (Cay) = —UoCy, x, 0). (7.89) 

Since V-v = 0, the continuity equation (7.26) reduces to 
—iwdn = —(Vn)-v. (7.90) 


We now use the condition for hydrostatic equilibrium of the unperturbed 
cloud, Wn = —VV/Up and insert v from (7.89) on the right hand side of 
(7.90) which becomes C(w} + w3)xy/iw. This shows that the equations of 


186 Dynamics of the condensate 
motion are satisfied provided 
we = we + ws. (7.91) 


Corresponding results are obtained for density variations proportional to yz 
and zz, with frequencies given by cyclic permutation of the trap frequencies 
in (7.91). 

The mode (7.88) is sometimes called a scissors mode. The reason for this 
may be seen by considering the density change when the equilibrium cloud 
in the trap is rotated. The equilibrium density profile is proportional to 
1 — 22/R? — y?/R3 — 2?/R%, where the lengths R; are given by (6.33). A 
rotation of the cloud by an angle y about the z axis corresponds to the 
transformation x > xcosx¥ — ysinx, y > rsiny +ycosx. The correspond- 
ing change in the density for small y is proportional to ry. The density 
change in the mode is thus the same as would be produced by a rigid ro- 
tation of the cloud. However, the velocity field varies as (y, 2,0), and it is 
therefore very different from that for rigid rotation about the z axis, which 
is proportional to (—y,2,0). The velocity of the condensate must be ir- 
rotational, and therefore the latter form of the velocity is forbidden. The 
scissors mode has recently been observed experimentally in a Bose-Einstein 
condensate [6]. Its name is taken from nuclear physics: in deformed nuclei, 
the density distributions of neutrons and protons can execute out-of-phase 
oscillations of this type which resemble the opening and closing of a pair 
of scissors. We note that the scissors modes are purely two-dimensional, 
and therefore their form and their frequencies do not depend on how the 
trapping potential varies in the third direction, provided it has the general 
form m(w?x? + wey) /2+ V(z). 


7.8.8 Collective coordinates and the variational method 


In general it is not possible to solve the equations of motion for a trapped 
Bose gas analytically and one must resort to other approaches, either numeri- 
cal methods, or approxunate analytical ones. In this section we consider low- 
lying excitations and describe how to calculate properties of modes within 
two related approximate schemes. We shall illustrate these methods by ap- 
plying them to the breathing mode of a cloud in a spherically-symmetric 
trap, with a potential 


1 a 
Male) — ue (7.92) 


In the notation of Sec. 7.3.1, this mode has / = 0 and radial index n = 1. 
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Collective coordinates 


When interactions play little role, most modes of a many-body system re- 
semble those of single particles. However, in the modes examined above in 
the Thomas-Fermi approximation the interaction between particles plays 
an important role, and the motion is highly collective. The idea behind 
the method of collective coordinates is to identify variables related to many 
particles that may be used to describe the collective behaviour. A simple 
example is the centre-of-mass coordinate, which may be used to describe 
the modes of frequency w; in a harmonic trap. In Chapter 6 we showed how 
the width parameter R of a cloud may be used as a variational parameter 
in determining an approximate expression for the energy. We now extend 
this approach to calculate the properties of the breathing mode. 

Let us assume that during the motion of the cloud, the density profile 
maintains its shape, but that its spatial extent depends on time. Rather 
than adopting the Gaussian trial wave function used previously, we shall 
take a more general one 

ve 
w(r) = AAS Herre, (7.93) 
where f is an arbitrary real function, and A, a number, is a normalization 
constant. The total energy of the cloud obtained by evaluating Eq. (6.9) 
may be written as 


ig ST OT), (7.94) 


Here the first term is the kinetic energy associated with particle currents, 
and is given by 
he 
Bhoy = p= f drlv(e)P(Vo). (7.95) 
m 
The second term is an effective potential energy, and it is equal to the 
energy of the cloud when the phase does not vary in space. It is made up 


of a number of terms: 


U(R) =< Exp ++ Hose + Lint, (7.96) 
where 
ie du)| \* c 
Exp = oon dr (4) = Cop ht (7.97) 


is the contribution from the zero-point kinetic energy, 


i 
Bae = 5m / her = eapele (7.98) 
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is that from the harmonic-oscillator potential, and 
il ae 
Ein = Uo f ariel = Cn (7.99) 


is that due to interactions.? The coefficients c, which are constants that 
depend on the choice of f, are defined by these equations. The equilibrium 
radius of the cloud Ro is determined by minimizing the total energy. The 
kinetic energy contribution (7.95) is positive definite, and is zero if ¢ is con- 
stant, and therefore the equilibrium condition is that the effective potential 
be a minimum, 

dU 


ee = |i) 7.100 
is , (7.100) 


R=Ro 


or, since the contributions to the energy behave as powers of R as shown in 
Eqs. (7.97)—(7.99), 


pe SO 1 GS =U. (7.101) 
R=Ro 


When R differs from its equilibrium value there is a force tending to change 
R. To derive an equation describing the dynamics of the cloud. we need to 
find the kinetic energy associated with a time dependence of R. Changing 
R from its initial value to a new value R amounts to a uniform dilation of 
the cloud, since the new density distribution may be obtained from the old 
one by changing the radial coordinate of each atom by a factor R /R. The 
velocity of a particle is therefore equal to 


COs (7102, 


where R denotes the time derivative of R. The kinetic energy of the bulk 
motion of the gas is thus given by 


OR 
ih “9 
= giro (703) 
where 
7) 
Moe = N Mg (7.104) 


Here r2 = f drn(r)r?/ f drn(r) is the mean-square radius of the cloud. Note 


3 Note that the total kinetic energy equals Exp + Esow: 


7.3 Collective modes in traps 189 


that me is independent of R. For a harmonic trap the integral here is 
identical with that which occurs in the expression (7.98) for the contribution 
to the energy due to the oscillator potential, and therefore we may write 


R2 
gow aa wep (alos) 
or 
Mef = “reo (7.106) 


The total energy of the cloud may thus be written as the sum of the energy 
of the static cloud Eq. (7.96) and the kinetic energy term Eq. (7.103), 


1 ; 
a gett Re + U(R), (7.107) 


which is the same expression as for a particle of mass meg moving in a one- 
dimensional potential U(). From the condition for energy conservation, 
dE;/dt = 0, it follows that the equation of motion is 


OU(R) 
OR 


This equation is not limited to situations close to equilibrium, and in Sec. 


ng = = (7.108) 


7.5 below we shall use it to determine the final velocity of a freely expanding 
cloud. However, as a first application we investigate the frequency of small 
oscillations about the equilibrium state. Expanding the effective potential 
to second order in R — Ro, one finds 


U(R) = U(Ro) + 5 Ke(R ~ Ry)”, (7.109) 


where 


ae SO Gay (7.110) 


is the effective force constant. Therefore the frequency of oscillations is given 
by 


Bo Ss, (7.111) 
Mleff 


This result is in fact independent of the trapping potential, but we shall now 
specialize our discussion to harmonic traps. From the expressions (7.97)— 
(7.99) one sees that 


R? Ee = 6 Exp ar 2 ese aie Et 
= MDgge oats 112) 
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where the latter form follows from the first by using the virial condition Eq. 
(7.101) to eliminate the zero-point energy. Thus the frequency is given by 


Dnt ky > 
w? = we 1 (7.113) 


In Sec. 14.2 we shall apply this result to fermions. 

Let us examine a number of limits of this expression. First, when in- 
teractions may be neglected one finds w = +2wo, in agreement with the 
exact result, corresponding quantum-mechanically to two oscillator quanta. 
This may be seen from the fact that the Gross-Pitaevskii equation in the 
absence of interactions reduces to the Schrédinger equation. and the energy 
eigenvalues are measured with respect to the chemical potential. which is 
3hwo/2. The lowest excited state with spherical symmetry corresponds to 
two oscillator quanta, since states having a single quantum have odd parity 
and therefore cannot have spherical symmetry. 

Another limit is that of strong interactions, Na/dosc >> 1. The zero-point 
energy can be neglected to a first approximation, and the virial condition 
(7.101) then gives Eint(Ro) = 2Hosc(Ro)/3 and therefore 


ise Eatin (7.114) 


This too agrees with the exact result in this limit, Eq. (7.71) for n = 1,1 = 0. 

It is remarkable that, irrespective of the form of the function f, the mode 
frequency calculated by the approximate method above agrees with the exact 
result in the limits of strong interactions and of weak interactions. This 
circumstance is a special feature of the harmonic-oscillator potential, for 
which the effective mass is simply related to the potential energy due to the 
trap. 

The method may be applied to anisotropic traps by considering pertur- 
bations of the cloud corresponding to transformations of the form x,y, 2— 
ax, By,yz, where the scale factors may be different. This gives three cou- 
pled equations for a, and y. For an axially-symmetric trap this leads to 
Eqs. (7.82) and (7.85) for the mode frequencies. Likewise the properties of 
the scissors modes may be derived by considering displacements of the form 
x—7+xtay,y > y+be,z— z and cyclic permutations of this. 


Variational approach 


The calculation of mode frequencies based on the idea of collective coordi- 
nates may be put on a more formal footing by starting from the variational 
principle Eq. (7.4). The basic idea is to take a trial function which depends 
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on a number of time-dependent parameters and to derive equations of mo- 
tion for these parameters by applying the variational principle [7]. As an 
example, we again consider the breathing mode of a cloud in a spherical 
trap. The amplitude of the wave function determines the density distribu- 
tion, while its phase determines the velocity field. For the amplitude we 
take a function of the form we considered above in Eq. (7.93). In the cal- 
culation for the breathing mode we assumed that the velocity was in the 
radial direction and proportional to r. Translated into the behaviour of the 
wave function, this implies that the phase of the wave function varies as 
r?, since the radial velocity of the condensate is given by (h/ m)0@/Or. We 
therefore write the phase of the wave function as Gmr?/2h, where G is a 
second parameter in the wave function. The factor m/h is included to make 
subsequent equations simpler. The complete trial wave function is thus 


AN}/2 
R3/2 
We now carry out the integration over 7 in (7.5) and obtain the La- 


grangian as a function of the two independent variables @ and R and the 
time derivative (, 


wr, t) = fe ee (7.115) 


Te Ee 2 
b= = (ony ; (8? + 6). (7.116) 
From the Lagrange equation for /, 
dob OL 
—— = — TAL? 
diag Oop ( ) 
we find 
R 
=, Goll 
=F (7.118) 


This is the analogue of the continuity equation for this problem, since it 
ensures consistency between the velocity field, which is proportional to @ 
and the density profile, which is determined by R. The Lagrange equation 


for R is 
LBue = a ls) 
dtoR OR 

which reduces to OL/OR = 0, since the Lagrangian does not depend on R. 


‘This is 


me (8 + 62) = 29. 


When Eq. (7.118) for @ is inserted into (7.120) we arrive at the equation of 


7120) 
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motion (7.108) derived earlier. The results of this approach are equivalent to 
those obtained earlier using more heuristic ideas. However, the variational 
method has the advantage of enabling one to systematically improve the 
solution by using trial functions with a greater number of parameters. 

Finally, let us compare these results for the breathing mode with those 
obtained in Sec. 7.3.1 by solving the hydrodynamic equations with the quan- 
tum pressure term neglected. The hydrodynamic equations are valid in the 
limit Exp < Eint, and therefore in the results for the collective coordinate 
and variational approaches we should take that limit. The lowest i= 0) mode 
is trivial: it corresponds to a uniform change in the density everywhere and 
has zero frequency because such a density change produces no restoring 
forces. This corresponds to the index n being zero. The first excited state 
with 1 = 0 corresponds to n = 1, indicating that it has a single radial node 
in the density perturbation. According to Eq. (7.71) the frequency of the 
mode is given by w? = ta. in agreement with the result of the collective co- 
ordinate approach, Eq. (7.114). The nature of the mode may be determined 
either from the general expression in terms of hypergeometric functions or 
by construction, as we shall now demonstrate. 

The s-wave solutions to (7.64) satisfy the equation 


d (R2—1?) & 
2 e 2 
in = w2r—éin — uk 
WwW on Wy Ae rT W9 oe ae 


Following the method used earlier for anisotropic traps. let us investigate 


(rén). CA 


whether there exists a solution of the form 
Om = adie, Cele) 


where a and b are constants to be determined. This function is the analogue 
of Eq. (7.83) for a mode with spherical symmetry (b = c). Inserting this 
expression into (7.121), we find from the terms proportional to fF tliat 


ur = eis (723) 


Thus the frequency of the mode agrees with the value calculated by other 
imethods. Equating the terms independent of 7 yields the condition 


Oe oe 
— 3 Re oe) 
The density change dn is thus given by 
br? 


This is identical with the density change of the equilibrium cloud produced 
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by a change in R. To show this, we use the fact that in the Thomas— 
Fermi approximation, when the zero-point kinetic energy is neglected, the 
equilibrium density is given by 


~ C 2 
n=F, (1 = im): (7.126) 


where C’ is a constant. From (7.126) it follows that a small change dR in 
the cloud radius R gives rise to a density change 


C r 
= Ra (s oT) Ole lL) 
which has the same form as Eq. (7.125). The corresponding velocity field 
may be found from the continuity equation (7.8), which shows that v x Vn, 
which is proportional to r. Thus the velocity field is homologous, as was 
assumed in our discussion of modes in terms of collective coordinates. 


7.4 Surface modes 


In the previous section we showed that in a spherically-symmetric trap there 
are modes which are well localized near the surface of the cloud. To shed 
light on these modes, we approximate the potential in the surface region 
by a linear function of the coordinates, as we did in our study of surface 
structure in Sec. 6.3, and write 


V(r) = Fe, (7.128) 


where the coordinate « measures distances in the direction of VV. This ap- 
proximation is good provided the wavelength of the mode is small compared 
with the linear dimensions of the cloud. Following Ref. [8] we now inves- 
tigate surface modes for a condensate in the linear ramp potential (7.128). 
Because of the translational invariance in the y and z directions the solution 
may be chosen to have the form of a plane wave for these coordinates. We 
denote the wave number of the mode by q, and take the direction of propaga- 
tion to be the z axis. Provided the mode is not concentrated in the surface 
region of thickness 6 given by Eq. (6.44), we may use the Thomas—Fermi 
approximation, in which the equilibrium condensate density n is given by 
n(x) = —Fx/Up for x < 0, while it vanishes for x > 0. Equation (7.62) for 
the density oscillation in the mode has a solution 


in = Celta, (7.129) 


C being an arbitrary constant. This describes a wave propagating on the 
surface and decaying exponentially in the interior. For the Thomas—Fermi 
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approximation to be applicable the decay length 1/q must be much greater 
than 6. Since (7.129) satisfies Laplace’s equation, V7dn = 0, we obtain by 
inserting (7.129) into (7.62) the dispersion relation 

ees 


a (7.130) 
m 


This has the same form as that for a gravity wave propagating on the surface 
of an incompressible ideal fluid in the presence of a gravitational field g = 
F/m. 

The solution (7.129) is however not the only one which decays exponen- 
tially in the interior. To investigate the solutions to (7.62) more generally 
we insert a function of the form 


bn = f(qrye*™, (Cela 


and obtain the following second-order differential equation for f(y), 


d° f df 
2yt+1 i= =. fel o2 
Ga + Out DG +0- of =0 (7.132) 
where € = mw*/Fq. By introducing the new variable z = —2y one sees that 


Eq. (7.132) becomes the differential equation for the Laguerre polynomials 
Ln(z), provided € — 1 = 2n. We thus obtain the general dispersion relation 
for the surface modes 


+ 


Ff : 
es le, SO... (7.133) 
m 
The associated density oscillations are given by 
én(x, 2,t) = CLn(—2gx)eP Cr", (7.134) 


where C is a constant. 

Let us now compare the frequencies of these modes with those given in 
Eq. (7.71) for the modes of a cloud in an isotropic, harmonic trap. For l 
much greater than n, the dispersion relation becomes C= wel(1 + 2n). 
Since the force due to the trap at the surface of the cloud is # = weR per 
unit mass and the wave number of the mode at the surface of the cloud is 
given by q = 1/R, it follows that wel = Fq/m and the dispersion relation 
w? = wel(1 + 2n) is seen to be in agreement with the result (7.133) for the 
plane surface. For large values of / it is thus a good approximation to replace 
the harmonic-oscillator potential by the linear ramp. The surface modes are 
concentrated within a distance of order (2n + 1)R/I from the surface, and 
therefore provided this is smaller than R, it is permissible to approximate 
the harmonic-oscillator potential by the linear ramp. It should be noted 
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that the frequencies of the n = 0 modes for the linear ramp potential agree 
with the frequencies of the nodeless radial modes (corresponding to n = 0) 
for a harmonic trap at all values of 1. For modes with radial nodes Grea) 
the two results agree only for ] >> n. 


d 


The results above were obtained in the Thomas—Fermi approximation, 
which is valid only if the depth to which the mode penetrates is much greater 
than the scale of the surface structure 6, Eq. (6.44). At shorter wavelengths, 
there are corrections to the dispersion relation (7.130) which may be related 
to an effective surface tension due to the kinetic energy of matter in the 
surface region [8]. Finally, we note that the properties of surface excita- 
tions have recently been investigated experimentally by exciting them with 
a moving laser beam [9]. 


7.5 Free expansion of the condensate 


The methods described above are not limited to situations close to equilib- 
rium. One experimentally relevant problem is the evolution of a cloud of 
condensate when the trap is switched off suddenly. The configuration of the 
cloud after expansion is used as a probe of the cloud when it is impossible 
to resolve its initial structure directly. For simplicity, we consider a cloud 
contained by an isotropic harmonic trap, V(r) = mwér?/2, which is turned 
off at time ¢ = 0. We employ a trial function of the form (7.115) with 
f(r/R) = exp(—r?/2R?). As may be seen from Eq. (6.19), the zero-point 
energy is given by 


38Nh? 
and the interaction energy by 
N2Up 
ees <= ade eee aoe 
Fint 2(Qn)3/2.R3 (7 ) 


For the Gaussian trial function the effective mass (Eq. (7.106)) is meg = 
3Nm/2. The energy conservation condition therefore yields 
ee ok 1 NU 3h? ee ie 
Me ge et ipl a asa (7-187) 
4 Magee UO es Take 4m R(0) 2(2m)3/2 R(O) 
where (0) is the radius at time t = 0. 
In the absence of interactions (Up = 0) we may integrate (7.137) with the 
result 


PO) =k O) Lage, (7.138) 
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where vp, which is equal to the root-mean-square particle velocity, is given 
by 
h 

i= —=— FMS) 

0 mR(0) a) 
Thus the expansion velocity is the velocity uncertainty predicted by 
Heisenberg’s uncertainty principle for a particle confined within a dis- 
tance ~ R(0). The initial radius, R(0), is equal to the oscillator length 
Pee mui) !/ 2 and therefore the result (7.138) may be written as 


R?(t) = R?(0)(1 +492”). (7.140) 


This result is the exact solution, as one may verify by calculating the evo- 
lution of a Gaussian wave packet. 

When interactions are present, the development of R as a function of time 
may be found by numerical integration. However. the asymptotic behaviour 
for t > oo may be obtained using the energy conservation condition (7.137), 
which yields a final velocity given by 

9 h? Up.N 


= : 7.141 
“e Pe Oe = 3(273)1/2m R(0)3 ( ) 


When Na/dosc is large, the initial size of the cloud may be determined by 
minimizing the sum of the oscillator energy and the interaction energy. Ac- 
cording to (6.27) the result for an isotropic trap is 


9\ 1/10 + Nqg\ V5 
ro) = () (: *) Bee (7.142) 


T Close 


At large times, the cloud therefore expands according to the equation 


R(t) UyN ea ee 
” 302 “= swt", 14 
RO) 9 3 tan. 3 ~0 (7.143) 


since the final velocity is dominated by the second term in (7.141). 


7.6 Solitons 


In the dynamical problems addressed so far, we have obtained analyti- 
cal results for small-amplitude motions, but have had to rely on approx- 
imate methods when non-linear effects are important. However the time- 
dependent Gross-Pitaevskii equation has exact analytical solutions in the 
non-linear regime. These have the form of solitary waves, or solitons, that is, 
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localized disturbances which propagate without change of form.’ The sub- 
ject of solitons has a long history, starting with the observations on shallow 
water waves made by the British engineer and naval architect John Scott 
Russell in the decade from 1834 to 1844. Soliton solutions exist for a num- 
ber of non-linear equations, among them the Korteweg-de Vries equation, 
which describes the properties of shallow water waves, and the non-linear 
Schrédinger equation, of which the Gross—Pitaevskii equation (7.1) is a spe- 
cial case. 

The physical effects that give rise to the existence of solitons are non- 
linearity and dispersion. Both of these are present in the Gross~Pitaevskil 
equation, as one can see by examining the Bogoliubov dispersion relation 
given by (7.30), w2 = (nUp/m)q?+h?q4 /4m? , which exhibits the dependence 
of the velocity of an excitation on the local density and on the wave number. 
Solitons preserve their form because the effects of non-linearity compensate 
for those of dispersion. Before describing detailed calculations, we make 
some general order-of-magnitude arguments. For definiteness, let us consider 
a spatially-uniform condensed Bose gas with repulsive interactions. If a 
localized disturbance of the density has an amplitude An and extends over 
a distance L, it may be seen from the dispersion relation that the velocity 
of sound within the disturbance is different from the sound velocity in the 
bulk medium by an amount ~ s(An)/n due to non-linear effects. One can 
also see that, since g ~ 1/L, dispersion increases the velocity by an amount 
~ s€?2/L*, where € is the coherence length, given by (6.62). For the effects of 
non-linearity to compensate for those of dispersion, these two contributions 
must cancel. Therefore the amplitude of the disturbance is related to its 
length by 

ap (7.144) 

The velocity u of the disturbance differs from the sound speed by an amount 
of order the velocity shifts due to dispersion and non-linearity, that is 

‘Ss 2 

lu — s| ~ 855: (7.145) 

Note that solitons for this system correspond to density depressions, whereas 

for waves in shallow water, they correspond to elevations in the water level. 

This difference can be traced to the fact that the dispersion has the opposite 

sign for waves in shallow water, since w2 ~ ghq?[1 — (qh)? /3], where g is the 


4 In the literature, the word ‘soliton’ is sometimes used to describe solitary waves with special 
properties, such as preserving their shapes when they collide with each other. We shall follow 
the usage common in the field of Bose-Einstein condensation of regarding the word ‘soliton’ as 
being synonymous with solitary wave. 


198 Dynamics of the condensate 


acceleration due to gravity and fh the equilibrium depth of the water. The 
non-linearity has the same sign in the two cases, since the velocity of surface 
waves increases with the depth of the water, just as the speed of sound in a 
condensed Bose gas increases with density. 

For repulsive interactions between particles, the simplest example of a 
soliton is obtained by extending to the whole of space the stationary solution 
to the Gross—Pitaevskii equation at a wall found in Sec. 6.4 (see Eq. (6.65)), 


(x) = vo tanh = (7.146) 

with 
h ae 
= (mnt? (1) 


being the coherence length far from the wall. This solution is static, and 
therefore corresponds to a soliton with velocity zero. It is also referred to 
as a kink, since the phase of the wave function jumps discontinuously by 7 
as Z passes through zero. 

The hydrodynamic equations (7.8) and (7.20) possess one-dimensional 
soliton solutions that depend on the spatial coordinate x and the time t only 
through the combination x — ut. We look for solutions for which the density 
n approaches a non-zero value ng when x — too. Since On/Ot = —udn/dx, 
the continuity equation may be rewritten as 


(un =v) = 0, (7.148) 


which upon integration and use of the boundary condition that v = 0 at 
infinity becomes 


vu (1 = *). (7.149) 
Since 0u/Ot = —udu/Ox we may rewrite (7.20) as 


Ov O Il lie oF 
= a ee ae 
muy Az (: 0+ 5mu ami Ow vi) (7.150) 


The result of integrating (7.150) is (Problem 7.5) 


n(x,t) = Mmm + (N90 — Min) tanh? [(a — ut)/V2Ey], (Ait) 
where the width, which depends on velocity, is 


S 


= oe 


(7.152) 
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The velocity u is related to the density ratio Mmin/no by 


y 
ue Minin ) NminUo 
a a (7.153) 
8 no m 


where s = (n9Up/m)'/? is the velocity of sound in the uniform gas. The ve- 
locity of the soliton is therefore equal to the bulk sound velocity evaluated 
at the density Min. When u = 0 the minimum density in the soliton van- 
ishes, and the density profile (7.151) reduces to that associated with (7.146). 
These analytical results, which were derived by Tsuzuki more than thirty 
years ago [10], confirm the qualitative estimates (7.144) and (7.145) arrived 
at earlier. 

Another quantity of importance for these solitons is the change in phase 
across them. This may be found by integrating the expression for the su- 
perfluid velocity, since u(x) = (h/m)0¢/0z. Thus from Eqs. (7.149) and 
(els) eeie timds 


gah f= no — Nmin 


(x — 00) — $(@ > —00) = Oh eee bry cosh? (a/V/2€,) — (ro — min) 


= —2cos™? ( [Pte (7.154) 
no 


For a soliton moving in the positive x direction the phase change is negative. 
Physically this is because the wave is a density depression, and consequently 
the fluid velocity associated with it is in the negative x direction. In pee 


13.3 we shall discuss how solitons may be generated experimentally by ma- 
nipulating the phase of the condensate. 

In one spatial dimension there are also soliton solutions for attractive 
interactions (Up < 0), the simplest of which is 


Il 
cosh{(2m|2|/h?2)!/22]’ 


w(x, t) = W(0)e Hl” (7.155) 


where the chemical potential yw is given by 


p= sVolb(O)P. (7.156) 


These are self-bound states which are localized in space in the x direction, 
since y vanishes for large ||. 

Solitons are also observed in non-linear optics, and the intensity of the 
light plays a role similar to that of the condensate density in atomic clouds. 
By analogy, the word dark is used to describe solitons that correspond to 
density depressions. This category of solitons is further divided into black 
ones, for which the minimum density is zero, and grey ones, for which it 
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is greater than zero. Solitons with a density maximum are referred to as 
bright. 

Dark solitons in external potentials behave essentially like particles if the 
potential varies sufficiently slowly in space [11]. To determine the soliton 
velocity, we argue that, if the potential varies sufficiently slowly in space, 
the soliton moves at the same rate as it would in a uniform medium. The 
energy of the soliton may be calculated by assuming that the velocity field 
and the deviation of the density from its equilibrium value are given by the 
expressions for a background medium with uniform density. It is convenient 
to consider the quantity # — uN rather than the energy itself to allow for 
the deficit of particles in the soliton. The contribution to this quantity from 
the soliton consists of four parts. One is the change in the energy due to 
the external potential, since when a soliton is added, particles are removed 
from the vicinity of the soliton. The density depression gives rise to a lo- 
cal increase of the fluid velocity, and this leads to the second contribution 
which is due to the extra kinetic energy that arises because of this. Another 
effect is that the density reduction leads to a change in the interparticle 
interaction energy, and this gives the third contribution. The fourth con- 
tribution is due to the spatial variation of the magnitude of the condensate 
wave function. When all these terms are added, one finds that the energy 
of the soliton, per unit area perpendicular to the direction of propagation. 
is given by 


Ah 


ae ee ey 3/2 
é 3m Vie) — inne nog 


[u—V (xs) — mu?(z,)]°/2, 


(Cal) 
where xs is the position of the centre of the soliton, which depends on time. 
In writing the second form, we have used the fact that the velocity Ge) 
of the soliton is equal to the sound velocity at the minimum density in the 
SClitone (i) =m aly /m. It is interesting to note that the energy of 
a soliton decreases as its velocity increases, whereas for an ordinary particle 
it increases, 


_ Ah 
— 8 fmUp 


From Eq. (7.157) we can immediately derive a number of conclusions. 
Since, in the Thomas~Fermi theory, the chemical potential and the external 
potential are related to the local density no(as) in the absence of the soliton 
by Eq. (6.31), = V(xs)+no(as)Up, it follows that the energy of the soliton 
is proportional to [no(vs) — Minin (25 )|3/ 2. The requirement of energy cou- 
servation therefore implies that solitons move so that the depression of the 
density, with respect to its value in the absence of the soliton, is a constant. 
From the second form of Eq. (7.157) one sees that for energy to be conserved, 
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the quantity p—V (as) —mu?(as) must be constant, or V(as) +mu?(xs) must 
be constant. The latter expression is the energy of a particle of mass 2m. 
Consequently, we arrive at the remarkable conclusion that the motion of a 
soliton in a Bose-Einstein condensate in an external potential is the same 
as that of a particle of mass 2m in the same potential. Thus, for a potential 
having a minimum, the period of the motion of a soliton is V2 times that of 
a particle of mass m in the potential, the energy of the particle being equal 
to the value of the external potential at the turning points of the motion. 

Because of the inhomogeneity of the potential, the form of the velocity 
that we have adopted is not an exact solution of the equation of motion, and 
as the soliton accelerates due to the external potential, it will emit sound 
waves in much the same way as a charged particle emits electromagnetic 
radiation when accelerated. However, this effect is small if the potential 
varies sufficiently slowly. Dissipation tends to make the soliton less dark, 
that is to reduce the depth of the density depression. In a condensate of 
finite extent, such as one in a trap, emission of phonons is suppressed by the 
discrete nature of the spectrum of elementary excitations. 

In bulk matter, purely one-dimensional solitons are unstable to perturba- 
tions in the other dimensions. This may be shown by studying small depar- 
tures of the condensate wave function from its form for a soliton, just as we 
earlier investigated oscillations of a condensate about the ground-state solu- 
tion. The corresponding equations are the Bogoliubov equations (7.39) and 
(7.40) with (r, ¢) put equal to the solution for a soliton. For dark solitons in 
a condensate with repulsive interactions, this instability was demonstrated 
in Ref. [12]. When the instability grows, solitons break up into pairs of vor- 
tices. Bright solitons in a medium with attractive interactions are unstable 
with respect to a periodic spatial variation in the transverse direction [ele 
This corresponds to a tendency to break up into small clumps, since the 
attractive interaction favours more compact structures, as discussed in Sec. 
O22 


Problems 


PROBLEM 7.1 Derive the hydrodynamic equations (7.8) and (7.19) directly 
from the action principle (7.4) with the Lagrangian (7.5), by varying the 
action with respect to the magnitude and the phase of the condensate wave 
function ~(r,t) = f(r, tee. 


PROBLEM 7.2 Show that for a harmonic trap with an axis of symmetry 
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there exist collective modes of the form (7.80), and verify the result (7.81) 
for their frequencies. 


PROBLEM 7.3 Consider a trap with axial symmetry, corresponding to the 
potential (7.74) with A 4 1. Use the variational method with a trial function 
of the form 

y= Cena Fe) ee eiap?m/2h ,iBz?m/2h 


R, Z, a and £ being variational parameters, to obtain equations of motion 
for R and Z and identify the potential U(R, Z). Determine the frequencies 
of small oscillations around the equilibrium state and compare the results 
with the frequencies (7.85) obtained by solving the hydrodynamic equations 
in the Thomas—Fermi approximation. 


PROBLEM 7.4 Use the trial function given in Problem 7.3 to study the free 
expansion of a cloud of condensate upon release from an axially-symmetric 
trap of the form (7.74) with \ 4 1, by numerically solving the coupled 
differential equations for R and Z. Check that your numerical results satisfy 
the energy conservation condition. 


PROBLEM 7.5 Show that the equation (7.150) may be integrated to give 
he (Asn? n— no)? 
enor! Se wis wesbiht wo C@enre Moe, (EN) lS), 
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Microscopic theory of the Bose gas 


In Chapter 7 we studied elementary excitations of the condensate using the 
Gross-Pitaevskii equation, in which the wave function of the condensate is 
treated as a classical field. In this chapter we develop the microscopic the- 
ory of the Bose gas, taking into account the quantum nature of excitations. 
First we discuss the excitation spectrum of a homogeneous gas at zero tem- 
perature (Sec. 8.1) within the Bogoliubov approximation and determine the 
depletion of the condensate and the change in ground-state energy. Follow- 
ing that we derive in Sec. 8.2 the Bogoliubov equations for inhomogeneous 
gases, and also consider the weak-coupling limit in which particle interac- 
tions may be treated as a perturbation. Excitations at non-zero tempera- 
tures are the subject of Sec. 8.3, where we describe the Hartree-Fock and 
Popov approximations, which are mean-field theories. Interactions between 
atoms change the frequencies of spectral lines. Such shifts are important in 
atomic clocks, and an important example in the context of Bose-Einstein 
condensation is the shift of the 15-25 transition in hydrogen, which is used 
to measure the atomic density. Collective effects not taken into account in 
the Hartree-Fock theory and the other mean-field theories mentioned above 
are important for understanding these shifts, as will be described in Sec. 8.4. 

The starting point for our calculations is the Hamiltonian (6.3). In terms 
of creation and annihilation operators for bosons, 7)'(r) and v(r) respec- 
tively, it has the form 


“ i » “ ~ Uo ee 
1 = far |e) HE) + VIMO AE) + Vil eqHteyGeyie IF 
(8.1) 
In the Gross-Pitaevskii equation one works not with creation and annihi- 
lation operators but with the wave function for the condensed state, which 
is a Classical ficld. The Gross Pitaevskii approach is thus analogous to the 


204 


&.1 hzcitations in a uniform gas 205 


classical theory of electrodynamics, in which a state is characterized by clas- 
sical electric and magnetic fields, rather than by creation and annihilation 
operators for photons. 

To take into account quantum fluctuations about the state in which all 
atoms are condensed in a single quantum state it is natural to write! 


b(r) = o(r) + dvb). (8.2) 


If the fluctuation term dy(r) is neglected, the Hamiltonian is equivalent to 
the energy expression which leads to the Gross—Pitaevskii equation. 


8.1 Excitations in a uniform gas 


As a first illustration we consider a uniform gas of interacting bosons con- 
tained in a box of volume V. The Hamiltonian (8.1) then becomes 


U 
0 0 
H = > | pp + a D Miaty gt > ie) 


where ep = p*/2m. Here the operators Gp and at, that destroy and create 
bosons in the state with momentum p satisfy the usual Bose commutation 
relations 


[Ga 4 =e Geer] =O, atl [at,, a] =). (8.4) 


We assume that in the interacting system the lowest-lying single-particle 
state is macroscopically occupied, that is No/N tends to a non-zero value in 
the thermodynamic limit when N and V tend to infinity in such a way that 
the density N/V remains constant. In the unperturbed system we have 


ai|No) = V/No +1|No +1) and ao|No) = VNo|No — 1), (8.5) 


and in the Hamiltonian we therefore replace ag and aj, by V/No, as was first 
done by Bogoliubov [1]. This is equivalent to using Eq. (8.2) with the wave 
function for the condensed state given by = = VNo¢o, where ¢p = V-'/? is 
the wave function for the zero-momentum state. 

Within the Bogoliubov approach one assumes that dy(r) is small and 
retains in the interaction all terms which have (at least) two powers of ¢(r) 
or ~*(r). This is equivalent to including terms which are no more than 


1 In this chapter we use the notation w to distinguish the annihilation operator from the wave 
function 7). When ambiguities do not exist (as with the annihilation operator ap) we omit the 
‘hat’. 
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quadratic in du(r) and dw! (r), that is in dp and al, for p # 0. One finds 


NeUo 


A= 
2V 


ngU 
4 Ss (ep + 2ngUo)ahap + 3 : SS (Gignac ces) (8.6) 
p(p#0) p(p#0) 


where no = No/V is the density of particles in the zero-momentum state.* 
The first term is the energy of No particles in the zero-momentum state, 
and the second is that of independent excitations with energy e + 2ngUo, 
which is the energy of an excitation moving in the Hartree-Fock mean field 
produced by interactions with other atoms. To see this it is convenient to 
consider an interaction U(r) with non-zero range instead of the contact one. 
and introduce its Fourier transform U(p) by 


GND) = [ae U(r) exp(—ip-r/h). (8.7) 


When the operators ag and al in the Hamiltonian are replaced by c numbers. 
the term in the interaction proportional to No is 


= ! 
SS no|[U (0) + U(p)|alap +5 Se noU(p)(al,al, +dpG-p) (8.3) 
p(p#0) p(p#0) 


The aap term has two contributions. The first. ngU/(0). is the Hartree 
energy, which comes from the direct interaction of a particle in the state 
p with the No atoms in the zero-momentum state. The second is the ex- 
change, or Fock, term, in which an atom in the state p is scattered into 
the zero-momentum state, while a second atom is simultaneously scattered 
from the condensate to the state p. These identifications will be further 
elucidated in Sec. 8.3.1 below where we consider the Hartree-Fock approx- 
imation in greater detail. For a contact interaction the Fourier transform 
of the interaction U(p) is independent of p, and therefore the Hartree and 
Fock terms are both equal to noUp. The final terms in Eqs. (8.6) and (8.8) 
correspond to the scattering of two atoms in the condensate to states with 
momenta +p and the inverse process in which two atoms with momenta +p 
are scattered into the condensate. 

The task now is to find the eigenvalues of the Hamiltonian (8.6). The 
original Hamiltonian conserved the number of particles, and therefore we 
wish to find the eigenvalues of the new Hamiltonian for a fixed average 
2 In this chapter and the following ones it is important to distinguish between the condensate 


density and the total density, and we shall denote the condensate density by no and the total 
density by n. 
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particle number. The operator for the total particle number is given by 
N= a Ol hey (8.9) 
Pp 


which on treating the zero-momentum-state operators as c numbers becomes 
N=Not+ SS al ap. (8.10) 
p(p40) 


Expressed in terms of the total number of particles, the Hamiltonian (8.6) 
may be written 


N?Up ngUo 
a= BV + > le =P noUp)alap a = es Tee eerie (sulk) 
p(p#0) 


where in the first term we have replaced N by its expectation value. This 
is permissible since the fluctuation in the particle number is small. Since 
we consider states differing little from the state with all particles in the 
condensed state it makes no difference whether the condensate density or 
the total density appears in the terms in the sum. The reduction of the 
coefficient of abap from & + 2ngUo to < + ngUg, is due to the condition 
that the total number of particles be fixed. In the classical treatment of 
excitations in Chapter 7 this corresponds to the subtraction of the chemical 
potential, since for the uniform Bose gas at zero temperature, the chemical 
potential is n9Uo, Eq. (6.12). 

The energy ep +noUp does not depend on the direction of p, and therefore 
we may write the Hamiltonian (8.11) in the symmetrical form 


N?U5 
OV 


n= at Ss (ep ae Up) (abhap ap ala aa) “+ noUo(atal_,, all Gpaan|, 


p(p40) (8.12) 


where the prime on the sum indicates that it is to be taken only over one 
half of momentum space, since the terms corresponding to p and —p must 
be counted only once. 


8.1.1 The Bogoliubov transformation 


The structure of the Hamiltonian is now simple, since it consists of a sum 
of independent terms of the form 


eg(ata + b'b) + e,(ald! + ba). (8.13) 
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Here €p and e€; are c numbers. The operators ai and a create and annihilate 
bosons in the state with momentum p, and b! and 0} are the corresponding 
operators for the state with momentum —p. 

The eigenvalues and eigenstates of this Hamiltonian may be obtained by 
performing a canonical transformation, as Bogoliubov did in the context of 
liquid helium [1]. This method has proved to be very fruitful, and it is used 
extensively in the theory of superconductivity and of magnetism as well as 
in other fields. We shall use it again in Chapter 14 when we consider pairing 
of fermions. The basic idea is to introduce a new set of operators a and ( 
such that the Hamiltonian has only terms proportional to ata and Bip. 

Creation and annihilation operators for bosons obey the commutation 
relations 


(a, at] = (b, 4} =1, and [a,b'] = [b,a] =0. (8.14) 
We introduce new operators a and ( by the transformation 


a=uatud', B=ubtudl, (8.15) 


where u and v are coefficients to be determined. We require that also these 
operators satisfy Bose commutation rules, 


[a, a] = [8,8"] =1, [o, 6" =[6,0"] =0. (8.16) 


Since the phases of u and v are arbitrary, we may take u and v to be real. 
By inserting (8.15) into (8.16) and using (8.14) one sees that u and v must 
satisfy the condition 


Wau = 1b (8.17) 
The inverse transformation corresponding to (8.15) is 
a=ua—vpst, b=uGB—val. (8.18) 
We now substitute (8.18) in (8.13) and obtain the result 


H = 2wve9 — 2uve, + [eo(u? + v7) — 2uveq|(ala + B18) 
+ [e,(u? + v?) — 2uveq|(aB+ Blat). (8.19) 


The term proportional to aG + Gial can be made to vanish by choosing u 
and v so that its coefficient is zero: 


ele 20>) = Bivey = 0. (8.20) 


The sign of u is arbitrary, and if we adopt the convention that it is positive, 
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the normalization condition (8.17) is satisfied by the following parametriza- 
tion of wu and v, 


Po COs == citi, (8.21) 


which in turn implies that the condition (8.20) may be written as 


€,(cosh? t + sinh? ¢) — 2eg sinh t cosh t = 0, (e722) 
or 
tanh 2¢ = 2. (8.23) 
€0 


From this result one finds 
(lie = z (= Sip 1) and v= 
where 
e=1/e— 3. (8.25) 


It is necessary to choose the positive branch of the square root, since other- 
wise u and v would be imaginary, contrary to our initial assumption. Solving 
for u2 + v* and 2uv in terms of the ratio €,/e9 and inserting the expressions 
into (8.19) leads to the result 


= (ala 9 6' 8) ee = ca. (8.26) 


The ground-state energy is € — €9, which is negative, and the excited states 
correspond to the addition of two independent kinds of bosons with energy 
e, created by the operators af and @'. For € to be real, the magnitude of 
€9 must exceed that of «1. If Je1] > Jeo|, the excitation energy is imaginary, 
corresponding to an instability of the system. 


8.1.2 Elementary excitations 


We may now use the results of the previous subsection to bring the Hamil- 
tonian (8.12) into diagonal form. We make the transformation 


= i = ee 
Ap = UpAp — UpA_p, Ap = UpA—p — UpAp, (2.20) 


where dp corresponds to a in the simple model, a_p to 6, ap to a, and a_y 
to G. The result is 


N2U, ik \ 
Y= a al Ss epatl, Op — 7D (e tL noUo = Ep) (8.28) 
p(p40) p(p#0) 


210 Microscopic theory of the Bose gas 


with 


Ey = Je + ngUo)? — (roUo)? = (ee? + 2efnoUo. (8.29) 
The energy spectrum (8.29) agrees precisely with the result (7.48) derived 
in the previous chapter. For small p the energy is €) = sp, where 


oye a0) (8.30) 


m 


The operators that create and destroy elementary excitations are given 
by 


al, = Upa, + Updan: (3) 


The coefficients satisfy the normalization condition 


ee I (8.32) 


corresponding to Eq. (8.17) and are given explicitly by 


2 P 2 Pp 
el d en ; S.aa 
Up 2 G ) a “P 2 a ) ( ) 


where €&) = ep + ngUp is the difference between the Hartree-Fock energy of 
a particle and the chemical potential, Eq. (6.12). 

Thus the system behaves as a collection of non-interacting bosons with 
energies given by the Bogoliubov spectrum previously derived from classical 
considerations in Chapter 7. In the ground state of the system there are no 
excitations, and thus ap|0) = 0. 


Depletion of the condensate 


The particle number is given by Eq. (8.10) which, rewritten in terms of al, 
and ap, has the form 


N = No + S> ut SG 2 +05) valor, 
p(p70) p(p70) 
— a uptp(atal AE Cyne (8.34) 
p(p#0) 
In deriving this expression we used the Bose commutation relations to re- 
order operators so that the expectation value of the operator terms gives 
zero in the ground state. The physical interpretation of this expression is 
that the first term is the number of atoms in the condensate. ‘The second 
term represents the depletion of the condensate by interactions when no real 
excitations are present. In the ground state of the interacting gas, not all 
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particles are in the zero-momentum state because the two-body interaction 
mixes mto the ground-state components with atoms in other states. Con- 
sequently, the probability of an atom being in the zero-momentum state is 
reduced. The last terms correspond to the depletion of the condensate due to 
the presence of real excitations. For states which contain a definite number 
of elementary excitations, the expectation value of anal, and its Hermitian 
conjugate vanish, and therefore the number operator may equivalently be 
written as 


= 2 2 2 
N=No+ S- One SS (Gee v2)al ap. (8.35) 
p(p70) p(p70) 
This shows that when an excitation with non-zero momentum p is added to 
the gas, keeping No fixed, the number of particles changes by an amount 


i ue =i uz = Sy (8.36) 


ey 

alletioeas DClOre cy — es +ngUp9. Thus, when an excitation is added keeping 
the total number of particles fixed, No must be reduced by the corresponding 
amount. At large momenta the particle number associated with an excita- 
tion tends to unity, since then excitations are just free particles, while for 
small momenta the effective particle number diverges as ms/p. 

The depletion of the ground state at zero temperature may be calculated 
by evaluating the second term in Eq. (8.34) explicitly and one finds for the 
number of ee per unit volume in excited states? 


ey Ss : 
he = 7 7 =|et=m@lG). ew 


which is of order one particle per volume €°, where € is the coherence length, 
Eq. (6.62). Physically this result may be understood by noting that Oe is 
of order unity for momenta p ~ f/f, and then falls off rapidly at larger 
momenta. The number density of particles in excited states is thus of order 
the number of states per unit volume with wave number less than 1/€, that 
is, 1/€° in three dimensions. The depletion may also be expressed in terms 
of the scattering length by utilizing the result (8.30) with Up = 4h?a/m, 
and one finds 


Nex 8 
Tr _ Baa 


In deriving this result we have assumed that the depletion of the condensate 


(na®)/?, (8.38) 


3 When transforming sums to integrals we shall use the standard prescription woe = 
V | dp/Qnh)? : 
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is small, and (8.38) is therefore only valid when the particle spacing is large 
compared with the scattering length, or nex <n. In most experiments that 
have been carried out, the ground-state depletion is of the order of one per 
cent. Recent experiments on 85Rb near a Feshbach resonance achieved very 
large values of the scattering length corresponding to a depletion of 10%, 
thus opening up the possibility of measuring effects beyond the validity of 
the mean-field approximation |2]. 


Ground-state energy 


The calculation of higher-order contributions to the energy requires that 
one go beyond the simple approximation in which the effective interaction 
is replaced by Up = Arh?a/m. The difficulty with the latter approach is 
seen by considering the expression for the ground-state energy Eo that one 
obtains from Eq. (8.28), 


INE il 
Eo = oe S (2 + noUo — €»). (wrong!) (8.39) 
p 


DE 2 


Formally the sum is of order he as one can see by expanding the summand 
for large p. However, the sum diverges linearly at large p: the leading terms 
in the summand are of order 1/ p*, and the sum over momentum space when 
converted to an integral gives a factor p’dp. This difficulty is due to the 
fact that we have used the effective interaction Up, which is valid only for 
small momenta, to calculate high-momentum processes. In perturbation 
theory language, the effective interaction takes into account transitions to 
intermediate states in which the two interacting particles have arbitrarily 
high momenta. If the sum in Eq. (8.39) is taken over all states, contributions 
from these high-energy intermediate states are included twice. To make a 
consistent calculation of the ground-state energy one must use an effective 
interaction U(p.) in which all intermediate states with momenta in excess of 
some cut-off value p. are taken into account, and then evaluate the energy 
omitting in the sum in the analogue of Eq. (8.39) all intermediate states 
with momenta in excess of this cut off. The ground-state energy is therefore 

2 
iy = wee — ; Sy (€) + noVo — €p). (8.40) 
P(P<Ppe) 


The effective interaction U = U (pe) for zero energy FE and for small values of 
Pc may be obtained from (5.40) by replacing T by Up, which is the effective 
interaction for pp = 0 and # = 0. The imaginary part of the effective 
interaction, which is due to the id term in the energy denominator in (5.40), 
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is proportional to E!/2, and therefore it vanishes at zero energy. The effective 
interaction for small p, and zero energy is thus given by 


oe 1 : 
P(p<pe) 
With this expression for the effective interaction U(p,) one finds 
INE Uo il 0 (nUo)? 
Ly = wg a ¢ > Ng es 200 | (8.42) 


P(p<pc) 
If one chooses the cut-off momentum to be large compared with ms but 


small compared with h/a the result does not depend on p,, and, using the 
fact that no ~ n, one finds 


Eo n? Uo 8 ( ms ) 3 5 
= = MS 
Wy 2 eae \ 1G 
= l /2 
5 c rae a (na’) | (8.43) 


The first form of the correction term indicates that the order of magnitude 
of the energy change is the number of states having wave numbers less than 
the inverse coherence length, times the typical energy of an excitation with 
this wave number, as one would expect from the form of the integral. This 
result was first obtained by Lee and Yang [3]. 


States with definite particle number 


The original microscopic Hamiltonian (8.3) conserves the total number of 
particles. The assumption that the annihilation operator for a particle has a 
non-zero expectation value, as indicated in Eq. (8.2), implies that the states 
we are working with are not eigenstates of the particle number operator. In 
an isolated cloud of gas, the number of particles is fixed, and therefore the 
expectation value of the particle annihilation operator vanishes. Assuming 
that the annihilation operator for a particle has a non-zero expectation value 
is analogous to assuming that the operator for the electromagnetic field due 
to photons may be treated classically. In both cases one works with coherent 
states, which are superpositions of states with different numbers of particles 
or photons. It is possible to calculate the properties of a Bose gas containing 
a definite particle number by introducing the operators [4] 


fp = ah(No +1) ap, a =ah(No+ 1)-/a9, (p#0), (8.44) 


where No = ahag is the operator for the number of particles in the zero- 
momentum state. By evaluating the commutators explicitly, one can show 
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that these operators obey Bose commutation relations when they act on any 
state which has a non-vanishing number of particles in the zero-momentum 
state. In the presence of a Bose-Einstein condensate, components of the 
many-particle state having no particles in the zero-momentuim state play 
essentially no role, so we shall not consider this restriction further. In ad- 
dition, the operator aap is identically equal to aap (or p= 0. Retaining 
only terms no more than quadratic in the operators a@p and dp, one may 
write the Hamiltonian for states that deviate little from the fully-condensed 
state containing a definite number of particles N as 


NY = iw, N Pa 
_ ae 4 Se {ee A 5 Uo) lahay Ga) 
p(p#0) 
U \ % pales ae 7 7 
+7 (No + 2)/?(Mo + 1)7af al, + Gpai—p(No + 2)?(No + 1)"°] p- 
(8.45) 


When one replaces No by its expectation value No and neglects terms of 
relative order 1/No and 1/N, this equation becomes identical with Eq. (8.12) 
apart from the replacement of ap and al, by @p and at. In terms of new 
operators defined by 


al, = Upat, Oto = upat, (No dE 1D) 2 ag vpah(No Se te (820) 


which is analogous to Eq. (8.31), the Hamiltonian reduces to Eq. (8.28). 
but with the operators @p instead of ap. This shows that the addition of 
an elementary excitation of momentum p is the superposition of the addi- 
tion of a particle of momentum p together with the removal of a particle 
from the condensate, and the removal of a particle with momentum —p ac- 
companied by the addition of a particle to the condensate. The fact that 
the total number of particles remains unchanged is brought out explicitly. 
The physical character of long-wavelength excitations may be seen by using 
the fact that up & vp in this limit. Therefore, for large No, al, is propor- 
tional to alag + ala—p, which is the condensate contribution to the operator 
Da al, 4p/@p’ that creates a density fluctuation. This confirms the phonon 
nature of long-wavelength excitations. 


8.2 Excitations in a trapped gas 


In Chapter 7 we calculated properties of excitations using a classical ap- 
proach. The analogous quantum-mechanical theory can be developed along 
similar lines. It parallels the treatment for the uniform system given in 
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Sec. 8.1 and we describe it here. Instead of starting from a functional for 
the energy as we did in the classical case, we consider the Hamiltonian op- 
erator (8.1) and the expression (8.2) which corresponds to separating out 
the condensed state. Also, since we wish to conserve particle number on 
average, it is convenient to work with the operator kK = H — uN , rather 
than the Hamiltonian itself. The term with no fluctuation operators is the 
Gross~Pitaevskii functional (6.9). The terms with a single fluctuation op- 
erator vanish if w satisfies the time-independent Gross—Pitaevskii equation 
(6.11), since the latter follows from the condition that the variations of the 
energy should vanish to first order in variations in w. To second order in 
the fluctuations, the Hamiltonian may be written 


K=H-pN = Ey—pNo + far (- dl (x -- ~ pila ) 
+ (V(e) + 200 }d(e)]? — wld" ead) 
Sve) 6G")? + w"(e)*6G)F}), (BAT) 


which should be compared with the similar expression (8.11) for the en- 
ergy of a gas in a constant potential. To find the energies of elementary 
excitations we adopt an approach similar to that used in Sec. 7.2, where 
we calculated the properties of excitations from the time-dependent Gross— 
Pitaevskii equation. The equations of motion for the operators Oy and out 
in the Heisenberg as are 


oust r 
which upon substitution of &K from (8.47) become 
by) he ; ; 
d a = - 5 V+ V(r) + 2no(r)Uo -1| 5) + Upb(r)?ot ~— (8.49) 
and 


Oooh _ he 
Oo 


In order to solve these coupled equations we carry out a transformation 


5 + V(r) + 2no(r)Up — M dat + Upiy*(r)?dy. (8.50) 


analogous to (7.41) 
dub(r,t) = S [ui(r)ove 4" —U; (ral efit/M), (8.51) 
i 
where the operators a! and a; create and destroy bosons in the excited state 
i. In the ground states we may take w(r) to be real, and therefore we may 


216 Microscopic theory of the Bose gas 


write w(r)? = W*(r)? = no(r). By substitution one sees that u; and v; must 
satisfy the Bogoliubov equations 


-v + V (Ela 20 ho st! = | u(r) —no(r)Upui(r) =0 (8.52) 


and 


™m 


i V2 + V(r) + 2no(r)Uo — w+ a| u(r) — no(r)Upui(r) = 0, (8.53) 


just as in the classical treatment. The only difference compared with Eqs. 
(7.42) and (7.43) is that we have replaced the classical frequency by ¢;/Nh. 
By a generalization of the usual discussion for the Schrodinger equation, one 
may show that the eigenstates with different energies are orthogonal in the 
sense that 


[elu = yoo ce| = 0 (8.54) 


The sign difference between the u and v terms reflects the fact that the 


energy €; occurs with different signs in the two Bogoliubov equations. The 
T 


requirement that a} and a; satisfy Bose commutation relations gives the 


condition 
fi dr|lus(e)|? — [ui(r) 2] = 1. (8.55) 


This choice of normalization agrees with that of u(r) and u(r) in the classical 
theory for the uniform system, as given by Eqs. (7.44) and (7.51). Once the 
eigenvalues €; and the associated solutions wu; and v; have been determined 
we may express the operator K in terms of them. and the result is yy = 
Se ecu! oy; + constant. 

The system has also a trivial zero-energy mode. When the overall phase 
of the condensate wave function is changed, the energy is unaltered, and 
therefore there is no restoring force. Thus this mode has zero frequency. It 
corresponds to a change of the condensate wave function dW = 7wd@, where 
d@ is the change in phase. 


8.2.1 Weak coupling 
The theory of collective modes developed above is quite general, but ana- 
lytical results can be obtained only in limiting cases. The hydrodynamic 
theory described in Chapter 7 is applicable provided interactions are strong 
enough that the Thomas-Fermi approximation for the static structure is 
valid. This requires that Na/a be large compared with unity. In addition 
the method is restricted to modes that are mainly in the interior of the 
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cloud, since the Thomas—Fermi method fails in the boundary layer of thick- 
ness 6 at the surface of the cloud (Sec. 6.3). In the opposite limit, when 
Na/a <1, properties of modes may be investigated by perturbation theory, 
and we now describe this approach. This regime has not yet been explored 
experimentally, but theoretical study of it has brought to light a number of 
interesting results. 

For simplicity, let us consider atoms in a harmonic trap with no axis of 
symmetry and assume the effective interaction between the atoms to be of 
the contact form, U(r—r’) « 6(r—r’). In the ground state in the absence of 
interactions, all atoms are in the lowest level of the oscillator. Elementary 
excitations of the system correspond to promoting one or more atoms to 
excited states of the oscillator. If the oscillator frequencies are not com- 
mensurate, excitations associated with motions along the three coordinate 
directions are independent if the interaction is weak. The simplest excita- 
tion one can make is to take one atom from the ground state of the oscillator 
and put it into, say, the state with n oscillator quanta for motion in the z 
direction. If we suppress the x and y degrees of freedom, the ground state 
may be written as |0’) and the excited state by |0~'n1). The expectation 
value of the total energy in the ground state is given to first order in the 
interaction by 


= ier tut ox) + "A= oojerj00), (8.56) 


where (ij|U|kl) is the matrix element of the two-body interaction between 
oscillator states, see Eq. (8.70). The energy in the excited state may be 
evaluated directly, and it is 


N N—-1\(N—-2 
1 Thu + ur + 03) + ris + § : ) a|u7\00) 


+ 2(N —1)(On|U|0n). (8.57) 
The factor of 2 in the last term on the right hand side of (8.57) appears 
because, for a contact interaction, the Hartree and Fock terms contribute 


equal amounts, as explained in more detail in Sec. 8.3.1 below (cee lige 
(8.72)). The excitation energy is therefore 


én = En — Ey = nhw3 + (N — 1)(2(0n|U|On) — (00|U|00)). (8.58) 
A simple calculation gives 
il 3 
OMe) = 5 (00|U |00), and (02/07/02) — g (001U 190). (8.59) 


Thus the frequency of the n = 1 excitation is the same as in the absence of 
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interactions. This is because this mode corresponds to an excitation of the 
centre-of-mass motion alone, as we have seen earlier. For the n = 2 mode 
one finds for VN > 1 


N 
2 = 2hws — = (00/00). (8.60) 


This result may also be obtained by using the collective coordinate ap- 
proach which we illustrated in Sec. 7.3.3 for the breathing mode. In the 
weak-coupling limit the mode corresponds to a uniform dilation along the z 
direction. 

In the treatment above we have not taken into account the degeneracy of 
low-lying excitations in the absence of interactions. For example, the states 
j0N—12!) and |0%~*1) are degenerate. Interactions break this degeneracy, 
but they shift the excitation energy by terms which are independent of NV. 
When the number of particles is large, these contributions are negligible 
compared with the leading term, which is proportional to VN. When many 
excitations are present the problem becomes more complex. In Chapter 9 we 
shall develop this approach to consider the properties of a weakly-interacting 
Bose gas under rotation. 


8.3 Non-zero temperature 


At non-zero temperatures, elementary excitations will be present. At tem- 
peratures well below the transition temperature their number is small and 
interactions between them may be neglected. In equilibrium, the distribu- 
tion function for excitations is thus the usual Bose-Einstein one evaluated 
with the energies calculated earlier for the Bogoliubov approximation. An 
important observation is that addition of one of these excitations does not 
change the total particle number and, consequently, there is no chemical 
potential term in the Bose distribution, 


1 
]. = ee 8.61 
exp(e;/kT) — 1 ee 
where 7 labels the state. In this respect these excitations resemble phonons 
and rotons in liquid 4He. From the distribution function for excitations we 
may calculate the thermodynamic properties of the gas. For example, for a 
uniform Bose gas the thermal contribution to the energy is 


BT) — BE =0)=V f oe Pseobe (8.62) 


&.3 Non-zero temperature 219 


and the thermal depletion of the condensate density is given by 


ap & . 
eel Nani) l= () = ee ' 8.09 
x(T) nel? =0) = f GEES, (8.63) 
since according to (8.35) and (8.36) the addition of an excitation keeping 
the total number of particles fixed reduces the number of particles in the 
condensate by an amount €,/e,. When the temperature is less than the 
characteristic temperature T:. defined by 


kT, = ms? ~ nUo, (8.64) 


the excitations in a uniform gas are phonon-like, with an energy given by 
¢« = sp. In this limit the thermal contribution to the energy, Eq. (8.62), is 
proportional to T*, as opposed to the T°/? behaviour found for the non- 
interacting gas, Eq. (2.55) with a = 3/2. Likewise the entropy and specific 
heat obtained from (8.62) are both proportional to T°, while the corre- 
sponding result for the non-interacting gas is T°/*. Due to the fact that the 
particle number &,/¢, becomes inversely proportional to p for p< ms, the 
thermal depletion of the condensate density obtained from (8.63) is propor- 
tional to T2 which should be contrasted with the T?/* behaviour of nex for 
a non-interacting gas exhibited in Eq. (2.30). 


8.3.1 The Hartree—Fock approximation 


In the calculations described above we assumed the system to be close to its 
ground state, and the excitations we found were independent of each other. 
At higher temperatures, interactions between excitations become important. 
These are described by the terms in the Hamiltonian with lower powers of 
the condensate wave function. Deriving expressions for the properties of a 
Bose gas at arbitrary temperatures is a difficult task, but fortunately there is 
a useful limit in which a simple physical picture emerges. In a homogencous 
gas not far from its ground state, the energy of an excitation with high 
momentum is given by Eq. (7.50). This approximate form is obtained from 
the general theory by neglecting v: excitations correspond to addition of a 
particle of momentum +p and removal of one from the condensate. The 
wave function of the state is a product of single-particle states, symmetrized 
with respect to interchange of the particle coordinates to take into account 
the Bose statistics. The neglect of v is justifiable if the a'a! and aa terms 
in the Bogoliubov Hamiltonian are negligible for the excitations of interest. 
This requires that ep > ngUo. Expressed in terms of the temperature, this 
corresponds to T > T,, Eq. (8.64). 


220 Microscopic theory of the Bose gas 


To explore the physics further, consider a Bose gas in a general spatially- 
dependent potential. Let us assume that the wave function has the form of 
a product of single-particle states symmetrized with respect to interchange 
of particles: 


VAC ey co i) SE of oi(r1)bo(r2)... dn (ty). (8.65) 


sym 


Here the wave functions of the occupied single-particle states are denoted by 
o;. If, for example, there are Nq particles in the state a, that state will occur 
N, times in the sequence of single-particle states in the product. The sum 
denotes symmetrization with respect to interchange of particle coordinates, 


on = (ti = (8.66) 


is a normalization factor. This wave function is the natural generalization 


and 


of the wave function (6.1) when all particles are in the same state. To bring 
out the physics it is again helpful to consider a non-zero-range interaction 
U(r —r’), where r and r’ are the coordinates of the two atoms, rather than 
a contact one (cf. Eq. (8.7)). In the expression for the interaction energy 
for the wave function (8.65) there are two sorts of terms. The first are ones 
which would occur if the wave function had not been symmetrized. These 
are the so-called direct, or Hartree, terms and they contain contributions of 
the form 


es — [ae've on r’)|di(r) |? 16;(r’)/?, (8.67) 


which is the energy of a pair of particles in the state ¢;(1r)@;(1’). The second 
class of terms, referred to as exchange or Fock terms, arise because of the 
symmetrization of the wave function, and have the form 


Ue = [rau = r’) $3 (r)d*(r')i(r')oj(2). (8.68) 


For fermions, the Fock term has the opposite sign because of the antisynime- 
try of the wave function. Calculation of the coefficients of these terms may 
be carried out using the wave function (8.65) directly, but it is much more 
convenient to use the formalism of second quantization which is designed 
expressly for calculating matrix elements of operators between wave func- 
tions of the form (8.65). The general expression for the interaction energy 
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operator in this notation is [5] 


lt 
= 5 DEMWIUIE 2)2; Q;Q)QK,, (8.69) 
ij 


where 
GglU|ht) = f drds'U (er o2) 95x) (8.70) 


is the matrix element of the two-body interaction. To evaluate the potential 
energy we thus need to calculate the expectation value of ajalayag. Since 
the single-particle states we work with are assumed to be pritesonal the 
expectation value of this operator vanishes unless the two orbitals in which 
particles are destroyed are identical with those in which they are created. 
There are only two ways to ensure this: either i =k and j =1, ori =/ and 
j =k. The matrix element for the first possibility is Nj(Nj — 6j;), 6;; being 
the Kronecker delta function, since for bosons a; (a!) acting on a state with 
N; particles in the single-particle state 7 yields /N; (/N; +1) times the 
state with one less (more) particle in that single-particle state. For fermions 
the corresponding factors are //N; and \/1 — N;. The matrix element for the 
second possibility is N;N; if we exclude the situation when all four states 
are the same, which has already been included in the first case. For bosons, 


the expectation value of the interaction energy is therefore 


1 see, é il aes tee 
ee DMITRI NIN — 85) +5 S— (ig|U94) NIN; 
ij ij (iJ) 
5 tale Nl y+ 5-¢ (ij|U|ig) + (ig|U|ga)) NIN. 
i<j 
(8.71) 


The contributions containing (ij|U|77) are direct terms, and those containing 
(ij7|U|ji) are exchange terms. 

For a contact interaction, the matrix elements (ij|U|ij) and (ij|U|ji) are 
identical, as one can see from Eq. (8.70), and therefore the interaction energy 
is 

v= 5 SGiU ia) N(Mi — 1) +2 VGITLAVNENG. (8.72) 
i i<j 
For bosons, the effect of exchange is to double the term proportional to 
N;,N;, whereas for fermions in the same internal state, the requirement of 
antisymmetry of the wave function leads to a cancellation and the total 
potential energy vanishes for a contact interaction. 
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Let us now turn to the homogeneous Bose gas. From translational invari- 
ance it follows that the single-particle wave functions must be plane waves. 
The matrix elements of the interaction are Up/V, provided the initial and 
final states have the same total momentum, and the energy of a state of the 
form (8.65) is 


e Up Up ; 
ES Ue oe > Np(Np’ — bpp") + a7 Ss NoNp (8.73) 
Pp p.p’ p.p’(p#p’) 
= ie Yo ON =e io S> NpNp! (8.74) 
ee 2V 
2 p.p’ (p#Pp’) 
Ui il N 
= Oar al Se bn x 
= 2 6Np ay (ees 2s ilk (8.75) 


If the zero-momentum state is the only macroscopically-occupied one and 
we take only terms of order N?, the interaction energy is (N 2 _ Né/2)U0/V- 
Thus for a system with a given number of particles, the interaction energy 
above T. is twice that at zero temperature, due to the existence of the 
exchange term. which is not present for a pure condensate. 

The energy €p of an excitation of momentum p is obtained from (8.75) 
by changing Np to Np +1, thereby adding a particle to the system. It is 

ey Up + ap. (8.76) 

The first interaction term is the Hartree contribution, which represents the 
direct interaction of the added particle with the N particles in the original 
system. The second interaction term, the Fock one, is due to exchange, and 
it is proportional to the number of particles in states different from that of 
the added particle, since there is no exchange contribution between atoms 
in the same single-particle state.* 

Let us now calculate the energy of an excitation when one state, which 
we take to be the zero-momentum state, is macroscopically occupied, while 
all others are not. To within terms of order 1/N we may therefore write 


pa = (2g) Up oe eeu, (8.77) 


where n is the total density of particles, no is the density of particles in the 


4 The interaction that enters the usual Hartree and Hartree-Fock approximations is the bare 
interaction between particles. Here we are using cflective interactions, not bare ones, and the 
approximation is therefore more gencral than the conventional Hartrec—Fock one. It is closer 
to the Brueckner-Hartree—Fock method in nuclear physics, but we shall nevertheless refer to it 
as the Hartree-Fock approximation. 
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condensate, and nex = n— ng is the number of non-condensed particles. For 
other states one has 


Ep =e + 2nUp. (8.78) 


We shall now apply these results to calculate equilibrium properties. 


Thermal equilibrium 


To investigate the thermodynamics in the Hartree-Fock approximation we 
follow the same path as for the non-interacting gas, but with the Hartree— 
Fock expression for the energy rather than the free-particle one. The way 
in which one labels states in the Hartree-Fock approximation is the same 
as for free particles, and therefore the entropy S is given by the usual result 
for bosons 


S=k)> |(1+ fp)In(.+ fo) — fon fol, (8.79) 


where fp is the average occupation number for states with momenta close to 
p. The equilibrium distribution is obtained by maximizing the entropy sub- 
ject to the condition that the total energy and the total number of particles 
be fixed. The excitations we work with here correspond to adding a single 
atom to the gas. Thus in maximizing the entropy, one must introduce the 
chemical potential term to maintain the particle number at a constant value. 
This is to be contrasted with the Bogoliubov approximation where we im- 
plemented the constraint on the particle number explicitly. The equilibrium 
distribution is thus 
1 


~ expl(ep — #)/RT] = 1 


where the excitation energies are given by the Hartree-Fock expressions 
(8.77) and (8.78). 

For the zero-momentum state to be macroscopically occupied, the energy 
to add a particle to that state must be equal to the chemical potential, to 
within terms of order 1/N. Thus according to Eq. (8.77), 


tp (8.80) 


= (ig + 2a UG, (8.81) 


and the average occupancy of the other states is given by 


1 
Ip = expiG, + noUo)/kT] — in 


(8.82) 
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For consistency the number of non-condensed particles must be given by 


NS NG = Se 


p(p#0) 
1 
= ) (8.83) 
0 = 
en exp|(€, + ngUo)/kT]—-1 


This provides a self-consistency condition for the number of particles in the 
condensate, since ng = No/V occurs in the distribution function. 

Above the transition temperature energies of all states are shifted by the 
same amount, and consequently the thermodynamic properties of the gas are 
simply related to those of the non-interacting gas. In particular the energy 
and the free energy are the same as that of a perfect Bose gas apart from 
an additional term N?U9/V. Since this does not depend on temperature. 
interactions have no effect on the transition temperature. 

We now formulate the theory in terms of creation and annihilation oper- 
ators. If the zero-momentum state is the only one which is macroscopically 
occupied, the terms in the Hamiltonian (8.3) that contribute to the ex- 
pectation value (8.73) of the energy for a state whose wave function is a 
symmetrized product of plane-wave states may be written as 

2 
ale ae YS (eo + 2npUo)al,ap + 2 SS abapal ap, (8.84) 

p(p#0) pp’ (p.p’#0) 


— 


where we have neglected terms of order 1/N. 

We now imagine that the system is in a state close to one with average 
occupation number fp, and ask what the Hamiltonian is for small changes 
in the number of excitations. We therefore write 


a}, = jpor (ah,ap =p) (8.85) 


and expand the Hamiltonian to first order in the fluctuation term. As we 
did in making the Bogoliubov approximation, we neglect fluctuations in the 
occupation of the zero-momentum state. The result is 


N2U0 Uo . 
a ae NG dyads oe os (€ + 2nU) aap. (8.86) 
pp’(p,p’ 40) p(p#0) 


This shows that the energy to add a particle to a state with non-zero mo- 
mentum is e+2nUo, which is the Hartree-Fock expression for the excitation 
energy derived in Eq. (8.78). 

It is also of interest to calculate the chemical potential, which is the energy 
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to add a particle, the entropy being held constant: 
_ OF 


i= an 


(S20) 
Ss 
The entropy associated with the zero-momentum state is zero, and there- 
fore a simple way to evaluate the derivative is to calculate the energy change 
when a particle is added to the condensate, keeping the distribution of ex- 
citations fixed: 

OF 


a aN = Ste Ug: (8.88) 


fp(p40) 


This result agrees with Eq. (8.81). 

Since the energy €, of an excitation tends to 2nUp for p — 0, the excitation 
energy measured with respect to the chemical potential has a gap noUp in 
this approximation. The long-wavelength excitations in the Hartree-Fock 
approximation are particles moving in the mean field of the other particles, 
whereas physically one would expect them to be sound waves, with no gap 
in the spectrum, as we found in the Bogoliubov theory. We now show how 
to obtain a phonon-like spectrum at non-zero temperatures. 


8.3.2 The Popov approximation 


To go beyond the Hartree-Fock approximation one must allow for the mixing 
of particle-like and hole-like excitations due to the interaction, which is 
reflected in the coupling of the equations for u and v. This effect is important 
for momenta for which a) is comparable with or less than nopUp. A simple 
way to do this is to add to the Hartree-Fock Hamiltonian (8.86) the terms in 
the Bogoliubov Hamiltonian (8.6) that create and destroy pairs of particles. 
The Hamiltonian is therefore? 


Pee Nolo eu 0 + 2nUp)at 
aaa we fofp + > (ce, + 2nUp)a,ap 
pp’(p,p’ 0) p(p#0) 
+ noUo SS hele + Apa_p). (8.89) 
p(p70) 


This approximation is usually referred to as the Popov approximation [6]. 
Rather than working with the Hamiltonian itself, we consider the quantity 


5 In this approximation the effect of the thermal excitations on the ‘pairing’ terms proportional 
to calls + G@pa—p has been neglected. More generally one could replace in the last term of 
(8.89) no by no + V1 pee Ap where Ap is the average value of apa—p, aes is non-zero 
when excitations are present. However, this approximation suffers from the disadvantage that 
the energy of a long-wavelength elementary excitation does not tend to zero. 
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il = uN to take care of the requirement that particle number be conserved. 
One finds 


P N2Up 2NoNexUo  N&Uo 


ayy V V 
& ss / (6 4. ngUo)(al,ap + Gl te) + noUo(atal_, ~ apa—p)| 
p(p#0) 
(8.90) 
where 
Nee » < alan = (8.91) 
p(p#0) 


is the expectation value of the number of excited particles. Remarkably, the 
form of the Hamiltonian is identical with the Bogoliubov one for zero tem- 
perature, Eq. (8.12), except that the c-number term is different. Also, the 
occupancy of the zero-momentum state must be determined self-consistently. 
The spectrum is thus given by the usual Bogoliubov expression. with the 
density of the condensate being the one at the temperature of interest, 
not the zero-temperature value. Again the long-wavelength excitations are 
phonons, with a speed s given by 

i 2 Oe (8.92) 

m 

and the coherence length that determines the transition to free-particle be- 
haviour is given by 


he ae hi 
G8) = ae = ——_——_.. 8.93 

ce 2mno(T)Uo V2ms(T) oe. 
This is to be contrasted with the Hartree-Fock spectrum, where the exci- 
tation energy at long wavelengths differs from the chemical potential by an 
amount ngUo. 


8.3.3 Excitations in non-uniform gases 


The Hartree-Fock and Popov approximations may be applied to excitations 
in trapped gases. In the Hartree-Fock approximation the wave function @; 
for an excited state satisfies the equation 

h? 


—5— V+ V(r) + 2n(r)Uo| bi(r) = erdi(r), (8.94) 


8.3 Non-zero temperature 220 


and the corresponding equation for the wave function ¢g for the condensed 
state is 


Date 
ian? ae) = oie) 4 2nex()]00} do(r) = wdo(r), (8.95) 


the absence of a factor of 2 in the condensate density term reflecting the 
fact that there is no exchange term for two atoms in the same state. Here 
no(r) = Noldo(r)|? is the density of atoms in the condensed state and 
Nex(r) = Diixo N;|@i(r)|? is the density of non-condensed particles. The 
wave functions and occupation numbers are determined self-consistently 
by imposing the conditions N; = {exp[(e; — .)/kT] —1}~! for i A 0 and 
ee 
The equations for the Popov approximation are 


-v + V(r) + 2n(r)Uo — wp — «| u(r) — no(r)Upvi(r) =0 (8.96) 


and 


-v + V(r) + 2n(r)Up — w+ «| vi(r) — no(r)Upui(r) =0, (8.97) 


for the excitations. The wave function for the condensed state satisfies the 
generalized Gross—Pitaevskii equation 
ie 5 
{sav + V(r) + [no(r) + 2n(r)]Uo — uh nie) == 0), (8.98) 
in which there is an extra contribution to the potential due to interaction 
of the condensate with the non-condensed particles. The density of non- 
condensed particles is given by nex(r) = diiz9 Ni(jug(r) |? + |v; (r)|?). 

In the Hartree-Fock and Popov approximations the only effect of interac- 
tions between particles is to provide static mean fields that couple either to 
the density of particles or create or destroy pairs of particles. A difficulty 
with this approach may be seen by considering a cloud of gas in a harmonic 
trap. This has collective modes associated with the motion of the centre of 
mass of the cloud, and they have frequencies which are sums of multiples of 
the oscillator frequencies. In the Hartree-Fock and Popov approximations 
the corresponding modes have different frequencies since the static poten- 
tial acting on the excitations is affected by particle interactions. To cure 
these difficulties it is necessary to allow for coupling between the motion of 
the condensate and that of the thermal excitations. We shall describe this 
effect for uniform systems in Sec. 10.4, where we consider first and second 
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sound. A related effect is that at non-zero temperature the effective two- 
body interaction is affected by the other excitations. This is connected with 
the problem mentioned in footnote 5 of how to treat ‘pairing’ terms con- 
sistently. These effects can be important for low-lying excitations, but are 
generally of little consequence for higher-energy excitations. For a discussion 
of them we refer to Refs. [7] and [8]. 


8.3.4. The semi-classical approrimation 


In Sec. 2.3.1 we showed how the properties of a trapped cloud of non- 
interacting particles may be described semi-classically. This approxima- 
tion holds provided the typical de Broglie wavelengths of particles are small 
compared with the length scales over which the trapping potential and the 
particle density vary significantly. Locally the gas may then be treated as 
uniform. Properties of non-condensed particles may be calculated using a 
semi-classical distribution function fp(r) and particle energies given by 


2 

ep(r) = — +V(r) (8.99) 
When particles interact, the properties of the excitations may still be de- 
scribed semi-classically subject to the requirement that spatial variations 
occur over distances large compared with the wavelengths of typical excita- 
tions. The properties of the condensed state must generally be calculated 
from the Gross—Pitaevskii equation generalized to allow for the interaction 
of the condensate with the thermal excitations. With a view to later ap- 
plications we now describe the semi-classical versions of the Hartree-Fock, 

Bogoliubov, and Popov approximations. 


Within Hartree-Fock theory, the semi-classical energies are given by 
Ep(r) = p?/2m + 2n(r)Up + V(r), (8.100) 


where we have generalized the result (8.78) by adding to it the potential 
energy V(r). In determining thermodynamic properties. the energy of an 
excitation enters in the combination ¢€; — y. A simple expression for this 
may be found if the Thomas—Fermi approximation is applicable for the con- 
densate, which is the case if length scales for variations of the condensate 
density and the potential are large compared with the coherence length. In 
the Thomas Fermi approximation the chemical potential is given by adding 
the contribution V(r) to the result (8.88) and is 


p= V(r) + [no(r) + 2nex(x)] U0. (8.101) 
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The semi-classical limit of the Bogoliubov approximation is obtained by 
replacing in the coupled differential equations (8.52) and (8.53) the kinetic 
energy operator by p?/2m. The energies €p(r) are found by setting the 
determinant equal to zero, with the result 


1/2 


ép(r) = { [p?/2m + 2no(r)Up + V(r) - ul? — [no(x)Uo]?} (8.102) 


Here the chemical potential p is that which enters the zero-temperature 
Gross—Pitaevskii equation. In the Thomas—Fermi approximation (see Sec. 
6.2.2) the chemical potential is obtained by neglecting the kinetic energy 
in the Gross-Pitaevskii equation, which yields 4 = V(r) + no(r)Uo. The 
semi-classical Bogoliubov excitation energies are therefore 


1/2 


ep(r) = [(p?/2m)? + (p?/m)no(r)Up| (8.103) 


Finally, the semi-classical limit of the Popov approximation is obtained by 
generalizing the equations (8.52) and (8.53) to higher temperatures. Inspec- 
tion of the Hamiltonian (8.89) shows that the term 2ng(r)Uo, which occurs 
in both (8.52) and (8.53), should be replaced by 2n(1)Up. The semi-classical 
energies within the Popov approximation therefore become 


Bp 2m 2m )Uo 1 V(r) = al = lon (r)Upl?) : (8.104) 


where the condensate density no is to be determined self-consistently. If 
the Thomas—Fermi expression (8.101) for the chemical potential is valid, the 
excitation spectrum is identical with the result of the Bogoliubov theory, Eq. 
(8.103), except that the condensate density no now depends on temperature. 
Note that in the Hartree-Fock approximation the excitations correspond to 
addition of a particle, while in the Bogoliubov and Popov ones the excitation 
energies given above are evaluated for no change in the total particle number. 
If the term [no (r)Up|? in Eqs. (8.102) and (8.104) is neglected, the excitation 
energy becomes equal to the Hartree-Fock result ite alte) — fis 

The density of non-condensed atoms is given in the Bogoliubov approxi- 
mation by 


dp p?/2m+ 2no(r)Up + V(r) — i 
= 8.105 
Mex(r) / (27h) ear) ep (r)/kT _ 4” ( ) 


in the Hartree-Fock approximation by 


dp il 
Ren?) > i (27h) elep (1) Ke) /kT =i (8.106) 
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and in the Popov approximation by 


dp p?/2m-+ 2n(r)Up + V(r) — a 
— elle 
Tex (r) / (27rh)3 Ep(r) e&p (ce) IF = tl ( ) 


The factors multiplying the distribution functions in the Bogoliubov and 
Popov approximations are the numbers of non-condensed particles associ- 
ated with an excitation. In the Hartree-Fock and Popov approximations 
the density of non-condensed atoms and the number of particles in the con- 
densate must be determined self-consistently. Applications of the results of 
this section to atoms in traps will be described in Chapters 10 and 11. 


8.4 Collisional shifts of spectral lines 


Because interactions between atoms depend on the internal atomic states. 
the frequency of a transition between two different states of an atom in a 
dilute gas differs from the frequency for the free atom. These shifts are 
referred to as collisional shifts or, because the accuracy of atomic clocks is 
limited by them, clock shifts. The basic physical effect is virtual scattering 
processes like those that give rise to the effective interaction Up used earlier 
in our discussion of interactions between two bosons in the same internal 
state, and the magnitude of the effect is proportional to atomic scattering 
lengths. This is to be contrasted with the rate of real scattering processes, 
which is proportional to Oe 

As described in Sec. 4.7, the collisional shift of the 1S—2S transition ex- 
cited by absorption of two photons is used to measure the gas density in 
experiments on spin-polarized hydrogen. We now describe the physics of 
collisional shifts, using this transition as an example. The theory of them 
was originally developed in the context of hydrogen masers [9]. To un- 
derstand the effect it is necessary to go beyond the Hartree-Fock picture 
described above and consider collective effects, but to set the stage we shall 
describe Hartree-Fock theory. 


Hartree-Fock theory 


For simplicity, we assume the gas to be uniform. In the spirit of the Hartree— 
Fock approximation, we take tlie initial state of the gas before excitation of 
one of the hydrogen atoms to the 2S state to be a symimetrized product 
of single-particle states, as given by Eq. (8.65), where we shall take the 
particle states to be plane waves, ¢p(r) = V—'/? exp(ip-r/h). If we denote 
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the momenta of the particles by p,...p;, the wave function is 


WV(r1, 1 B)n e326 tN) = CN Osa (r1)¢p, (v2) am Co vas (8.108) 


sym 


and the energy of the initial state in the Hartree-Fock approximation is 
given by Eq. (8.74). 

Next we consider a state with one atom in the 25S state and the remainder 
in the 1S state, and we shall assume that the momenta of the atoms are the 
same as in the state (8.108). To be specific we assume that the momentum 
of the 2S atom is pg. In the Hartree-Fock approximation the wave function 
for the gas is the wave function for the 2S atom multiplied by that for N —1 
1S atoms, Eq. (8.108), but with N replaced by N — 1: 


WE GET ce oe cea eon (oa a Ory (wee (8.109) 


sym 


Here, the coordinate r; before the semicolon is that of the 25 atom, and 
Y9,...,ry are the coordinates of the 15 atoms. The momenta of the single- 
particle states are denoted by pa, Pp,.-., Pi, just as for the state with N 1S 
atoms. 

The Hamiltonian for a mixture of 1S and 2S atoms is given by the sum of 
the energies of the isolated atoms at rest, the kinetic energy of the atoms, 
the interaction energy of the 1S atoms with each other, and the interaction 
between 1S and 2S atoms. Since we shall consider weak excitation of the 
gas, the density of 2S atoms is much lower than that of 15 atoms, and the 
interaction between two 2S atoms will not enter. The relative difference 
between the mass m of a 1S atom and that of a 25 one is of order one 
part in 10°, and this may be neglected in evaluating the kinetic energy. We 
shall take the interaction between the 2S atom and the 15 ones to be of the 
contact form similar to that between like atoms, 


hy = Ure | debi (eho) baste 0(0), (8.110) 


where Uyg = 4rh? aj2/m, ag being the scattering oe for interactions 
between a 1S atom and a 25 one, and the operators drg(r) and w?og(r) 
create and destroy 2S atoms. At the end of the section we shall comment 
on the validity of this approximation. 

The energy E’ of the state (8.109) may be calculated by the methods used 
earlier for a single component. Measured with respect to the energy of N 
stationary, isolated atoms, one in the 25 state and the others in the 1S state, 
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it is 
Uo Up ee 
Pp#P 
Uo Uj2 
—_— = N — 1)—. eel) 
V (N I ae ( ) V ( ) 


Note that, while py is the momentum of the 2S atom, Np, is the number of 
1S atoms with the same momentum p, as that of the 25 atom. The first and 
third terms are the kinetic energy and the exchange energy of the original 
state with N 1S atoms, and the second term is the Hartree energy of N — 1 
1S atoms. The last term is the Hartree energy due to the interaction of 
the single 25 atom with N —1 1S atoms, and the next-to-last term is the 
reduction of the exchange energy due to replacing one 15 atom by a 25 one. 
The energy difference between the states (8.109) and (8.108) is therefore 
the difference between the rest-mass energies of a 25 atom and a 15 one. 
which is the energy of the transition in an isolated atom, plus the differences 
between Eqs. (8.111) and (8.74), which is given by 


N 
AE = = Une = (8.112) 


where we have neglected terms of relative order 1/N. The quantity AE 
represents the energy shift of the line due to interactions between atoms. 
The first term here is the interaction contribution to the Hartree energy of 
the added 25 atom, and the second term is the reduction of the Hartree and 
Fock energies due to removal of a 15 atom. 

It is instructive to consider limiting cases of this expression. For a pure 
condensate with all atoms initially in the zero-momentum state, only atoms 
in that state can be excited and therefore Np, = No = N. The energy 
difference is then given by 


De) = nV 42 as Uo). (oo) 


This is the difference of the Hartree energies. Exchange terms are absent 
for 15-15 interactions, since all 1S atoms are in the same momentum state. 
There are also no exchange contributions for 1S—2S interactions because 
1S atoms and 2S ones are in different internal states, and are therefore 
distinguishable. In the opposite limit, when there is no condensate, we find 
an energy difference 


ING =n = OU (8.114) 


the extra factor of 2 for the Up term being due to exchange interactions 
between the 1S atoms. 
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Collective effects 


At first sight one might expect the line shift to be given by the energy 
difference calculated above. This is not true for the thermal gas, since the 
product wave function is then a bad approximation for the final state after 
optical excitation of an atom in the gas. To understand why this is so, we 
describe the excitation process in greater detail. In the experiments, two 
counterpropagating laser beams with frequencies equal to one-half that of 
the 1S—2S transition are applied. Excitation may occur by absorption of two 
photons propagating either in the same direction, or in opposite directions. 
We focus attention on the latter process, which is particularly important 
because the total momentum of the two photons is zero, and consequently 
the line has no first-order Doppler shift. It is therefore very sharp, and 
relatively small frequency shifts can be measured. 

The effective two-photon interaction is local in space: it destroys a 15 
atom and creates a 2S one at essentially the same point. Also, for absorption 
of two photons propagating in opposite directions, the effective interaction 


is independent of position, because the phase factors et'4T from the two 
photons cancel. The effective coupling between the atom and the photons is 
spatially independent, and it may therefore be represented by an operator 
which in second-quantized notation may be written as 


o= | drdle(eybe) (8.115) 


apart from a multiplicative constant. When this operator acts on a state 
with N 1S atoms, it generates N terms, one for each way of assigning the 
point r to one of the particle coordinates. If the initial state is of the 
form of a symmetrized product of single-particle states, each of these terms 
individually will be of the form of a single-particle wave function for the 25 
atom, multiplied by the wave function for N — 1 atoms in the 15 state. For 
definiteness, let us denote the state with N ground-state atoms by 


\Y) = {Np}. (8.116) 
The operator © acting on this state gives a linear combination of states, 


O|v) = S2 JS Nplp's Npar--s Np — +); (8.117) 


where the sum is over all momenta which correspond to occupied single- 
particle states initially. This demonstrates that two-photon absorption in 
general produces a state which is not a simple product state of the form 
assumed in Hartree-Fock theory, but rather a linear combination of such 
states. In the language of quantum optics, it is an entangled state. 
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To find the energy eigenvalues for a 25 atom in the presence of N — | 
1S atoms we must diagonalize the Hamiltonian in a basis of states of the 
form |p’; Np,,---, Np — 1,...). The problem is trivial if all atoms in the 
initial state are in the same single-particle state, since then the sum in Eq. 
(8.117) reduces to the single configuration with the N —1 1S atoms and the 
25 atom in the zero-momentum state. The energy of this state is given by 
the Hartree result, and the difference between the energies of the initial and 
final states is given by Eq. (8.113). 

The other situation that is simple to analyse is when there is no conden- 
sate. Remarkably, the state (8.117) is then an energy eigenstate, but its 
energy is not equal to the Hartree-Fock energy. We may write the Hamil- 
tonian for the 15 and 25 atoms as 


a SS e(alap + aap) +52 oe cle _ql’4p 


p ce 


Ui2 2 : 
+ = DS th tay ate Ge: (8.118) 


where the operators al, and @p, which are the Fourier transforms of bie (r) 
and wos(r), create and destroy 25 atoms in momentum states. It is left as 
an exercise (Problem 8.4) to show that the state (8.117) is an eigenstate of 
the energy in the limit of a large number of particles, provided no state is 
macroscopically occupied, and here we shall simply calculate the expectation 
value of the energy. 

In the expectation value of the energy of the state (8.117) two sorts of 
terms arise, diagonal ones in which the 25 atom remains in the same state, 
and cross terms in which the states of the 25 atom are different. The first 
class of terms gives the Hartree-Fock result above, Eq. (8.114). The others 
are interference terms, which arise because the initial state containing N 
identical bosons is symmetric under interchange of the coordinates of the 
atoms. The two-photon perturbation creates a state of one 2S atom and 
N—1 15 atoms which is symmetric under interchange of all N coordinates. 
irrespective of whether a coordinate refers to a 1S atom or a 2S one. There 
is no general symmetry requirement legislating that the wave function for 
bosons in different internal states be synunetric under interchange of coor- 
dinates. The interference terms have precisely the same structure as the 
Fock terms for identical particles. The off-diagonal matrix elements of the 
interaction Hamiltonian are 


U 
(eyes Neth pps. NG...) = a pNp, (8.119) 
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and the interference terms contribute to the expectation value of the inter- 
action energy between 1S and 25 atoms an amount 


(U|OTHO|Y) Ui2 

(WLOTO|V) interference 7 Ie ray ARETE a 
; p#P 

If no state is macroscopically occupied, the result (8.120) reduces to nUj2 
for large N. The total energy difference between the two states of the gas 
when there is no condensate is obtained by adding this to the Hartree-Fock 
result, and is 


AFnc = 2n(Ui2 — Up). (8.121) 


Comparison of this result with that for a condensate, Eq. (8.113), shows 
that the frequency shift of the line in a gas with no condensate is twice 
that for a fully Bose-Einstein condensed gas of the same density. As we 
shall explain in Sec. 13.2, this reflects the fact that for a Bose gas with no 
condensate, the probability of finding two atoms at the same point is twice 
that for a pure condensate of the same density. The energies (8.113) and 
(8.121) are equal to the changes of the expectation values of the energy 
of the system when a 1S atom is replaced by a 25 one, keeping the wave 
function otherwise unchanged. The difference between the results for a 
condensate and a thermal gas was first brought out clearly in the work of 
Oktel and Levitov [10]. In the limits considered here, their calculation using 
the random phase approximation is equivalent to the one described above. 

The origin of the change in the energy shift compared with the Hartree— 
Fock result is a collective effect that arises because the state created by the 
excitation of a 1S atom consists of a superposition of many single-particle 
configurations. A similar effect in the electron gas is responsible for the long- 
wavelength density fluctuation spectrum being dominated by plasmons, not 
single particle-hole pairs. The calculation above is analogous to the one for 
the schematic model for collective motion in nuclei [11]. 

For intermediate situations, when both condensed and non-condensed par- 
ticles are present, Oktel and Levitov showed that there are two excitation 
frequencies. These correspond to two coupled modes of the condensate and 
the non-condensed particles that result from the interaction between the 15 
and 2S atoms hybridizing the two modes discussed above for a pure conden- 
sate and a gas with no condensate. 

A basic assumption made in the calculations above is that atomic inter- 
actions are well approximated by pseudopotentials. This is expected to be 
good as long as the distance between atoms is much greater than both the 
magnitude of the scattering length and the distance out to which the bare 
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atom-atom interaction is important. However, an atom can be excited when 
it is close to another atom, in which case the line shifts may be substantial. 
As a consequence, the absorption spectrum is expected to have a sharp peak, 
due to transitions occurring when atoms are far apart, and an incoherent 
background due to excitations when atoms are close together. Even though 
at any given frequency the incoherent background is small, its contribution 
to the frequency-weighted sum rule analogous to Eq. (3.41) is comparable 
with that from the sharp peak. A more detailed consideration of the prob- 
lem shows that the results derived above using the pseudopotential are a 
good approximation for the shift of the sharp part of the line [12]. 

The above results for the frequency shift are not specific to two-photon 
transitions, and they agree with those obtained from the standard theory 
of collisional shifts [9], which uses the quantum kinetic equation. An im- 
portant application is to one-photon transitions, such as hyperfine lines in 
alkali atoms and hydrogen that are used as atomic clocks. The advances 
in understanding of interactions between cold alkali atoms have led to the 
conclusion that, because of their smaller collisional shifts, the rubidium iso- 
topes ®°Rb and °’Rb offer advantages for use as atomic clocks compared 
with 1°3Cs, the atom currently used [13]. This has recently been confirmed 
experimentally for 5’Rb [14]. 


Problems 


PROBLEM 8.1 The long-wavelength elementary excitations of a dilute, uni- 
form Bose gas are phonons. Determine the specific heat at low temperatures 
and compare the result with that obtained in Chapter 2 for the ideal, uni- 
form Bose gas at low temperatures. Estimate the temperature at which the 
two results are comparable. 


PROBLEM 8.2 Calculate the sound velocity in the centre of a cloud of 10+ 
atoms of ®’Rb in a harmonic-oscillator trap, V(r) = mwér?/2, for wo/2m0 = 
150 Hz. Evaluate the characteristic wave number at which the frequency 
of an excitation changes from a linear to a quadratic dependence on wave 
number. 


PROBLEM 8.3 Calculate the thermal depletion of the condensate of a uni- 
form Bose gas at temperatures well below 7.. Give limiting expressions for 
temperatures T << nUp/k and T >> nUo/k and interpret the results in terms 
of the number of therinal excitations and their effective particle numbers. 


PROBLEM 8.4 Show that if no single-particle state is macroscopically occu- 
pied, the many-particle state Eq. (8.117) is an cigenstate of the Hamiltonian 
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Rotating condensates 


One of the hallmarks of a superfluid is its response to rotation, or for charged 
superfluids, to a magnetic field [1]. The special properties of superfluids 
are a consequence of their motions being constrained by the fact that the 
velocity of the condensate is proportional to the gradient of the phase of 
the wave function. Following the discovery of Bose-Einstein condensation 
in atomic gases, much work has been devoted to the properties of rotating 
condensates in traps, and these developments have been reviewed in [2]. We 
begin by demonstrating that the circulation around a closed contour in the 
condensate is quantized (Sec. 9.1). Following that we consider properties 
of a single vortex line (Sec. 9.2). In Sec. 9.3 we then study conditions for 
equilibrium for a condensate in a rotating trap. The next section is devoted 
to vortex motion and includes a derivation of the Magnus force (Sec. 9.4). 
Finally we consider clouds of bosons with weak interactions. and develop a 
picture of the response to rotation in terms of elementary excitations with 
non-zero angular momentum (Sec. 9.5). 


9.1 Potential flow and quantized circulation 
The fact that according to Eq. (7.14) the velocity of the condensate is the 
gradient of a scalar, 
h 
m 
has far-reaching consequences for the possible motions of the fluid. From 
Eq. (9.1) it follows immediately that 


V xv =0) (9.2) 


that is, the velocity field is irrotational, unless the phase of the order pa- 
rameter has a singularity. Possible motions of the condensate are therefore 
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very restricted. Quite generally, from the single-valuedness of the conden- 
sate wave function it follows that around a closed contour the change Ad in 
the phase of the wave function must be a multiple of 27, or 


Ag = pve . dl = 2ré, (9.3) 


where £ is an integer. Thus the circulation T around a closed contour is 
given by 


t= pv-d= ge (9.4) 

m m 
which shows that it is quantized in units of h/m. The magnitude of the 
quantum of circulation is approximately (4.0 x 10-7/A) m? s~! where A is 
the mass number. 

As a simple example of such a flow, consider purely azimuthal flow in a 
trap invariant under rotation about the z axis. To satisfy the requirement 
of single-valuedness, the condensate wave function must vary as e“”, where 
i is the azimuthal angle. If p is the distance from the axis of the trap, it 
follows from Eq. (9.4) that the velocity is 


h 


The circulation is thus 2h/m if the contour encloses the axis, and zero oth- 
erwise. If £ # 0, the condensate wave function must vanish on the axis 
of the trap, since otherwise the kinetic energy due to the azimuthal motion 
would diverge. The structure of the flow pattern is thus that of a vortex line. 
Quantized vortex lines were first proposed in the context of superfluid liquid 
“He by Onsager [3]. Feynman independently proposed quantization of cir- 
culation in liquid 4He and investigated its consequences for flow experiments 
[4]. 

For an external potential with axial symmetry, and for a state that has 
a singularity only on the axis, each particle carries angular momentum ¢h 
about the axis, and therefore the total angular momentum L about the axis 
is Nh. If the singularity in the condensate wave function lies off the axis 
of the trap, the angular momentum will generally differ from N¢h. For a 
state having a density distribution with axial symmetry, the quantization 
of circulation is equivalent to quantization of the angular momentum per 
particle about the axis of symmetry. However, for other states circulation 
is still quantized, even though angular momentum per particle is not. The 
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generalization of Eq. (9.2) to a state with a vortex lying along the z axis is 


e 
Vxv =4—6(p), (9.6) 
mm 


where 62 is a two-dimensional Dirac delta function in the zy plane, p = 
(z,y), and Z is a unit vector in the z direction. When there are many 
vortices, the right hand side of this equation becomes a vector sum of two- 
dimensional delta functions on planes perpendicular to the direction of the 
vortex line. The strength of the delta function is a vector directed along the 
vortex line and with a magnitude equal to the circulation associated with 
the vortex. We now turn to a more detailed description of single vortices. 


9.2 Structure of a single vortex 


Consider a trap with axial symmetry, and let us assume that the wave func- 
tion varies as e’“”. If we write the condensate wave function in cylindrical 
polar coordinates as 


Ol See (27) 

where f is real, the energy Eq. (6.9) is 

ao: ara 9, Uo 
E= | dr4— |( = — V(o,2)f? +f p. 
felt (3) ee Oz ual tot 

(9.8) 
The only difference between this result and the one for a condensate with 
a phase that does not depend on position is the addition of the 1/p” term. 
This is a consequence of the azimuthal motion of the condensate which gives 
rise to a kinetic energy density m f° 0e, {2=h?@ f? /2mp?. The equation for 


the amplitude f of the condensate wave function may be obtained from the 
Gross—Pitaevskii equation (6.11). It is 


he led 7 df ee hoo 
ee eee ee ay Whos 3 = wf, ole 
Ps (of) + Sal t+ pea lh V+ Mol = nf. 09) 
Alternatively, Eq. (9.9) may be derived by inserting Eqs. (9.7) and (9.8) 
into the variational principle 6(£ — ~.N) = 0. It forms the starting point 


for determining the energy of a vortex in a uniform medium as well as in a 
trap. 


+ — 


h? pt 
Pang er 


9.2.1 A vortex in a uniform medium 


First we consider an infinite medium with a uniform potential, which we 
take to be zero, V(p, z) = 0. In the ground state the wave function does not 
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depend on z, so terms with derivatives with respect to z vanish. Because 
of the importance of vortex lines with a single quantum of circulation we 
specialize to that case and put = 1. At large distances from the axis the 
radial derivative and the centrifugal barrier term « 1/p? become unimpor- 
tant, and therefore the magnitude of the condensate wave function becomes 
f = fo = ("/Uo)/?. Close to the axis the derivative and centrifugal terms 
dominate, and the solution regular on the axis behaves as p, as it does for a 
free particle with unit angular momentum in two dimensions. Comparison 
of terms in the Gross—Pitaevskii equation (9.9) shows that the crossover be- 
tween the two sorts of behaviour occurs at distances from the axis of order 
the coherence length in matter far from the axis, in agreement with the 
general arguments given in Chapter 6. It is therefore convenient to scale 
lengths to the coherence length € defined by (see Eq. (6.61)) 


h 
—~ = nUop = pb, 9.10 
where n = a is the density far from the vortex, and we introduce the 


new variable x = p/&. We also scale the amplitude of the condensate wave 
function to its value fo far from the vortex by introducing the variable 
x = f/fo. The energy density € then has the form 


2 Gov oe 4 
= - ea esr Goal 
é n*Uo (3) = -) an 5X ) ( ) 
and the Gross~Pitaevskii equation (9.9) becomes 
ld { dx ess 
ae. =‘) 9.12 
eae (: =) Vg Pe ey 


This equation may be solved numerically, and the solution is shown in Fig. 
9.1. 

Let us now calculate the energy of the vortex. One quantity of interest 
is the extra energy associated with the presence of a vortex, compared with 
the energy of the same number of particles in the uniform state. ‘The energy 
€ per unit length of the vortex is 


b h fd he 2 
c= far | ey po ee, 


The second term in the integrand is the kinetic energy of the azimuthal 
motion, and it varies as f?/p?. Consequently, its integral diverges logarith- 
mically at large distances. This is similar to the logarithmic term in the 


(9.13) 
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tile 


Fig. 9.1. The condensate wave function for a singly-quantized vortex as a function 
of radius. The numerical solution is given by the full line and the approximate 
function 2/(2+ a?)!/2 by the dashed line. 


electrostatic energy of a charged rod. In order to obtain well-defined an- 
swers, we therefore consider the energy of atoms within a finite distance b 
of the vortex, and we shall further take b to be large compared with €. 

To find the energy associated with the vortex, we must subtract from the 
total energy that of a uniform gas with the same number of particles v per 
unit length contained within a cylinder of radius 6. The energy per unit 
volume of a uniform gas is 2?U9/2, where mi = v/7rb* is the average density. 
The average density in the reference system is not equal to the density far 
from the axis in the vortex state, since the vortex state has a ‘hole’ in the 
density distribution near the axis. Because the number of particles is the 
same for the two states, the density of the vortex state at large distances 
from the axis is greater than that of the uniform system. The number of 
particles per unit length is given by 


b b 
Vie i Draeop =a ig — | Wa adiy = (9.14) 
0 J0 


Thus the energy per unit length of the uniform system is given by 


1 Q 
a= 570° fUo _ feU0 | Demos = PP). (9.15) 
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where we have neglected terms proportional to the square of the last term in 
(9.14). These are of order f{Upé4/b? and are therefore unimportant because 
of the assumption that b > €. Thus ey, the total energy per unit length 
associated with the vortex, is the difference between Eqs. (9.13) and (9.15) 
and it is given by 


b 52 2 2 £2 
«= | rain (F) +e! Pe #9 (9.16) 
0 p 
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If this expression is evaluated for the numerical solution of the Gross— 
Pitaevskii equation one finds 


| 
3 


h? b 
= 7 — Il 1.464- |. ’ 
e ae) oa n ( 2 (9.18) 


This result was first obtained by Ginzburg and Pitaevskii in the context 
of their phenomenological theory of liquid *He close to Ty [5]. The mathe- 
matical form of the theory is identical with that of Gross—Pitaevskii theory 
for the condensate at zero temperature, but the physical significance of the 
coefficients that appear in it is different. 

The expression (9.17) may be used as the basis for a variational solution 
for the condensate wave function. In the usual way, one inserts a trial form 
for f and minimizes the energy expression with respect to the parameters 
in the trial function. For example, if one takes the trial solution [6] 


ae 
(a + x2)1/2? 


which has the correct properties at both small and large distances, the opti- 
mal value of a is 2, and this solution is also shown in Fig. 9.1. We comment 
that minimizing the energy of the vortex, Eq. (9.17), is equivalent to mini- 
mizing the quantity # — yN, keeping the chemical potential jy fixed. Here 
E is the total energy. For the variational solution (9.19) with a = 2 one 
finds the result ¢, = #(nh?/m) In(1.497b/€) which is very close to the exact 
result (9.18). 

With the condensate wave function (9.7), each particle carries one unit 
of angular momentum, and therefore the total angular momentum per unit 


i (9.19) 


length is given by 
L=vh. (9.20) 


We caution the reader that the simple expression for the angular momentum 
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for this problem is a consequence of the rotational symmetry. As we shall 
see later, for a cloud with a vortex not on the axis of the trap, the angular 
momentum depends on the position of the vortex. Also, for a trap which is 
not rotationally invariant about the axis of rotation, the angular momentum 
is not conserved, and therefore does not have a definite value. 


Multiply-quantized vortices 


One may also consider vortices with more than one quantum of circulation, 
\¢| > 1. The only change in the Gross-Pitaevskii equation is that the cen- 
trifugal potential term ~ 1/ x? must be multiplied by ¢?. The velocity field at 
large distances from the centre of the vortex varies as /i/mp, and therefore 
the kinetic energy of the azimuthal motion is 
2 
en Pre he (9.21) 
mio &§ 
to logarithmic accuracy. To calculate the numerical factor in the logarithm 
one must determine the structure of the vortex core by solving the Gross— 
Pitaevskii equation, which is Eq. (9.12) with the second term multiplied by 


| as does the 


é*. For small p the condensate wave function behaves as p 
wave function of a free particle in two dimensions with azimuthal angular 
momentum @h. The result (9.21) indicates that the energy of a vortex with 
more than one unit of circulation is greater than the energy of a collection 
of singly-quantized vortices with the same total circulation. This suggests 
that vortices with more than a single unit of circulation will not exist in 
equilibrium. To make this argument more convincingly one must allow for 
the effects of interaction between vortices. For example. for two parallel 
vortex lines with @; and @ units of circulation separated by a distance d, 
the energy of interaction per unit length is given to logarithmic accuracy by 
(see Problem 9.3) 
Irby loh?n R ae 

ls aera In 7 (9.22) 
where R is a measure of the distance of the vortices from the boundary of the 
container. This expression holds provided R >> d and d > €. We therefore 
conclude that the interaction energy is small compared with the energy of 
two isolated vortex lines provided their separation is small compared with 
the size of the container. It should be mentioned that for a rotationally 
invariant system we should compare energies of states with the same angular 
momentum to determine the most stable state. However, in practice this 
latter constraint does not alter the conclusion. 
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We stress that the considerations given above assume that the vortices 
appear in an otherwise uniform medium, and the conclusions may therefore 
change when inhomogeneity is allowed for. Multiply-quantized vortices can 
be energetically favourable, if the extent of the gas perpendicular to the 
rotation axis is less than or comparable with the coherence length, or if the 
condensate is multiply-connected due to a repulsive potential applied in the 
vicinity of the rotation axis. 


9.2.2 A vortex in a trapped cloud 


We now calculate the energy of a vortex in a Bose-Einstein condensed cloud 
in a trap, following Ref. [7]. This quantity is important for estimating the 
lowest angular velocity at which it is energetically favourable for a vortex 
to enter the cloud. We consider a harmonic trapping potential which is 
rotationally invariant about the z axis, and we shall imagine that the number 
of atoms is sufficiently large that the Thomas-Fermi approximation gives a 
good description of the non-rotating cloud. The radius of the core of a vortex 
located on the z axis of the trap, which is determined by the coherence length 
there, is then small compared with the size of the cloud. This may be seen 
from the fact that the coherence length € at the centre of the cloud is given 
by Eq. (9.10), which may be rewritten as 


he 


mileage 9.23 
amee (9.23) 


where ps = n(0)Upo is the chemical potential, n(0) being the density at the 
centre in the absence of rotation. In addition, the chemical potential is 
related to the radius R of the cloud in the vy plane by Eq. (6.33), which for 
a harmonic oscillator potential is 


= mw R?/2, (9.24) 


where w, is the oscillator frequency for motions in the plane. Combining 
Eqs. (9.23) and (9.24), we are led to the result 
hw 
Sagem 1 (9.25) 
R QU 
This shows that the coherence length is small compared with the radius 
of the cloud if the chemical potential is large compared with the oscillator 
quantum of energy, a condition satisfied when the Thomas-Fermi approxi- 
mation holds. Outside the vortex core the density varies on a length scale 
~ R. Thus the energy of the vortex out to a radius p; intermediate between 
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the core size and the radius of the cloud (€ < p; < R) may be calculated 
using the result (9.18) for the energy of a vortex in a uniform medium. At 
larger radii, the density profile is essentially unaltered compared with that 
for the cloud without a vortex, but the condensate moves with a velocity 
determined by the circulation of the vortex. The extra energy in the region 
at large distances is thus the kinetic energy of the condensate, which may 
be calculated from hydrodynamics. 

To begin, let us consider the two-dimensional problem, in which we neglect 
the trapping force in the z direction. The cloud is cylindrical, with radius 
p2, and the energy per unit length is then given by 


he e Pie 2 
€y = T™Ng— In (1.404%) f sf mn(p)v* (p)2mpdp. (9.26) 
te 0 2 PL 


Here ng is the particle density for p — 0 in the absence of a vortex. while 5 
is the coherence length evaluated for that density. Since the magnitude of 
the velocity v is v = h/2mpm, and the density in a harmonic trap varies as 
l= ar y R? in the Thomas—Fermi approximation, one finds 


2 p2 2 
Ey re in (1.41612) +/ Cea — | 
m S ae 5 


0 oe 


ae P2 il 
— |In { 1.464— } — —}, 2G 
Tg in ( 2) | (9.27) 


where the integral has been evaluated for p) < p2, with terms of higher order 
in p1/p2 being neglected. The logarithmic term is the result for a medium 


I 


of uniform density, while the —1/2 reflects the lowering of the kinetic energy 
due to the reduction of particle density caused by the trapping potential. 
Thus the energy per unit length is given by an expression similar to (9.18) 
but with a different numerical constant 1.464/e!/? ~ 0.888, 


h? ere) P2 
ey inj — Il (ess |e (928) 
ie SO 
The angular momentum £ per unit length is / times the total number of 
particles per unit length. For pg > € the latter may be evaluated in the 
Thomas—Fermi approximation, and one finds 


ee, - ay 1 2 

= noh | (: - 5) 27.000 — 5 ompgh. (9.29) 
0 Pp = 

Let us now consider the three-dimensional problem. If the semi-axis, Z, 

of the cloud in the z direction is much greater than the coherence length, 

one may estimate the energy of the cloud by adding the energy of horizontal 
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slices of the cloud, thus neglecting the kinetic energy term due to the vertical 
gradient of the condensate wave function. The total energy is then given by 
(9.28), integrated over the vertical extent of the cloud, 


pee | 


dzng(z) In o.sss22)] ; (9.30) 


For a harmonic trap the density on the z axis is no(z) = n(0)(1 — z7/Z7), 
while p2(z) = R(1—22/Z?)1/? and €(z) = &9[n(0)/no(z)|!/2, where €y is now 
the coherence length at the centre of the cloud. The energy is then given by 


mhen(0) [7 a R ze 
f= ——_ = sala | Ena 
= i dz ( A) In o.sss Za 7 )} (9.31) 


Using the fact that Ie dy(1 — y”) In(1 — y”) = (121n 2— 10)/9, we obtain the 


final result 
Aan(0) A? R 
oS fh oo : 
a n (0 67 ~), (9.32) 


mM a 


which is in very good agreement with numerical calculations for large clouds 


[8]. 


The total angular momentum is 


b= nf den(e) =n(oyh Cee. 
ie, rn(r) = n(0 if dz f 2rpdp(l1 - = - = 
3 R? 7) 


8 
= sn) R?Zh. (9.33) 


These results will be used in Sec. 9.3.2 below to discuss the critical angular 
velocity for a vortex state. 


9.2.3 Off-axis vortices 


The angular momentum of a state with a vortex line parallel to the axis of 
the trap, but not coincident with it, generally is not an integral number of 
quanta per particle. To demonstrate this explicitly, consider a vortex line 
with a single quantum of circulation in a condensate confined by a cylindrical 
container whose cross section is a circle of radius R. To begin with, imagine 
that the density is constant everywhere, except in a small region in the core 
of the vortex. The angular momentum per unit length about the axis of the 
cylinder is given by 


= nin | pdpagece (9.34) 
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[ Aeve0 = py - dl, (9.35) 


which is the circulation. This is equal to h/m if the vortex line lies within 
the contour, and is zero otherwise. Thus, if the centre of the vortex line 1s 
at a distance b from the axis of the cylinder, the angular momentum per 
unit length is given by 


R b2 
b= nn f pdp =vh (1 — a) (9.36) 
b 


where v = 7R2n is the number of particles per unit length. When the 
density depends on p, as it does for a dilute gas in a trap, the dependence 
of £ on 6 will be different. 

Next we calculate the energy of the state. The flow pattern for the ve- 
locity may be calculated from the hydrodynamic equations. If the density 
is constant except in the core of the vortex, it follows from the equation of 
continuity that V-v = 0. Consequently, the phase of the condensate wave 
function obeys Laplace’s equation. At the cylinder the radial component 


The angular integral is 


of the velocity must vanish. The problem is therefore equivalent to that of 
determining the electrostatic potential due to a charged rod inside a con- 
ducting cylinder and parallel to the axis of the cylinder. This may be solved 
by the method of images, by introducing a second vortex with the opposite 
circulation at a distance R?/b from the axis of the cylinder at the same az- 
imuthal angle as the original vortex. The total velocity field is thus obtained 
by superimposing that due to a vortex with circulation « at radius 6 and 
that due to a vortex of circulation —K at radius R?/b. The total kinetic 
energy per unit length is thus given by 


1 
ee 5 | pdpagnme®. (9.37) 


To take into account the reduction of the density in the vortex core we cut 
off the integral at a distance € from the centre of the vortex. Evaluation of 
the integral gives (see Problem 9.4) 


mnk- 


n= [GR /e) 2 ll =a RI, (9.38) 


where only the leading logarithmic dependence on R/€ has been retained. 
Using a more detailed model of the core of the vortex changes only the 
coefficient of R/€ in the logarithm. We shall use this result to discuss motion 
of an off-axis vortex in Sec. 9.4. 


9.3 Equilibrium of rotating condensates 249 


9.3 Equilibrium of rotating condensates 


The equilibrium state of a rotating condensate depends on the symmetry of 
the trap. In the following we first discuss traps with axial symmetry, which 
implies that the component of the angular momentum about the symmetry 
axis is conserved. Subsequently we consider traps with no axis of symmetry. 


9.3.1 Traps with an axis of symmetry 


The calculations above show that one way to add angular momentum to a 
condensate of bosons in a trap with an axis of symmetry is to put all atoms 
into a state with non-zero angular momentum (the vortex state). In Sec. 
7.3.1 we found that another way to add angular momentum to a cloud is 
to create elementary excitations, such as surface waves. In general, more 
complicated states may be created by combining the two processes by, e.g., 
adding elementary excitations to a vortex state. An interesting question is 
what the lowest-energy state is for a given angular momentum. Following 
nuclear physics terminology, this state is sometimes referred to as the yrast 
state.* 

We begin by considering a cloud with angular momentum much less than 
h per atom. Intuitively one would expect the state to be close to that 
of the non-rotating ground state, and therefore it is natural to anticipate 
that the lowest-energy state would be the ground state plus a number of 
elementary excitations. Let us assume for the moment that the interaction 
is repulsive. If the number of particles is sufficiently large that the Thomas— 
Fermi approximation is valid, excitation energies may be calculated from 
the results of Sec. 7.3.1. For a harmonic trap, the lowest-energy elementary 
excitations with angular momentum /fh are surface waves. Their energies 
iw may be obtained from the frequencies for modes obtained in Chapter 
7: for isotropic traps by Eq. (7.71) for n = 0 and for anisotropic ones by 
Eq. (7.79). The energies are therefore in both cases equal to hwl'/*. Thus 
the energy per unit angular momentum is wo/ I'/2_ The lowest energy cost 
per unit angular momentum is achieved if modes with high / are excited. 
However with increasing /, the modes penetrate less and less into the bulk 
of the cloud, and the simple hydrodynamic picture of modes developed in 
Chapter 7 fails when the penetration depth of the surface wave, 1/q ~ R/I 
(see Sec. 7.4) becomes comparable with the thickness of the surface, 0, given 
by Eq. (6.45). At higher values of /, the modes become free-particle like, 
with an energy approaching h?q?/2m « i?, and the energy per unit angular 


1 The word yrast is the superlative of yr, which in Swedish means ‘dizzy’. 
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Vortex Surface mode Centre-of-mass 
motion 


Fig. 9.2. Schematic representation of ways of adding angular momentum to a Bose— 
Einstein condensed cloud in a trap. 


momentum increases. Consequently, the lowest energy cost per unit angular 
momentum is for surface waves with wave numbers of order 1/6, or 1 ~ R/6, 
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energetically most favourable. As the angular momentum increases further, 
states with a pair of vortices, or a vortex array have the lowest energy. 
Explicit calculations within the Gross—Pitaevskii approach may be found in 
Refs. [9] and [10] for weak coupling. 

When the interparticle interaction is attractive, the picture is completely 
different. In the lowest-energy state for a given value of the angular mo- 
mentum all the angular momentum is associated with the centre-of-mass 
motion of the cloud, and all internal correlations are identical with those 
in the ground state. This corresponds to excitation of a surface mode with 
l= 1. The dependence of properties on the sign of the interaction is due to 
the fact that the lowest-energy state with a fixed, non-zero angular momen- 
tum undergoes a phase transition as the interaction passes through zero. 
This will be demonstrated explicitly in Sec. 9.5. 

In summary, for repulsive interactions the lowest-energy state of a Bose— 
Einstein condensate in a trap is generally a superposition of vortices and 
elementary excitations, especially surface waves. When tle interaction is 
attractive, the lowest energy is achieved by putting all the angular mo- 
mentum into the centre-of-mass motion. The three ways of adding angular 
momentum to a cloud are illustrated schematically in Fig. 9.2. 


9.3 Equilibrium of rotating condensates Zo). 
9.3.2 Rotating traps 


In the previous discussion we assumed that the trap has an axis of symmetry, 
and therefore the angular momentum about that axis is conserved. Another 
situation arises for traps which have no axis of symmetry, since angular 
momentum is then not conserved. As an example one may consider an 
anisotropic trap rotating about some axis. The question we now address is 
what the equilibrium state is under such conditions. 

The difficulty with rotating traps is that in the laboratory frame the 
trapping potential is generally time-dependent. It is therefore convenient to 
approach the problem of finding the equilibrium state by transforming to the 
frame rotating with the trapping potential, since in that frame the potential 
is constant in time, and thus the standard methods for finding equilibrium 
may be employed. According to the well-known result from mechanics, in 
the frame rotating with the potential the energy E” of a cloud of atoms is 
given in terms of the energy F in the non-rotating frame by [11] 


Bi =E-L-Q, (9.40) 


where L is the angular-momentum vector and Q is the angular-velocity 
vector describing the rotation of the potential. In a trap with no axis of 
symmetry, angular momentum about the axis of rotation is not conserved, 
and therefore the angular momentum L of the system must be identified 
with the quantum-mechanical expectation value of the angular momentum. 
The problem is then to find the state with lowest energy in the rotating 
frame, that is, with the lowest value of E’. 

An important conclusion may be drawn from Eq. (9.40). If a state with 
angular-momentum component L along the rotation axis has energy Ey, 
it will be energetically favourable compared with the ground state if the 
angular velocity of the trap exceeds a critical value 2,, given by 
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(9.41) 


The value of 2, depends on the character of the excited state. For the 
vortex state in a cloud with a number of particles large enough that the 
Thomas—Fermi approximation is valid, the energy of the vortex state relative 
to the ground state is given by (9.32), while L is given by (9.33). Their ratio 
determines 2, according to (9.41), and we therefore obtain a critical angular 
velocity given by 
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Apart from the logarithmic term and a numerical factor, this is the angular 
velocity of a particle at the edge of the cloud with angular momentum h. 
Since the minimum value of the ratio of energy to angular momentum for 
surface waves is given by Eq. (9.39), the critical angular velocity for such 
waves is given by 


dose \ 2/3 
O ~ wo ( = ) (9.43) 
Thus in the Thomas—Fermi regime, vortex states can be in equilibrium in 
a rotating trap with an angular velocity lower than that required for sur- 
face waves. The smallest value of the critical angular velocity allowing for 
all sorts of possible excitations is referred to as the lower critical angular 
velocity. Below this angular velocity, the non-rotating ground-state has the 
lowest energy in the rotating frame, while at higher angular velocities, other 
states are favoured. It is usually denoted by 0.1, by analogy with the lower 
critical magnetic field in type II superconductors, at which the Meissner 
state ceases to be energetically favourable. At higher magnetic fields, flux 
lines, the charged analogues of vortices in uncharged systems, are created. 
As the angular velocity increases past Q.1, the angular momentum of the 
equilibrium state changes discontinuously from zero to fh per particle. 

As the rotation rate is increased, the nature of the equilibrium state 
changes, first to a state with two vortices rotating around each other, then 
to three vortices in a triangle, and subsequently to arrays of more and more 
vortices. Calculations of such structures for a trapped Bose gas with weak 
interaction have been carried out in Ref. [9]. All the vortices have a single 
quantum of circulation since, as argued in Sec. 9.2.1, vortices with multiple 
quanta of circulation are unstable with respect to decay into vortices with 
a single quantum. 

For a bulk superfluid in rotation at an angular velocity high compared with 
the minimum angular velocity 0. at which it is energetically favourable to 
have a vortex, the state with lowest energy in the rotating frame has a 
uniform array of vortices arranged on a triangular lattice [12]. For a Bose— 
Einstein condensed gas in a trap, one would expect a similar conclusion to 
hold provided the density of the fluid does not vary appreciably on a length 
scale equal to the spacing between vortices. 

Let us contrast the velocity field for an array of vortices with that for 
an ordinary fluid. For a fluid in equilibrium in a frame rotating at angular 
velocity 9, the velocity locally is that for uniform rotation, that is v = 
Q x r. Therefore V x v is uniform and equal to 2. The velocity field for 
a condensate can be made similar to this if it contains an array of vortices 
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aligned in the direction of the angular velocity. If the number n, of vortices 
per unit area in the plane perpendicular to Q is uniform and equal to 


— 2mQ 
= 


Ue (9.44) 
the average circulation per unit area in the condensate is 20. However, 
because the quantum of circulation is non-zero, it is impossible to create a 
velocity field v = (2 x r everywhere simply from an array of vortices, since 
the velocity diverges in the immediate vicinity of a vortex. 

The importance of quantized vortices as a direct manifestation of the 
quantum nature of a Bose-Einstein condensate has stimulated a number 
of experimental investigations of rotating condensates. The basic idea in 
most such experiments is to use a laser beam to ‘stir’ the condensate. Due 
to the interaction of atoms with radiation, as described in Sec. 4.2, a laser 
beam, whose axis has a fixed direction and whose centre rotates in space, 
creates a rotating potential for atoms. Since the spatial scale of a vortex 
core in a trapped cloud is typically less than 1 um, it is impossible to re- 
solve structures optically. To magnify the spatial scale of vortex structure 
it is therefore common to switch off the trap and allow clouds to expand 
ballistically before examining them optically. This method has been applied 
in a number of experiments on one-component condensates. However, the 
first observation of vortices in dilute gases was made using a two-component 
condensate [13]. 

The idea of using two-component condensates arose because of concerns 
about the time required to reach equilibrium in one-component condensates, 
and the specific technique was proposed by Williams and Holland [14]. The 
experiment was performed with ®’Rb atoms, and the two components cor- 
responded to atoms in the two hyperfine states |F = 1,mp = —1) and 
|F = 2,mp = +1). In brief, the basic idea is to use a laser-beam stirrer, as 
described above, together with a spatially-uniform microwave field, which 
couples the two hyperfine states by a two-photon transition. When the 
two perturbations operate on, say, a non-rotating condensate in the state 
|F = 1,mp = —1), they can produce a rotating condensate in the state 
[F = 2,mp = +1). If the frequency of the microwave field and the rotation 
frequency are chosen appropriately, atoms from the non-rotating condensate 
are transferred resonantly to a vortex state of atoms in the second hyperfine 
state. In the first experiment, the core of the vortex contained a non-rotating 
condensate of atoms in the state |/ = 1, mr = —1). Because of the repulsive 
interaction between atoms in unlike hyperfine states, the vortex core was so 
large that it could be imaged directly, without ballistic expansion. In sub- 
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sequent experiments, the condensate of non-rotating atoms was removed, 
thereby yielding a rotating condensate in a one-component system [Le 

The difficulties with nucleating vortices in single-component condensates 
turned out not to be serious. Single vortices and vortex arrays have been 
created by using laser beams to stir a gas of 8’Rb atoms [16], and the angular 
momentum of a rotating Bose-Einstein condensed state has been measured 
[17]. Recently, regular triangular arrays containing up to 130 vortices have 
been observed in a condensate of Na atoms [18]. These results confirm 
the basic picture of the equilibrium states of rotating superfluids described 
above. 

The study of rotating Bose-Einstein condensates in traps has given new 
insights into the behaviour of vortex lines in inhomogeneous systems, and 
for further details we refer to Ref. [2|. There are many outstanding prob- 
lems, among them understanding quantitatively the response of a rotating 
superfluid to perturbations, such as the presence of thermal excitations. A 
particular example is the decay of vortex states. In the experiments reported 
in Ref. [18], the number of vortices had decreased markedly after 10 s, but 
individual vortices were sometimes present near the axis of rotation after as 
long as 40 s. 


9.4 Vortex motion 


One of the remarkable results of the classical hydrodynamics of an ideal fluid 
is the law of conservation of circulation, or Kelvin’s theorem. This states 
that the circulation around a contour moving with the fluid is a constant in 
time [19, $8]. Expressed in terms of the motion of vortex lines, the theorem 
states that vortex lines move with the local fluid velocity. 

As a first example, consider an off-axis vortex in an incompressible fluid 
contained in a cylinder, as discussed in Sec. 9.2.3. As a consequence of the 
interaction between the vortex and its image vortex, the azimuthal angle 
of their positions will change, their radial coordinates remaining constant. 
The angular velocity may be determined by classical mechanics, since this 
is given by 


(9.45) 


Since the energy (9.38) and the angular momentum (9.36) both depend 
parametrically on b, the distance of the vortex line from the axis of the 
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Thus the velocity of the vortex at radius b from the axis is h/m(R?/b— b). 
The fluid velocity at the position of the original vortex is due to the image 
vortex, and it is equal to h/md, where d = R?/b — b is the separation of the 
two vortices. Thus the velocity at which the vortex advances is precisely the 
flow velocity of the fluid at the position of the vortex, in agreement with 
Kelvin’s theorem. 


9.4.1 Force on a vortex line 


Insight into Kelvin’s theorem may be gained by considering the force acting 
on a vortex line. We do this by calculating the flux of momentum into the 
region in the vicinity of the vortex line. Consider a surface surrounding the 
vortex line, and moving with it. The momentum flux inwards across the 
surface is given by? 


B= — f as;ty, (9.47) 


where I];; is the momentum flux density tensor, and the element of area of 
the surface, considered as a vector in the direction of the outward normal, 
is denoted by dS;. 

We imagine that the surface lies well outside the core of the vortex, so 
terms in the momentum flux density tensor involving the gradient of the 
amplitude of the condensate wave function may be neglected. We shall also 
neglect the effect of external potentials. Thus the momentum flux density 
tensor is [19, §7] 


lye = bsg a ERE, (9.48) 
where p is the pressure, and the force is 
ih == / dS; (pbig + nmu;v,). (9.49) 


The force thus comes partly from pressure variations over the surface, and 
partly from transport of momentum by the bulk motion of fluid crossing 
the surface. Due to the presence of the vortex, the velocity field close to 


2 We use here the Einstein convention of summing over repeated indices. 
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the vortex line has a component varying inversely as the distance from the 
vortex line. In addition, there is a contribution to the velocity field which 
varies smoothly with position outside the core of the vortex, and we shall 
denote this by u. We remark that at distances of order the coherence length 
€ from the vortex there are ‘backflow’ contributions to the velocity field due 
to the fact that the deficit of particles in the core behaves as an obstacle, but 
at distances much greater than € from the vortex line these are negligible. 
Thus on the surface we consider we may treat u as constant. 

In the frame moving with the vortex, the flow is stationary and therefore 
the fluid velocity satisfies the Bernoulli equation which follows from Eq. 
AU), 


il IL 
ut arly <7 = le + 5m, (9.50) 


where po is the chemical potential far from the vortex core. 
The change in the chemical potential is 


1 1 
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The change in pressure is related to the change in the chemical potential 
by the thermodynamic relationship valid at zero temperature dp = ndu. 
To calculate the momentum flux across a contour moving with the fluid. 
we transform the momentum flux density tensor to the frame in which the 
vortex is stationary, where the fluid velocity is v — u. The change in the 
momentum flux density tensor to first order in u is 


ON Te ee), (9.52) 


The total momentum transported out over the boundary is given by inte- 
grating the scalar product of the momentum flux density tensor and the 
element of surface area of the boundary. The force acting on the vortex 
is the negative of this quantity. For definiteness, we take u to be in the x 
direction, u = (uz,,0,0). Per unit length of the vortex, the components of 
the force are then given by 


a § VG (Un epee ain (9.53) 
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where dl is the line element of the contour in the cry plane. and é is the 
unit vector in the direction of the outward normal to the surface. The 
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integrand on the right hand side of Eq. (9.53) is the net flux of mass across 
the contour, which must vanish. Thus the force in the « direction vanishes. 
This is an example of d’Alembert’s paradox, that in potential flow past a 
body there is no drag force. Since the line element on the contour is given 
by dl = di{—ey, ez), the integral in Eq. (9.54) is the circulation around the 
contour, 


ne $leyes = 4,8, = val (9.55) 


The force in the z direction vanishes by symmetry, and therefore if one 
regards the circulation as a vector in the direction of the vortex line, the 
total force per unit length of the vortex may be written as 


Finn x, (9.56) 


where « is the circulation of the vortex, its direction being that of the vortex 
line. This force is usually referred to as the Magnus force. Note that the force 
is independent of conditions inside the surface considered. In particular, the 
result hoids even if a solid object, such as the wing of an aircraft, is present 
there; this force provides the lift responsible for flight. 

From the result (9.56) one can draw the important conclusion that in 
steady flow a vortex moves with the local fluid velocity if there are no other 
forces acting on the vortex. If this were not so, there would be unbalanced 
forces. If the vortex is subjected to other forces, they must exactly cancel 
the Magnus force. We draw attention to the fact that the ‘carrying vorticity 
with the fluid’ effect is not present in the equations of motion we derived in 
Sec. 7.1 , where it was assumed that V x v = 0, and therefore there was no 
vorticity. To include these effects requires a careful treatment of the regions 
near the vortex lines, and these give rise to terms like the v x (V x v) one 
in Eq. (7.25), which was derived from the Euler equation for an ideal fluid, 
without assuming that the flow was irrotational. 


9.5 The weakly-interacting Bose gas under rotation 


The weakly-interacting Bose gas, whose equilibrium properties and excita- 
tion spectrum were considered in Chapters 6 and 8, provides an instructive 
model for studies of rotation. Consider N identical bosons in a harmonic- 
oscillator potential which is axially symmetric about the z axis. ‘The ground 
state of the system has been considered before and, provided the interaction 
energy is small compared with the oscillator quantum of energy, the energy 
of the state may be estimated by perturbation theory, and is given in Eq. 
(6.20). Properties of vibrational modes were considered in Sec. 8.2.1. Let 
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us now turn to states with non-zero angular momentum about the z axis. 
Our discussion closely follows Ref. [20]. The difference between this prob- 
lem and the one considered earlier is that the oscillator frequencies for the 
x and y directions are the same, and therefore the modes for oscillations 
in the two directions are mixed by the interaction. To solve this problem 
we work in terms of states with definite angular momentum about the z 
axis, rather than states with definite numbers of quanta of motion in the 
x and y directions. The wave function for the motion in the z direction 
plays no role in our discussion, so we shall suppress it and consider a purely 
two-dimensional problem. The energy levels of an isotropic two-dimensional 
oscillator are given by 


1D = (eg de ig se LN (9.57) 


where nz and n, are the numbers of quanta for the two directions, ands 
is the oscillation frequency in the zy plane. Energy levels with more than 
a single quantum are degenerate, and one may construct combinations of 
states with the same energy that have simple properties under rotations 
about the z axis. The spectrum may be expressed in terms of the angular 
momentum quantum number m of the state and the number n, of radial 
nodes of the wave function as 


1 = (| ey ae ee (9.58) 


The lowest-energy single-particle state with angular momentum mh has an 
excitation energy |m|fw, relative to the ground state. This state corre- 
sponds classically to a circular orbit in the ry plane. For a given angular 
momentum L, the lowest-energy states of the many-body system in the ab- 
sence of interactions are obtained by populating states with no radial nodes, 
and with the angular momentum of the particle having the same sense as 
L. For definiteness, it is convenient to take L to be positive. If one denotes 
the number of atoms in a single-particle state with angular momentum mh 
and no radial nodes by N,,, the angular momentum is given by 


=e NG (9.59) 
m2>0 
and the energy by 
Ey, = Eo = Dw. (9.60) 


For EL = hi, the state is unique, since it has N — 1 particles in the ground 
state of the oscillator, and one particle in the state with one unit of angular 
momentum. We shall denote this state by |OY~!1'). For higher values of 
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the angular momentum the lowest-energy state is degenerate. For example, 
for L = 2h, the state |0%~'2!), which has N —1 particles in the ground state 
and one in the state with m = 2, is degencrate with the state |0‘~?*1?) with 
N — 2 particles in the ground state and two in the state with m = 1. The 
degeneracy increases rapidly with L. 

Let us now investigate the effect of interactions on the energies of states 
with small angular momentum. The simplest states to consider are ones in 
which N —1 particles are in the ground state, and one particle is in the state 
with angular momentum mh. The expectation value of the energy of the 
state is (cf. Eq. (8.58)) 


Em = Eo + hilm|w. — (N — 1)({00|0|00) — 2(0m|U|0m)). (9.61) 


The fact that the interaction mixes the state |0‘~!m+) with ones such as 
JoN-!11™) does not affect the contribution to the energy of order N (see 
Problem 9.5). 

The matrix elements of the interaction may be calculated straightfor- 
wardly since the wave function of the state with angular momentum mh is 
proportional to ple”, One finds 


(Om|U|Om) = ——(00|U|00). (9.62) 
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The excitation energies are therefore given by 
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where in the interaction term we have replaced N — 1 by N. Notice that 
the interaction energy is unchanged for |m| = 1. This is due to the fact that 
the angular momentum of the excited state considered is associated purely 
with the centre-of-mass motion and, consequently, all correlations between 
atoms are precisely the same as in the ground state. This effect is analogous 
to that for vibrational motion along one of the coordinate axes, which we 
considered in Chapter 7. Now let us consider higher multipole excitations. 


Repulsive interactions 


For repulsive interactions the excitation energy is reduced compared to that 
for non-interacting particles. The energy cost per unit angular momentum 
is given by 
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and it is therefore lowest for quadrupole (|m| = 2) and octupole (|m| = 3) 
modes, and in this approximation the value is the same for these two sorts 
of excitation [20]. 

To determine the least energetic state for a non-zero value of the angular 
momentum per particle one must take into account interactions between the 
elementary excitations considered above, and one finds that at low angular 
momentum the lowest-energy state is achieved by exciting quadrupole modes 
[10]. The change in the interaction energy is negative because the single- 
particle wave function in an excited state is more spread out than in the 
ground state, and therefore the expectation value of the interaction energy is 
less. The results here fit nicely with the ones deduced for the Thomas-Fermi 
regime (Sec. 9.3.1), where for small total angular momentum (L < Nh) 
the lowest-energy excitations per unit angular momentum were found to be 
surface waves with angular momentum of order (f/ Aosc)*/3h. In the weak- 
coupling limit, R and dose are comparable in magnitude. and therefore one 
would expect the most favourable angular momentum of excitations to be 
of order unity, as we found by explicit calculation. 


Attractive interactions 


For attractive interactions the situation is different: generally the energy 
required to excite an atom from the ground state is greater than the free- 
particle value because some of the attractive energy is lost due to particles 
being further apart. An exception is the centre-of-mass excitation, for which 
there is no interaction contribution to the excitation energy. Thus the most 
energetically economical way to add angular momentum to the cloud is to 
excite motion of the centre of mass, without disturbing the internal correla- 
tions of the ground state [21]. This result is general. even though we have 
demonstrated it only for weak interactions and small angular momenta. An- 
gular momentum can be added partly to the centre-of-mass motion, which 
leaves the interaction energy unchanged, or may be put into internal excita- 
tions, which will increase the interaction energy. Thus, exciting the centre- 
of-mass motion is the most energetically favourable way of giving angular 
momentum to a cloud of atoms with attractive interactions. 

From the above example we see that the behaviour under rotation of a 
cloud of atoms with attractive interactions is qualitatively different from that 
for repulsive ones: tle system undergoes a phase transition when the cou- 
pling passes through zero. This may be illustrated by considering the model 
discussed above for a state with more than one unit of angular momentum. 
As we have shown above, in the absence of interactions the ground state 
is degenerate. For weak interactions the eigenvalues are obtained by diag- 
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Fig. 9.3. Schematic plot of energies of many-atom eigenstates with a given non-zero 
angular momentum as a function of interaction strength for weak coupling between 
atoms. 


onalizing the interaction Hamiltonian in the subspace of degenerate states. 
All the matrix elements are proportional to the strength of the potential, 
and therefore the eigenvalues are linear functions of the strength. Thus the 
behaviour of the eigenvalues is as shown schematically in Fig. 9.3. From this 
one sees that the lowest-energy state changes character as the strength of 
the interaction passes through zero. The calculations above have shown that 
the state corresponding to exciting only the centre-of-mass degree of freedom 
is the lowest-energy one for attractive interactions, and thus, for repulsive 
interactions, it has the highest energy among the states in the manifold. 


Problems 


PROBLEM 9.1. Calculate the condensate wave function for a vortex in a 
uniform Bose gas in the Thomas~Fermi approximation, in which one neglects 
the term in the energy containing radial gradients of the wave function. 
Show that the condensate wave function vanishes for p < |f|€ where @ is the 
number of quanta of circulation of the vortex, and € is the coherence length 
far from the vortex. Show that to logarithmic accuracy the vortex energy 
per unit length is th?(n/m)é? In(R/|e\g), n being the density far from the 
vortex. Compare this result with the exact one for a vortex line with a 
single quantum of circulation. When the radial gradient terms are included 
in the calculation, particles tunnel into the centrifugal barrier at small radii, 
yielding a condensate wave function which for small p has the oll behaviour 
familiar for free particles. 
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PROBLEM 9.2 Calculate the vortex energy from (9.17) using the trial so- 
lution given by (9.19), and show that it is a minimum for a = 2. 


PROBLEM 9.3 Consider two parallel vortices with circulations ¢; and 9 
separated by a distance d within a cylindrical container of radius R. The 
mass density of the medium is uniform, p = nm. Show that the interaction 
energy per unit length of the vortices is given in terms of their velocity fields 
Vv, and vo as 

Qr by b5 hen R 
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where the final expression holds for R >> d and d > €. 


PROBLEM 9.4 Calculate the energy of a rectilinear vortex in a uniform 
fluid contained in a cylinder of radius R when the vortex is coaxial with 
the cylinder and at a distance 6 from the axis of the cylinder. [Hint: The 
problem is equivalent to that of evaluating the capacitance of two parallel 
cylindrical conductors of radii R and € whose axes are displaced with respect 
to each other by an amount 6. See, e.g., Ref. [22].] 


PROBLEM 9.5 Consider the state |0‘—12'), in which one particle is in 
the state pln etme e—p*/ 2a5sc for m = 2 which is a solution of the Schrédin- 
ger equation for the isotropic harmonic oscillator in two dimensions. The 
interaction can induce transitions to the state with two atoms in the m = 1 
state and the remainder in the m = 0 one. Show that the shift of the energy 
of the state }o” —191) due to this process is independent of N and of order 
(00|U|00) when the interaction is weak. 
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10 
Superfluidity 


The phenomena of superfluidity and superconductivity are intimately con- 
nected with the existence of a condensate, a macroscopically occupied quan- 
tum state. Such condensates occur in a variety of different physical systems, 
as described in Chapter 1. The foundation for the description of superflu- 
idity is a picture of the system as being comprised of a condensate and 
elementary excitations. In Chapter 8 we have seen how physical properties 
such as the energy and the density of a Bose-Einstein condensed system may 
be expressed in terms of a contribution from the condensate, plus one from 
the elementary excitations, and in this chapter we shall consider further de- 
velopments of this basic idea to other situations. As a first application, we 
determine the critical velocity for creation of an excitation in a homogeneous 
system (Sec. 10.1). Following that, we show how to express the momentum 
density in terms of the velocity of the condensate and the distribution func- 
tion for excitations. This provides the basis for a two-component description, 
the two components being the condensate and the thermal excitations (Sec. 
10.2). In the past, this framework has proved to be very effective in describ- 
ing the properties of superfluids and superconductors, and in Sec. 10.3 we 
apply it to dynamical processes. 


To describe the state of a superfluid, one must specify the condensate 
velocity, in addition to the variables needed to characterize the state of an 
ordinary fluid. As a consequence, the collective behaviour of a superfluid 
is richer than that of an ordinary one. Collective modes are most simply 
examined when excitations collide frequently enough that they are in local 
thermodynamic equilibrium. Under these conditions the excitations may 
be regarded as a fluid, and a hydrodynamic description is possible. This is 
referred to as the two-fluid model. As an illustration, we show in Sec. 10.4 
that, as a consequence of the additional macroscopic variable, there are two 
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sound-like modes, so-called first and second sound, rather than the single 
sound mode in an ordinary fluid. 

When collisions are so infrequent that local thermodynamic equilibrium is 
not established, the dynamics of the excitations must be treated microscop- 
ically. In Sec. 10.5 we illustrate this approach by considering the damping 
and frequency shift of low-frequency collective modes of the condensate due 
to coupling to thermal excitations. 


10.1 The Landau criterion 


Consider a uniform Bose-Einstein condensed liquid in its ground state. 
Imagine that a heavy obstacle moves through the liquid at a constant veloc- 
ity v, and let us ask at what velocity it becomes possible for excitations to 
be created. In the reference frame in which the fluid is at rest, the obstacle 
exerts a time-dependent potential on the particles in the fluid. To simplify 
the analysis it is convenient to work in the frame in which the obstacle is 
at rest. If the energy of a system in one frame of reference is #7, and its 
momentum is p, the energy in a frame moving with velocity v is given by 
the standard result for Galilean transformations, 


1 
E(w) =E-pv+ 5 Me", (10.1) 


where M = Nm is the total mass of the system. Thus in the frame moving 
with the obstacle the energy of the ground state, which has momentum zero 
in the original frame, is 


1 
E(v) = Ey + sNmv", (10.2) 


Eo being the ground-state energy in the frame where the fluid is at rest. 
Consider now the state with a single excitation of momentum p. In the 
original frame the energy is 


Eex = Eo + Ep, (10.3) 


and therefore the energy in the frame moving with the obstacle is 


1 
Eex(v) = Eo + & — pv + 5 Nmv". (10.4) 


Consequently, the energy needed to create an excitation in the frame moving 
with the obstacle is €¢, — p-v, the difference between (10.4) and (10.2). In the 
frame of the obstacle, the potential produced by it is static, and therefore 
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the obstacle is unable to transfer energy to the fluid. Thus at a velocity 


a= ae (10.5) 


that is, when the phase velocity of the excitation is equal to the velocity 
of the fluid relative to the obstacle, it becomes possible kinematically for 
the obstacle to create an excitation with momentum parallel to v. For 
higher velocities, excitations whose momenta make an angle cos~'(€,/pv) 
with the velocity vector v may be created. This process is the analogue of 
the Cherenkov effect, in which radiation is emitted by a charged particle 
passing through a material at a speed in excess of the phase velocity of 
light in the medium. The minimum velocity at which it is possible to create 
excitations is given by 


Ue = min(), (10.6) 
Dp 

which is referred to as the Landau critical velocity. For velocities less than 

the minimum value of €,/p, it is impossible to create excitations. There is 

consequently no mechanism for degrading the motion of the condensate. and 

the liquid will exhibit superfluidity. 

Equation (10.6) shows that the excitations created at the lowest velocity 
are those with the lowest phase velocity. In a uniform, Bose-Einstein con- 
densed gas, for which the spectrum is given by the Bogoliubov expression 
(8.29), the phase velocity may be written as s{1 + (p/2ms)?]'/?. There- 
fore the lowest critical velocity is the sound speed. and the corresponding 
excitations are long-wavelength sound waves. This situation should be con- 
trasted with that in liquid 4He. If the relevant excitations were those given 
by the standard phonon-roton dispersion relation (Fig. 1.1), which is not 
convex everywhere, the lowest critical velocity would correspond to creation 
of rotons, which have finite wavelengths. However, the critical velocity ob- 
served in experiments is generally lower than this, an effect which may be 
accounted for by the creation of vortex rings, which have a phase velocity 
lower than that of phonons and rotons. We remark in passing, that for 
the non-interacting Bose gas, the critical velocity is zero, since the phase 
velocity of free particles, p/2m, vanishes for p = 0. For this reason Lan- 
dau argued that the picture of liquid “He as an ideal Bose gas was inad- 
equate for explaining superfluidity. As the Bogoliubov expression (aL) 
for the excitation spectrum of the dilute gas shows, interactions are cru- 
cial for obtaining a non-zero critical velocity. In a recent experiment a 
critical velocity for the onset of a pressure gradient in a Bose-Einstein con- 
densed gas has been measured by stirring the condensate with a laser beam 


10.2. The two-component picture OT 


[1], but a detailed theoretical understanding of the results remains to be 
found. 

Another way of deriving the Landau criterion is to work in the frame in 
which the fluid is at rest and the obstacle is moving. Let us denote the 
potential at point r due to the obstacle by V(r — R(t)), where R(t) is the 
position of some reference point in the obstacle. For uniform motion with 
velocity v, the position of the obstacle is given by R(t) = R(0) + vt, and 
therefore the potential will be of the form V (r—vt—R(0)). From this result 
one can see that the Fourier component of the potential with wave vector 
q has frequency q-v. Quantum-mechanically this means that the potential 
can transfer momentum fq to the liquid only if it transfers energy hq-v. 
The condition for energy and momentum conservation in the creation of an 
excitation leads immediately to the criterion (10.6). 

In the discussion above we considered a fluid with no excitations present 
initially. However the argument may be generalized to arbitrary initial 
states, and the critical velocity is given by the same expression as before, 
except that the excitation energy to be used is the one appropriate to the 
initial situation, allowing for interactions with other excitations. 


10.2 The two-component picture 

The description of superfluids and superconductors in terms of two interpen- 
etrating components, one associated with the condensate and the other with 
the excitations, is conceptually very fruitful. In an ordinary fluid, only the 
component corresponding to the excitations is present and, consequently, 
that component is referred to as the normal component. That associated 
with the condensate is referred to as the superfluid component. The two 
components do not correspond to physically distinguishable species, as they 
would in a mixture of two different kinds of atoms. The expression (8.35) is 
an example of the two-component description for the particle density. We 
now develop the two-component picture by considering flow in a uniform sys- 
tem and calculating the momentum carried by excitations in a homogeneous 
gas. 


10.2.1 Momentum carried by excitations 
In the ground state of a gas the condensate is stationary, and the total 
momentum is zero. Let us now imagine that excitations are added without 
changing the velocity of the condensate. The total momentum per unit 
volume is thus equal to that carried by the excitations, 


d 
i= | eames (10.7) 
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Now let us perform a Galilean transformation to a reference frame moving 
with a velocity —v,s, in which the condensate is therefore moving with ve- 
locity v,. Under the Galilean transformation the total momentum changes 
by an amount Nmvg, and therefore the total momentum density in the new 
frame is 


: ; dp 
J = PVs + Jex = PVs +f (Q7r GahypPte (10.8) 


where p = nm is the mass density. For a system invariant under Galilean 
transformations, the momentum density is equal to the mass current density, 
which enters the equation for mass conservation. 


10.2.2 Normal fluid density 


The expression (10.8) for the momentum density forms the basis for the 
introduction of the concept of the normal density. We consider a system in 
equilibrium at finite temperature and ask how much momentum is carried 
by the excitations. We denote the velocity of the condensate by vs. The gas 
of excitations is assumed to be in equilibrium, and its velocity is denoted by 
Vn. From the results of Sec. 10.1 one can see that the energy of an excitation 
in the original frame is €, + p-vs. The distribution function is that for exci- 
tations in equilibrium in the frame moving with velocity vy, and therefore 
the energy that enters the Bose distribution function is the excitation energy 
appropriate to this frame. This is the energy in the original frame, shifted 
by an amount —p- vy, and therefore the equilibrium distribution function 
is 
i 

exp{[ep — p-(vn — Vs)|/&7T} — 1 


By inserting this expression into Eq. (10.8) one finds the momentum density 
of the excitations to be 


iy (10.9) 


. dp 
d= j) Gq hysPle = Pall¥a — val)(Wn ~ Vs) (10.10) 
where 
> dp pv 1 
Bh) = i (2rh)> v2 exp[(€p — p-v)/kT] — 1 oe 


For small velocities one finds 


Epi | eh ie OF 
m= | Gora (e) Ga =| ee (2), (10.12) 
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where iy = [exp(e,/kT) — 1]~!. The temperature-dependent quantity py is 
referred to as the density of the normal fluid, or simply the normal density. 
For a dilute Bose gas, the spectrum of elementary excitations is the Bogoliu- 
bov one, Eq. (8.29). At temperatures low compared with T; = ms?/k, Eq. 
(8.64), the dominant excitations are phonons, for which ¢, ~ sp. Substitu- 
tion of this expression into Eq. (10.12) gives 

Qn? (kT)* 
45 A385 
At a temperature 7, the typical wave number of a thermal phonon is ~ 
kT/hs, and therefore the density of excitations is of order (kT/hs)?, the 
volume of a sphere in wave number space having a radius equal to the 
thermal wave number. Thus a thermal excitation behaves as though it has 
a mass ~ kT/s?, which is much less than the atomic mass if T < Ty. 
As the temperature approaches 7), the mass becomes of order the atomic 
mass. In the other limiting case, T >> T;, the energy of an excitation is 
approximately the free-particle energy p*/2m. If one integrates by parts the 


Pu = (10.13) 


expression (10.12) for the normal density, one finds 


= ines (10.14) 
where Nex = 2— No is the number density of particles not in the condensate, 
given by 

3/2 
ie 
flee =o (=) (OLS) 


The simple result for T >> JT; is a consequence of the fact that the excitations 
are essentially free particles, apart from the Hartree-Fock mean field, and 
therefore, irrespective of their momenta, they each contribute one unit to 
the particle number, and the particle mass m to the normal density. Note 
that the density of the normal component is not in general proportional to 
Nex (see Problem 10.3). 
According to (10.8) the total momentum density is then obtained by 
AXCKCIONY FOR WE Jin 
1 = alr = Vea es (10.16) 


If we define the density of the superfluid component or the superfluid density 
as the difference between the total and normal densities, 


Ps = P — Pn; (10.17) 
the momentum density may be expressed as 


j = PsVs + PnVn, (10.18) 
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which has the same form as for two interpenetrating fluids. There are how- 
ever important differences between this result and the corresponding one for 
a fluid containing two distinct species. The density of the normal component 
is defined in terms of the response of the momentum density to the velocity 
difference v, —Vvg. It therefore depends both on temperature and on Vn — Vs. 


10.3 Dynamical processes 


In the previous section we considered steady-state phenomena in uniform 
systems. In this section we treat dynamical phenomena, taking into account 
spatial non-uniformity. The most basic description of dynamical processes 
is in terms of the eigenstates of the complete system or, more generally. in 
terms of the density matrix. However, for many purposes this approach is 
both cumbersome and more detailed than is necessary. Here we shall as- 
sume that spatial variations are slow on typical microscopic length scales. 
It is then possible to use the semi-classical description, in which the state 
of the excitations is specified in terms of their positions r; and momenta 
p; or equivalently their distribution function f(r), as we did earlier in the 
description of equilibrium properties in Sec. 2.3. The superfluid is charac- 
terized by the condensate wave function 1(r, t). 

The condensate wave function is specified by its magnitude and its phase, 
p=|~ 


is given in terms of ¢ by the relation vs = hV@/m. For many purposes it 


w|?, while the superfluid velocity 


e'®. The condensate density equals 


is convenient to eliminate the magnitude of the condensate wave function 
in favour of the local density n(r,t), and use this and the phase ¢(r,t) 
of the condensate wave function as the two independent variables. One 
advantage of working with the total density, rather than the density ||? of 
the condensate, is that collisions between excitations alter the condensate 
density locally, but not the total density. Another is that, as we shall see, 


o(r,t) and the total density n(r,t) are canonical variables. In Sec. 7.1 we 
showed how a pure condensate is described in these terms, and we now 
generalize these considerations to take into account excitations. 

Consider first a uniform system. Its state is specified by the number of 
particles N, the occupation numbers Np, for excitations, and the condensate 
velocity vs. The condensate wave function is the matrix element of the 
annihilation operator between the original state aud the state with the same 
number of excitations in all states, but one fewer particles. Thus the phase 
of the condensate wave function varies as 

de _ EW, {Np}, Vs) le en) 10E 
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where {Np} indicates the set of occupation numbers for all momentum 
states. In generalizing this result to non-uniform systems we shall confine 
ourselves to situations where the energy density E(r) is a local function of 
the particle density n(r), the condensate velocity vs, and the distribution 
function for excitations, fp(r). The rate of change of the phase locally is 
therefore given by generalizing (10.19) to spatially varying situations, 


O¢(r,t) 1 6E  18€ 


dt —shén(r)~—hOn’ 


(10.20) 


Formally this result, which at zero temperature is identical with (7.22), is 
an expression of the fact that the density n and the phase @ times ft are 
canonically conjugate variables. 

For slow variations the form of the Hamiltonian density may be deter- 
mined from Galilean invariance, since the local energy density is well ap- 
proximated by that for a uniform system. It is convenient to separate the 
energy density of the system in the frame in which the superfluid is at rest 
into a part due to the external potential V(r) and a part E(n, { fp}) coming 
from the internal energy of the system. Examples of this energy functional 
are the expressions for the ground-state energy density within Bogoliubov 
theory obtained from Eq. (8.43), and for the Hartree-Fock energy density 
which one obtains from Eq. (8.73). In the frame in which the superfluid has 
velocity vs, the energy density may be found from the standard expression 
(10.1) for the total energy, and is 


i 
Etot = eliG, Hafoe! + Jex'Vs ae 50s a Ween. (10.21) 


In the long-wavelength approximation we have adopted, the energy density 
depends locally on the density, and therefore the equation of motion for the 
phase is simply 

do 
Ot 
In this equation ping = OE(n, {fp})/On is the contribution to the chemical 
potential due to the internal energy, and the two other terms are due to the 
external potential and the kinetic energy associated with the flow. From this 
relationship one immediately finds the equation of motion for the superfluid 


il 
= —(Hint + V + 5s): (C22) 


velocity 
ON 
or 
This result has the same form as Eq. (7.20), but the quantum pressure term 
proportional to spatial derivatives of the density is absent because it has 


i 
= Sinn: ie” ae Bins). (MO aa) 


Dae Superfluidity 


been neglected in the long-wavelength approximation made here. However, 
it is important to note that the chemical potential jrint in Eq. (10.23) contains 
the effects of excitations, unlike the one in Eq. (7.20). 

We next consider variations of the density. As we have noted already, 
the number of particles in the condensate is not conserved when excitations 
are present, but the total number of particles is. For a Galilean-invariant 
system, the total current density of particles is equal to the momentum 
density divided by the particle mass, and the momentum density has already 
been calculated, Eq. (10.8). Therefore the condition for particle number 
conservation is 

on a 1¥, = (i), (10.24) 
Ot m 
One may also derive this result from the Hamiltonian formalism by using 
the second member of the pair of equations for the canonical variables n and 
ho (Problem 10.4). 

It is important to notice that the equations of motion for vs and n both 
contain effects due to excitations. In Eq. (10.23) they enter through the de- 
pendence of the chemical potential on the distribution of excitations, which 
gives rise to a coupling between the condensate and the excitations. The 
energy of an excitation depends in general on the distribution of excitations 
and also on the total density and the superfluid velocity. The distribution 
function for the excitations satisfies a kinetic equation similar in form to 
the conventional Boltzmann equation for a dilute gas which we employ in 
Sec. 11.3. The important differences are that the equations governing the 
motion of an excitation contain effects of the interaction. while the collision 
term has contributions not only from the mutual scattering of excitations, 
as it does for a gas of particles, but also from processes in which excitations 
are created or annihilated due to the presence of the condensate. 

It is difficult to solve the kinetic equation in general, so it is useful to ex- 
ploit conservation laws, whose nature does not depend on the details of the 
collision term. We have already encountered the conservation law for mass 
(or, equivalently, particle number). The momentum and energy conserva- 
tion laws are derived by multiplying the kinetic equation by the momentum 
and energy of an excitation, respectively, and integrating over momenta. In 
general, these equations have terms which take into account transfer of a 
physical quantity between the excitations and the condensate. However, if 
one adds to these equations the corresponding ones for the condensate con- 
tributions to the physical quantities, one arrives at conservation laws which 
do not include explicitly the transfer term. Using the Einstein convention of 
sumimation over repeated indices, we may write the condition for momentum 
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conservation as 
On oll OV (10.5) 
— = fe 
Ot OLE One 
where I];, is the momentum flux density, and that for energy conservation 
as 


O€ oO, i veV 


Ot —s- Oar me On, 
where Q is the energy flux density. The last terms in Eqs. (10.25) and (10.26) 
represent the effects of the external potential. In the following section we 
consider the forms of I,;, and Q under special conditions and we shall use the 
conservation laws when discussing the properties of sound modes in uniform 
Bose gases. 


(10.26) 
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A novel feature of a Bose-Einstein condensed system is that to describe the 
state of the system, it is necessary to specify the velocity of the superfluid, in 
addition to the variables needed to describe the excitations. This new degree 
of freedom gives rise to phenomena not present in conventional fluids. To 
illustrate this, we now consider sound-like modes in a uniform Bose gas. Let 
us assume that thermal excitations collide frequently enough that they are 
in local thermodynamic equilibrium. Under these conditions, the state of 
the system may be specified locally in terms of the total density of particles, 
the superfluid velocity vs, the temperature T, and the velocity vp of the 
excitations. The general theory of the hydrodynamics of superfluids is well 
described in standard works [2]. 


Basic results 


The mass density p and the mass current density j satisfy the conservation 
law 


Ey j—0. O27) 


The equation of motion for j involves the momentum flux density Ij, ac- 
cording to (10.25). We shall neglect non-linear effects and friction, in which 
case the momentum flux density is Il, = pd;n, where p is the pressure. In 
the absence of friction and external potentials the time derivative of the 
mass current density is thus 


Se i: (10.28) 
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By eliminating j we then obtain 
2 

an Si = U0, (10.29) 
which relates changes in the density to those in the pressure. Since, in 
equilibrium, the pressure depends on the temperature as well as the density, 
Eq. (10.29) gives us one relation between density changes and temperature 
changes. To determine the frequencies of modes we need a second such 
relation, which we now derive. 

The acceleration of the superfluid is given by Eq. (10.23). In the absence 
of an external potential, and since the non-linear effect of the superfluid 
velocity is neglected, the quantity pint is just the usual chemical potential ju 
and therefore 


Ovs 
-—=— : TORSO 
me Vu ( ) 


In local thermodynamic equilibrium, a small change dj: in the chemical 


potential is related to changes in pressure and temperature by the Gibbs— 
Duhem relation 


Ndi V dp od ® OIE) 


where 5 is the entropy and N the particle number. When written in terms 

of the mass density p = Nm/V and the entropy s per unit mass, defined by 
S 

Nm 

the Gibbs—Duhem relation (10.31) shows that the gradient in the chemical 

potential is locally related to the gradients in pressure and temperature 


j= (10.32) 


according to the equation 


Vv i= vp —smvVT. (1OrS3) 

It then follows from (10.33), (10.30) and (10.28) together with (10.18) that 
DG an Vs) = fP 

———— = —s— VT. Ors4 

Ot On ( ) 


In the absence of dissipation the entropy is conserved. Since entropy is 
carried by the normal component only, the conservation equation reads 
O(ps ig 
= + V-(psvy) = 0. (Ness) 
The linearized form of this equation is 
Op 


EL oe 4 piers ath 
ae t Pap + SPV Vn = 0. (10.36) 
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By using the mass conservation equation (10.27) in (10.36) we find that 
= GW (in = Gy (WO27) 
After combining (10.37) with (10.34) we arrive at the equation 


pee ee (10.38) 
which relates variations in the temperature to those in the entropy per unit 
mass. Since the entropy per unit mass is a function of density and tem- 
perature, this equation provides the second relation between density and 
temperature variations. 

The collective modes of the system are obtained by considering small 
oscillations of the density, pressure, temperature and entropy, with spatial 
and temporal dependence given by expi(q-r — wt). In solving (10.29) and 
(10.38) we choose density and temperature as the independent variables 
and express the small changes in pressure and entropy in terms of those in 
density and temperature. Denoting the latter by dp and 0T we obtain from 
(10.29) the result 


Op Op : 
2 le an = | 6G 10.39 
OPS re pt | on ; ( ) 
and from (10.38) that 
ws? (5) 0+ (Sn) Mel) =e = (10.40) 
Op ge One p n 


In terms of the phase velocity u = w/q of the wave, the condition for the 
existence of non-trivial solutions to the coupled equations (10.39) and (10.40) 
is a quadratic equation for u?, 


lr =e 2G) —1ge = 10. (OA) 


The constant c; is the isothermal sound speed, given by 


= @ . (10.42) 
Op) 7 
while co, given by 
eed, 
pe ed (10.43) 
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is the velocity of temperature waves, if the density of the medium is held 
constant. Here é denotes the specific heat at constant volume, per unit mass, 


OS 
| a 10.44 
Ci (sr ( ) 


If one uses the Maxwell relation 


=i), ms 


the quantity c3, which is a measure of the coupling between density and 
temperature variations, is given by 


Op rate 
cra ear (ecg er 10.46 
a Gal pe ee 


The sound velocities are the solutions of Eq. (10.41), and are given ex- 
plicitly by 


1/2 
1 1 
w= 5 (cI eg de C3) ok AG het ec)? — | ; (10.47) 


Thus in a Bose-Einstein condensed system there are two different sound 
modes, which are referred to as first and second sound, corresponding 
to the choice of positive and negative signs in this equation. The ex- 
istence of two sound speeds, as opposed to the single one in an ordi- 
nary fluid, is a direct consequence of the new degree of freedom associ- 
ated with the condensate. The combination c? + c{ has a simple phys- 
ical interpretation. From the Maxwell relation (10.45) and the identity 
(Op/OT)y = —(Op/0V)r(OV /OT),, which is derived in the same manner 
as (2.72), it follows that c? + cf = (Op/Op)s, which is the square of the 
velocity of adiabatic sound waves. 


The ideal Bose gas 


To understand the character of the two modes we investigate how the sound 
velocities depend on temperature and the interparticle interaction. First 
let us consider the non-interacting gas. By ‘non-interacting’ we mean that 
the effect of interactions on thermodynamic properties may be neglected. 
However, interactions play an essential role because they are responsible 
for the collisions necessary to ensure that thermodynamic equilibrium is 
established locally. They are also important in another respect, because in 
Sec. 10.1 we argued that the critical velocity for creating excitations in an 
ideal Bose gas is zero. By considering the equilibrium of an ideal Bose gas 
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one can see that there is no equilibrium state in which the velocity of the 
condensate is different from that of the excitations. However, if the particles 
interact, the excitations at long wavelengths are sound waves, and the critical 
velocity is non-zero. Consequently, there is a range of flow velocities for 
which the system is superfluid. 

The pressure and the entropy density ps of an ideal Bose-Einstein con- 
densed gas depend on temperature but not on density. Therefore c,, Eq. 
(10.42), vanishes, the first-sound velocity is 


uy = 1\/8+c, (10.48) 


and the second-sound velocity vanishes, while 05/0p = —S/p. Substituting 
this result into Eq. (10.45) and using Eq. (10.46) and the fact that ps+pn = p 
(Eq. (10.17)), one finds from Eq. (10.48) that 


= aes (10.49) 


The specific heat and the entropy per unit mass may be found from Eqs. 
(2.62) and (2.64), respectively, and the normal density is obtained from Eqs. 
(10.14) and (10.15), and therefore the first-sound speed is given by 
Gy Ze 
Bae) 2a 
The numerical prefactor is approximately equal to 0.856. With the use 


tq = (10.50) 


of Eq. (2.63) for the pressure, this result may also be written in the form 
u? = (5/3)(p/pn) = dp/dpn, which is precisely what one would expect for a 
‘sound’ wave in the excitation gas. 

Properties of sound in ideal Bose gases can be determined more directly, 
and this is left as an exercise (Problem 10.5). The picture that emerges is 
simple, since the motion of the condensate and that of the excitations are 
essentially uncoupled: in first sound, the density of excited particles varies, 
while in second sound, the density of the condensate varies. The velocity of 
the latter mode is zero because a change in the density of condensate atoms 
produces no restoring force. 


The interacting Bose gas 

As a second example, let us consider an interacting Bose gas in the low- 

temperature limit, T — 0. Since the eround-state energy is Hyp = N eUo/ ZV 
the pressure is given by 

OEo 1 ) Uop? 


= = : HOLE) 
P= By ~ 20°" = Om? ee 
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According to (10.42) we then find c? = nUp/m. At low temperatures, the 
entropy is that associated with the Bogoliubov excitations and therefore 
varies as T°. This implies that c} approaches zero as T tends to zero. The 
constant co, however, tends to a finite value, given by c3 = nUg/3m, since 
the entropy and specific heat of the phonons are related by § = 6/3. while é 
may be expressed in terms of the normal density (10.13), € = 3p,s8?/Tp. In 
this limit the velocity u; of first sound is therefore given by 


2 g  nUo 2 


=C= = 5*, 10,52 
Oy es Ss; ( ) 
while that of second sound is given by 
2 
De eos 
=c=— =—. 10.53 
Uy ED ae 3 ( ) 


In this limit, first sound is a pure density modulation, and it corresponds to 
a long-wavelength Bogoliubov excitation in the condensate. Second sound. 
which has a velocity 1/3 times the first-sound velocity, corresponds to a 
variation in the density of excitations, with no variation in the total particle 
density; it is a pure temperature wave. 

As a final example, we consider situations when the Hartree-Fock theory 
described in Sec. 8.3.1 applies. The condition for this is that T > T, = 
nUp/k. The velocity of second sound is zero when interactions are neglected, 
and we shall now calculate the leading corrections to this result due to 
interactions. In the absence of interactions, modes of the condensate are 
completely decoupled from those of the excitations. Since the modes are 
non-degenerate, the leading corrections to the mode frequencies may be 
estimated without taking into account the coupling between the modes. 
The coupling is at least of first order in the interaction and, consequently, 
the frequency shift due to coupling between modes must be of higher order 
than first in the interaction. We therefore look for the frequencies of modes 
of the condensate when the distribution function for the excitations does 
not vary. When the Hartree-Fock theory is valid, the total mass density is 
given by 


p= Mnga nines (1075) 
and the momentum density by 
{=v ee (GES) 


When the normal component does not move, the continuity equation (10.24) 
becomes 


Ono 


arr =v (nove) = (10.56) 
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According to (8.85) the chemical potential is given by 
ie = (ig ites Ua, Gita) 


and therefore the change in the chemical potential is 64 = Ugdno, and 
Eq. (10.30) for the acceleration of the condensate is 


OVs 
m FE = —UpVdno. (10.58) 
Combining Eqs. (10.56) and (10.58) and linearizing, one finds 


07 6no = noUo 
Ot om 
Not surprisingly, this equation has precisely the same form as Eq. (7.30) for 
the modes of a pure condensate in the long-wavelength limit g — 0, except 
that no appears instead of the total density n, and the velocity of the mode 
is given by 


V7 dno. (10.59) 


U 
uw = — (10.60) 


When coupling between the condensate and the excitations is taken into 
account, the interaction between condensate particles is screened by the 
thermal excitations. For a repulsive interaction this reduces the effective 
interaction, but this effect is of higher order in Up than the effect we have 
considered. 

By similar arguments one can show that the changes in the first-sound 
velocity due to the interaction are small provided the total interaction energy 
is small compared with the thermal energy. 

Let us now summarize the results of our calculations. In the cases ex- 
amined, the motions of the condensate and of the thermal excitations are 
essentially independent of each other. The condensate mode is a Bogoliubov 
phonon in the condensate, with velocity u = [no(Z)Ubo /m]'/?. This is the 
second-sound mode at higher temperatures, and the first-sound mode for 
temperatures close to zero. The mode associated with the thermal excita- 
tions is first sound at high temperatures, and second sound at low temper- 
atures. First and second sound change their character as the temperature 
changes because the motion of the condensate is strongly coupled to that 
of the thermal excitations for temperatures at which the velocities of the 
modes are close to each other, and this leads to an ‘avoided crossing’ of the 
two sound velocities. A more extensive discussion of first and second sound 
in uniform Bose gases may be found in Ref. [3]. 

In experiments on collective modes in dilute atomic gases, local thermody- 
namic equilibrium is usually not established, and therefore the calculations 
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above cannot be applied directly to experiments sensitive to the normal 
component. They are, however, relevant for modes of the condensate, be- 
cause these are generally only weakly coupled to the motion of the thermal 
oleeens 

It is instructive to compare dilute Bose gases with liquid “He. At all 
temperatures below the lambda point 7), the potential energy due to in- 
terparticle interactions dominates the thermal energy. As a consequence, 
modes corresponding to density fluctuations have higher velocities than do 
modes corresponding to temperature fluctuations. The coupling between 
the two sorts of modes, which is governed by the quantity cg, Eq. (10.46), is 
small because (Op/O0T)y is small, except very close to T). At low tempera- 
tures the dominant thermal excitations are phonons, and therefore uw; is the 
phonon velocity and ug = u;/V3 as for a dilute gas. 


10.5 Interactions between excitations 


In the preceding section we discussed sound modes in the hydrodynamic 
limit, when collisions are sufficiently frequent that matter is in local thermo- 
dynamic equilibrium. We turn now to the opposite extreme, when collisions 
are relatively infrequent. Mode frequencies of clouds of bosons at zero tem- 
perature were calculated in Chapter 7, and we now address the question of 
how thermal excitations shift the frequencies, and damp the modes. If, af- 
ter performing the Bogoliubov transformation as described in Chapter 8, we 
retain in the Hamiltonian only terms that are at most quadratic in the cre- 
ation and annihilation operators, elementary excitations have a well-defined 
energy and they do not decay. However. when terms with a larger number 
of creation and annihilation operators are taken into account (see below), 
modes are coupled, and this leads to damping and to frequency shifts. 

We begin by describing the processes that can occur. The full Hamil- 
tonian, when expressed in terms of creation and annihilation operators for 
excitations, has contributions with differing numbers of operators. Those 
with no more than two operators correspond to non-interacting excitations 
as we saw in Sec. 8.1. It is convenient to classify the more complicated 
terms by specifying the numbers a and b of excitations in the initial and 
final states, respectively, and we use the shorthand notation a—b to label 
the process. The next more complicated terms after the quadratic ones are 
those cubic in the creation and annihilation operators. These give rise to 
1-2 processes (in which one excitation decays into two), 2-1 processes (in 
which two incoming excitations merge to produce a third), and 0-3 and 3-0 
processes (in which three excitations are created or annihilated). The re- 
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maining terms are quartic in the creation and annihilation operators, and 
correspond to 2-2, 1-3, 3-1, 0-4, and 4-0 processes. Since the energy of 
an excitation is positive by definition, the 0-3, 3-0, 0-4, and 4-0 processes 
are forbidden by energy conservation. In a normal gas, the excitations are 
particles and, consequently, the only processes allowed by particle number 
conservation are the 2-2 ones. These correspond to the binary collisions of 
atoms taken into account in the kinetic theory of gases. 

At zero temperature, an elementary excitation can decay into two or three 
other excitations. The excitations in the final states must have energies less 
than that of the original excitation, and consequently for a low-energy initial 
excitation, the final-state phase space available is very restricted, and the 
resulting damping is small. Likewise, for phase-space reasons, decay of a 
low-energy excitation into two excitations is more important than decay 
into three. This process is referred to as Beliaev damping [4]. 

When more than one excitation is present, modes can decay by processes 
other than the 1-2 and 1-3 ones. At low temperatures, the 2-1 process and 
the related 1-2 one are more important than those with three excitations in 
the initial or final state, and the damping they give rise to was first discussed 
in the context of plasma oscillations by Landau, and is referred to as Landau 
damping. It plays a key role in phenomena as diverse as the anomalous skin 
effect in metals, the damping of phonons in metals, and the damping of 
quarks and gluons in quark-gluon plasmas. In the context of trapped Bose 
gases, it was proposed as a mechanism for damping of collective modes in 
Ref. [5]. We shall now calculate its rate for a low-energy, long-wavelength 
excitation. 


10.5.1 Landau damping 


Consider the decay of a collective mode i due to its interaction with a thermal 
distribution of excitations. The 2-1 process in which an excitation 7 merges 
with a second excitation j to give a single excitation k is shown schematically 
in Fig. 10.1. 

The rate at which quanta in the state 7 are annihilated by absorbing a 
quantum from the state j and creating one in the state k may be evaluated 
from Fermi’s Golden Rule, and is given by 


df; 2 
By = Mya P Afi + Wate —ex), (10.61) 


2-1 jk 


where f denotes the distribution function for excitations, while M;; ;, denotes 
the matrix element for the process. The factors f; and f; express the fact 
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Fig. 10.1. Diagram representing the decay of a collective mode. 


that the rate of the process is proportional to the numbers of incoming 
excitations, and the factor 1+ f;, takes account of the fact that for bosons the 
scattering rate is enhanced by the presence of excitations in the final state. 
The first term, 1, corresponds to spontaneous emission, and the second, fz, 
to induced emission. This is to be contrasted with the blocking factor 1— f; 
that occurs for fermions. 
Excitations in the state 7 are created by the process which is the inverse 
of the one above, and its rate is given by 
df; 
dt 


Dane P 
=e | Mijas? fic(l + fa)(1 + £5) 0 (es + €; — ex), (10.62) 
1-2 jk 


where we have used the fact that ||? is the same for the forward and 
inverse processes. The total rate of change of the distribution function is 


dfi 20 
ia > Mig 
ik 


In equilibrium the rate vanishes, as may be verified by inserting the equilib- 
rium Bose distribution f; = if into this expression. 

When the number of quanta f; in state 7 is disturbed from equilibrium. 
while the distribution function for other states has its equilibrium value, we 
may rewrite (10.63) as 


* fifi A+ fe)— fet f+) )lo(et+e;—e,). (10.63) 


df; (f: — f°) 
ee SD Sees 6 
ae OP ae 


where 
1 wT P 
ae 5 Mazel? CF? — fe)8(e + 6 — ex). (10.65) 


The quantity 7;""P is the decay time for the amplitude of the mode, as 


we shall now explain. According to Eq. (10.64), the time for the excess 
number of quanta in the collective mode to decay by a factor e is 7"? /2. 
In experiments, the decay of modes is often studied by exciting a mode, for 
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example a long-wavelength collective mode, to a level far above the thermal 
equilibrium one, so the if term in Eq. (10.64) may be neglected. Since the 
energy in the mode varies as the square of the amplitude, the decay time for 
the amplitude, which is the quantity generally measured experimentally, is 
ie ee 

The general expression for the matrix element may be found by extracting 
the term proportional to ala ja; in the Bogoliubov Hamiltonian, as was done 


by Pitaevskii and Stringari [6], and it is given by 
Mion == CT / drwb(r) [ui(ujuz + vjug — vpuz) — vi(ugug + vjyug — Uzv,)] 
= AU | drwb(r)|[(u; — v;) (ujwi, + vjvg — 5 (oyu + UjU;)) 
5 (wi Sey at, — lO Mie (10.66) 


The latter form of the expression is useful for interpreting the physical origin 
of the coupling, since the combinations u; — v; and u; + v; are proportional 
to the density and velocity fields, respectively, produced by the collective 
mode. 

To proceed further with the calculation for a trapped gas is complicated, so 
we shall consider a homogeneous gas. The excitations are then characterized 
by their momenta, and their total momentum is conserved in collisions. We 
denote the momenta of the excitations i,j and k by q,p and p+q. The 
decay rate (10.65) is then given by 


1 


x 
Fame = Sy lpia Vinee Pa glil@n th ae = Goa) (10.67) 
p 


Rather than calculating the matrix element (10.66) directly from the expres- 
sions for the coefficients u and v, we shall evaluate it for a long-wavelength 
collective mode using physical arguments. Provided the wavelength h/q 
of the collective mode is large compared with that of the thermal excita- 
tions, h/p, we may obtain the matrix elements for coupling of excitations 
to the collective mode by arguments similar to those used to derive the 
long-wavelength electron-phonon coupling in metals, or the coupling of 3He 
quasiparticles to 4He phonons in dilute solutions of 3He in liquid *He [7]. 
When a collective mode is excited, it gives rise to oscillations in the local 
density and in the local superfluid velocity. For disturbances that vary suf- 
ficiently slowly in space, the coupling between the collective mode and an 
excitation may be determined by regarding the system locally as being spa- 
tially uniform. In the same approximation, the momentum of an excitation 
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may be regarded as being well-defined. The energy of the excitation in the 
reference frame in which the superfluid is at rest is the usual result. €,(no), 
evaluated at the local condensate density, and therefore, by Galilean invari- 
ance, the energy in the frame in which the superfluid moves with velocity 
vs is €p(no) + p-vs- The modulation of the energy of the excitation due to 
the collective mode is therefore 


Jey 
Ga = momo + pv, (10.68) 


to first order in dno. 

In a sound wave, the amplitudes of the density oscillations and those of the 
superfluid velocity are related by the continuity equation for pure condensate 
motion, 06ng/Ot = —V-(novs), which implies that €,dng = sqdno = nod-Vg. 
Since the velocity field is longitudinal, the superfluid velocity is parallel to 
q, and therefore vz = sqéng/no. Consequently, the interaction is 


a 
Sigg = ($2 4 ~pa) dno. (10.69) 


The final step in calculating the matrix element is to insert the expression 
for the density fluctuation in terms of phonon creation and annihilation 
operators. The density operator is (see Eq. (8.2)) 


The fluctuating part mx) of the annihilation operator expressed in terms of 
phonon creation and annihilation operators is given by (see (8.51) and 
(7.44)) 


nN iL . fas 
on  — vip S "(ugg — vital yet ge Gig al) 
q 
and therefore we may write the density fluctuation as 
nil? 
éng = = [(ug — Vg )Oq + (ug - Del iege Clk) 


At long wavelengths tq — vg & (€q/2&,)'/? ~ (q/2ms)\/?. The q'/? depen- 
dence is similar to that for coupling of electrons to long-wavelength acoustic 
phonons in metals. The matrix element for absorbing a phonon is thus 


OE 8 q \1/2 Nae 
| ae ( ) ene 
& 3 mae a) Os V Ce) 


To carry out the integration over the momentum of the incoming thermal 
excitation we make use of the fact that for a given value of p, the angle 
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between p and q is fixed by energy conservation. Since by assumption 
q <p, one finds p-@ = s/vp, where vp = Oe,/Op is the group velocity of the 
excitation. Thus the matrix element is given by 


Je s° p q \1/2 Nae 
Ves | a PP (| oe 
(se ‘i no z 2ms V ae) 


The results here are quite general, since they do not rely on any particular 
model for the excitation spectrum. For the Bogoliubov spectrum (8.29) the 
velocity is given by 

oe 


= Whe 
= (10.75) 


where €, = @, +ngUo. The velocity (10.75) tends to the sound velocity for 
p < ms, and to the free-particle result p/m for p > ms. Thus the momenta 
of phonon-like thermal excitations that can be absorbed are almost collinear 
with the momentum of the collective mode, while those of high-energy ones, 
which behave essentially as free particles, are almost perpendicular. Since 
Jep/Ono = Upp? /2mepy and ms? = ngUp, the total matrix element is 


2 1/2 Nai? 
D €p ( q ) 0 
Ve =. ——. 10.76 
: (see 2 2ms V ( ) 


The p-dependent factor here is 2 at large momenta, with equal contributions 


from the density dependence of the excitation energy and from the interac- 
tion with the superfluid velocity field. At low momenta the factor tends to 
zero as 3p/2ms, the superfluid velocity field contributing twice as much as 
the density modulation. 

The damping rate may be found by substituting the matrix element 
(10.76) into the expression (10.67), and using the delta function for en- 
ergy conservation to perform the integral over the angle between p and q. 
If we further assume that hw, < kT’, we may write 


ie ae pee Boe Cp Lae eplon [Oop = = ha7Ot 7a NO) 


in Eq. (10.67) and the result is 


® 
ee 3\1/2 [- me) zi a OZ 
—amp = 7 (gaa) te [ ac. De, Te, = a eley3) 


qd 


This integral may be calculated analytically in two limiting cases. First, 
when the temperature is low compared with T, = n9Uo /k, the dominant ex- 
citations are phonons, and one may use the long-wavelength approximation 
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in evaluating the matrix element and put €, = sp. One then finds 


i 271 39/2 lie 
ainp = ag re iar (nga)? Guy, (10.79) 


where py is the normal density given in Eq. (10.13). Second, at temperatures 
large compared with T,, the result is 


qe 


nil? 2,4 


1 3773/2 
cae ~ 4 tse 


ay 0) —— (10.80) 


where Ap is the thermal de Broglie wavelength given by Eq. (1.2). 

As one can see from the energy conservation condition, transitions occur 
if the group velocity of the thermal excitation is equal to the phase velocity 
of the collective mode. By ‘surf-riding’ on the wave, a thermal excitation 
may gain (or lose) energy, since the excitation experiences a force due to the 
interaction with the wave. Whether gain or loss is greater depends on the 
distribution function for excitations, but for a thermal distribution 0f°/0e 
is negative and therefore there is a net loss of energy from the wave. 

In addition to damping the collective mode, the interaction with ther- 
mal excitations also changes the frequency of the mode. The shift may be 
calculated from second-order perturbation theory. There are two types of 
intermediate states that contribute. The first are those in which there is one 
fewer quanta in the collective mode, one fewer excitations of momentum p 
and one more excitation with momentum p+q. This gives a contribution 
to the energy 


oe + fp+a) 


Cq a> Spl» Eptq 


AE>_1 = 2 | (10.81) 


This term corresponds to the 2-1 term in the calculation of the damping, 
and the distribution functions that occur here have the same origin. The 
second class of terms correspond to the inverse process, and they are the 
analogue of the 1-2 term in the damping rate. An extra quantum is created 
in each of the states p and q, and one is destroyed in state p+q. The energy 
denominator is the negative of that for the 2-1 term, and the corresponding 
energy shift is 


ae o= So are t fall + fo) feta 


(10.82) 
a errs) = en am “ec 


The total energy shift is obtained by adding Eqs. (10.81) and (10.82). It 
has a term proportional to the number of quanta in the mode fg, and the 
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corresponding energy shift of a quantum is therefore given by 


Nee = TT ae | feat lvl | 


Eat ep—eptq €ptq— &p— €q 


= v/ apis Seta (10.83) 


(27h)? Eq + €p — €ptq 


For long-wavelength phonons the matrix element is given by (10.73), and 
the frequency shift Awg = Ae,/h may be written in the form 


Aw, 


We 


Se (10.84) 


where F'(T/T,) is a dimensionless function. The evaluation of the frequency 
shift at temperatures greater than T, is the subject of Problem 10.6, and 
one finds that Awg « Te 

Landau damping also provides the mechanism for damping of sound in 
liquid #He at low temperatures. For pressures less than 18 bar, the spectrum 
of elementary excitations for small p has the form €, = sp(1 + yp"), where 
7 is positive, and therefore Landau damping can occur. However for higher 
pressures y is negative, and the energy conservation condition cannot be 
satisfied. Higher-order effects give thermal excitations a finite width and 
when this is taken into account Landau damping can occur for phonons 
almost collinear with the long-wavelength collective mode. 

To calculate the rate of damping in a trap, the starting point is again Eq. 
(10.65), where the excitations 7, 7, and k are those for a trapped gas. The 
damping rate has been calculated by Fedichev et al. [8]. Results are sensitive 
to details of the trapping potential, since they depend on the orbits of the 
excitations in the trap. For the traps that have been used in experiments, 
the theoretical damping rates for low-lying modes are only a factor 2-3 larger 
than those given by Eq. (10.80). 


Problems 


PROBLEM 10.1. Show that the critical velocity for simultaneous creation of 
two excitations can never be less than that for creation of a single excitation. 


PROBLEM 10.2 Determine at temperatures much less than A/k, where A 
is the minimum roton energy, the normal density associated with the roton 
excitations in liquid *He discussed in Chapter 1. 


PROBLEM 10.3 Demonstrate for the uniform Bose gas that pn ~ MMex 
and Nex ~ n(T/Te)°/? at temperatures T much higher than 7, = ms*/k. 
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Determine the number of excitations nex at low temperature (J < T,) and 
compare the result with p,/m, Eq. (10.13). 


PROBLEM 10.4 Derive the continuity equation (10.24) from the Hamilto- 
nian equation 
On _ 10E 
dt hod 
[Hint: The result 
Oe Ole 
6@ O02; 0(0¢/Oz;) 
that follows from Eq. (10.21) and the relation v, = hVé/m may be useful. 


PROBLEM 10.5 Use Eq. (10.29) to calculate the velocity of the hydrody- 
namic sound mode of a homogeneous ideal Bose gas below T, when the 
condensate density is held fixed and the superfluid velocity is zero. Show 
that the velocity of the resulting mode, which is first sound, is given by 
Eq. (10.50). Demonstrate that the velocity of sound u in a homogeneous 
ideal Bose gas just above TJ. is equal to the velocity of first sound just be- 
low T,. Next, consider motion of the condensate and show that Eq. (10.30) 
for the acceleration of the superfluid immediately leads to the conclusion 
that modes associated with the condensate have zero frequency. [Hint: The 
chemical potential is constant in the condensed state.| 


PROBLEM 10.6 Determine the function F'(7'/T,) that occurs in the expres- 
sion (10.84) for the shift of the phonon frequency, and show that the shift 
becomes proportional to Cope ee ore 2 IP 
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11 


‘lrapped clouds at non-zero temperature 


In this chapter we consider selected topics in the theory of trapped gases at 
non-zero temperature when the effects of interactions are taken into account. 
The task is to extend the considerations of Chapters 8 and 10 to allow for the 
trapping potential. In Sec. 11.1 we begin by discussing energy scales, and 
then calculate the transition temperature and thermodynamic properties. 
We show that at temperatures of the order of 7. the effect of interactions 
on thermodynamic properties of clouds in a harmonic trap is determined 
by the dimensionless parameter N uy ®a/a. Here a, which is defined in Eq. 
(6.24), is the geometric mean of the oscillator lengths for the three principal 
axes of the trap. Generally this quantity is small, and therefore under many 
circumstances the effects of interactions are small. At low temperatures, 
thermodynamic properties may be evaluated in terms of the spectrum of 
elementary excitations of the cloud in its ground state, which we considered 
in Secs. 7.2, 7.3, and 8.2. At higher temperatures it is necessary to take into 
account thermal depletion of the condensate, and useful approximations for 
thermodynamic functions may be obtained using the Hartree-Fock theory 
as a starting point. 

The remainder of the chapter is devoted to non-equilibrium phenomena. 
As we have seen in Secs. 10.3-10.5, two ingredients in the description of col- 
lective modes and other non-equilibrium properties of uniform gases are the 
two-component nature of condensed Bose systems, and collisions between 
excitations. For atoms in traps a crucial new feature is the inhomogeneity 
of the gas. This in itself would not create difficulties if collisions between ex- 
citations were sufficiently frequent that matter remained in thermodynamic 
equilibrium locally. However, this condition is rarely satisfied in experiments 
on dilute gases. In Sec. 11.2 we shall first give a qualitative discussion of 
collective modes in Bose-Einstein-condensed gases. To illustrate the effects 
of collisions we then consider the normal modes of a Bose gas above 7; in 
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the hydrodynamic regime. This calculation is valuable for bringing out the 
differences between modes of a condensate and those of a normal gas. Sec- 
tion 11.3 contains a calculation of the damping of modes of a trapped Bose 
gas above J; in the collisionless regime, a subject which is both theoretically 
tractable and experimentally relevant. 


11.1 Equilibrium properties 


To implement the finite-temperature theories of equilibrium properties of 
trapped gases described in Chapter 8 is generally a complicated task, since 
the number of particles in the condensate and the distribution function for 
the excitations must be determined self-consistently. We begin by estimat- 
ing characteristic energy scales, and find that under many conditions the 
effects of interactions between non-condensed particles are small. We then 
investigate how the transition temperature is changed by interactions. Fi- 
nally, we discuss a simple approximation that gives a good description of 
thermodynamic properties of trapped clouds under a wide range of condi- 
tions. 


11.1.1 Energy scales 


According to the Thomas-Fermi theory described in Sec. 6.2. the interac- 
tion energy per particle in a pure condensate Ein, /N equals 2j./7 where. 
according to (6.35), the chemical potential is given by 
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Using the expression (11.1) for the zero-temperature chemical potential we 
conclude that the interaction energy per particle corresponds to a tempera- 
ture To given by 


Ty = = " 
: k 


A 7 (11.2) 
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This quantity also gives a measure of the effective potential acting on a 
thermal excitation, and it is the same to within a numerical factor as the 
temperature T, = nUp/k evaluated at the centre of the trap. When the 
temperature is large compared with 7p, interactions of excitations with the 
condensate have little effect on the properties of the thermal excitations, 
which consequently behave as non-interacting particles to a first approxi- 
mation. The result (11.2) expressed in terms of the transition temperature 
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T. for the non-interacting system, Eq. (2.20), is 


2/5 
N1/6 
ns ( - | Te (11.3) 


The quantity N!/°a/a is a dimensionless measure of the influence of interac- 
tions on the properties of thermal excitations. Later we shall find that it also 
arises in other contexts. he corresponding quantity governing the effect of 
interactions on the properties of the condensate itself at T = 0 is Na/a, as 
we Saw in Sec. 6.2. At non-zero temperatures, the corresponding parameter 
is Noa/a@ where No is the number of atoms in the condensate, not the total 
number of atoms. While Na/a is large compared with unity in typical ex- 
periments, N1/%q /a is less than unity, and it depends weakly on the particle 
number N. As a typical trap we consider the one used in the measurements 
of the temperature dependence of collective mode frequencies in °’Rb clouds 
[1]. With N = 6000 and @/2a = 182 Hz we obtain for the characteristic 
temperature (11.3) Tp = 0.117,. For N = 10° the corresponding result is 
i le 

At temperatures below 7p, thermodynamic quantities must be calculated 
with allowance for interactions between the excitations and the conden- 
sate, using, for example, the semi-classical Bogoliubov excitation spectrum 
(8.102). However, since To is so low, it is difficult experimentally to explore 
this region. At temperatures above Tj, one may use the Hartree-Fock de- 
scription, and interactions between excited particles may be neglected to a 
first approximation. This will form the basis for our discussion of thermo- 
dynamic properties in Sec. 11.1.3. 

As another example, we estimate the effects of interaction at tempera- 
tures close to JT, or above, T = Ty. To a first approximation the gas may 
be treated as classical, and therefore the mean kinctic energy of a parti- 
cle is roughly 3k7/2. The maximum shift of the single-particle energies in 
Hartree-Fock theory (Sec. 8.3) is 2n(0)Up. The density is given approx- 
imately by the classical expression, Eq. (2.39), and at the trap centre the 
density is n(0) ~ N/R, R2R3, where R; = (2kT/mw?)!/?, Eq. (2.40), is much 
greater than a; = (h/ muy)! 2 when kT >> fw;. The effects of interaction 
are thus small provided 
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The inequality (11.4) may be written in terms of the transition temperature 
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T.. for the non-interacting system as 
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Again the factor NVa/a appears, and because it is small, the inequalities 
are always satisfied at temperatures of order T, and above. By similar 
arguments one can show that interactions between non-condensed particles 
are small if T’ >> Tp. 


11.1.2 Transition temperature 


The estimates given above lead one to expect that interactions will change 
the transition temperature only slightly. We shall now confirm this by calcu- 
lating the shift in the transition temperature to first order in the scattering 
length [2]. The calculation follows closely that of the shift of transition tem- 
perature due to zero-point motion (Sec. 2.5), and to leading order the effects 
of zero-point motion and interactions are additive. 

At temperatures at and above Ti, the single-particle energy levels are 
given within Hartree-Fock theory by Eq. (8.100) 


eae) = = + V(r) + 2n(r)Uo (ig 


in the semi-classical approximation. The trapping potential V(r) is assumed 
to be the anisotropic harmonic-oscillator one (2.7). 

When the semi-classical approximation is valid, the thermal energy £7’ is 
large compared with hw;, and the cloud of thermal particles has a spatial ex- 
tent R; in the i direction much larger than the oscillator length a@;. implying 
that the size of the thermal cloud greatly exceeds that of the ground-state 
oscillator wave function. In determining the lowest single-particle energy 
€) in the presence of interactions we can therefore approximate the density 
n(r) in (11.7) by its central value n(0) and thus obtain 


3 
= ple + 2n(0)Uo, (11.8) 


where Wm = (w1 + wo +w3)/3 is the algebraic mean of the trap frequencies. 
Bose-Einstein condensation sets in when the chemical potential 42 becomes 
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equal to the lowest single-particle energy, as in the case of non-interacting 
particles. 

The Bose-Einstein condensation temperature Ty is determined by the con- 
dition that the number of particles in excited states be equal to the total 
number of particles. By inserting (11.8) in the expression for the number of 
particles in excited states, which is given by 


| dp 1 
i : | 
; / a fi (27h)? e(€—€0)/kT =i co 9) 
we obtain an equation determining the critical temperature, 
dp 1 
N= . | 
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analogous to that for the non-interacting case discussed in pec. 2.2. When 
interactions are absent and the zero-point motion is neglected, this yields the 
non-interacting particle result (2.20) for the transition temperature, which 
we denote here by Tig. By expanding the right hand side of (iO) otiret 
order in AT. = Te — Tro, €9, and n(r)Upo, one finds 
ON ON [38 On(r) 
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where the partial derivatives are to be evaluated toe je, =), TP diay, eactel 
Up = 0. The last term in Eq. (11.11) represents the change in particle 
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number due to the interaction when the chemical potential is held fixed, 
and it may be written as —(OE int Op) 7." 

The partial derivatives in (11.11) were calculated in Sec. 2.4, Eqs. (2.74) 
Pai oye Fon a = 3 uney are ON /OL  — 3N/T, and ON/Ou = 
[C(2)/¢(3)|N/kT-. The last term in (11.11) may be evaluated using Eq. 
(2.48) and it is 
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where 
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1 That the result must have this form also follows from the theorem of small increments [3}. 
Small changes in an external parameter change a thermodynamic potential by an amount 
which is independent of the particular thermodynamic potential under consideration, provided 
the natural variables of the thermodynamic potential are held fixed. For the potential Q = 
E-—TS-— WN associated with the grand canonical ensemble, the natural variables are T’ and yu. 
It therefore follows that (62)r,, = (6E)s,n. The change in the energy when the interaction is 
turned on is the expectation value Ejn: of the interaction energy in the state with no interaction. 
Since the particle number is given by N = —0Q/0p, the change in the number of particles due 
to the interaction when p and T are held fixed is given by AN = —(0Eint /OL)T- 
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and the thermal de Broglie wavelength at T. is given by Ar, = 
(2rh?/mkT.)'/?, Eq. (1.2). After collecting the numerical factors we ob- 
tain 

aN. ae ho a Wm Wea = 
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1.33— = NUE. (11.14) 


That repulsive interactions reduce the transition temperature is a conse- 
quence of the fact that they lower the central density of the cloud. Such 
an effect does not occur for the homogeneous Bose gas, since the density 
in that case is uniform and independent of temperature. The influence of 
interactions on the transition temperature of the uniform Bose gas has been 
discussed recently in Ref. [4], which also contains references to earlier work. 
The relative change in T, is of order n'/3a and positive, and it is due to 
critical fluctuations, not the mean-field effects considered here. 


11.1.8 Thermodynamic properties 


The thermodynamic properties of a non-interacting Bose gas were discussed 
in Chapter 2, and we now consider an interacting Bose gas in a trap. We 
shall assume that clouds are sufficiently large and temperatures sufficiently 
high that the semi-classical theory developed in Sec. 8.3.3 holds. 


Low temperatures 


At temperatures low enough that thermal depletion of the condensate is 
inappreciable, the elementary excitations in the bulk are those of the Bo- 
goliubov theory, given in the Thomas-Fermi approximation by (8.103). For 
small momenta the dispersion relation is linear, € = s(r)p. with a sound 
velocity that depends on position through its dependence on the conden- 
sate density, s(r) = [no(r)Up/m]'/2. Provided kT < ms?(r) the number 
density of phonon-like excitations is given to within a numerical constant by 
{kT /hs(r)}*, and therefore phonons contribute an amount ~ (ED Nrstee 

to the local energy density. Near the surface, however. the sound velocity 
vanishes, and there the majority of the thermal excitations are essentially 
free particles. For such excitations the number density varies as Cae 
(see Eq. (2.30)) and therefore, since the energy of an excitation is ~ kT, the 
energy density is proportional to T°/2 and independent of the condensate 
density. The volume in which the free-particle term dominates the thermal 
energy density is a shell at the surface of the cloud extending to the depth 
at which thermal excitations become more like phonons than free particles. 
The density at the inner edge of this shell is therefore determined by the 
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condition kT * no(r)Up. Since in the Thomas-Fermi approximation the 
density varies linearly with distance from the surface, the thickness Cie 
surface region where free-particle behaviour dominates the thermodynamic 
properties is proportional to T, and therefore the total thermal encrgy due 
to excitations in the surface varies as T’’/2. Free-particle states in the region 
outside the condensate cloud contribute a similar amount. The phonon-like 
excitations in the interior of the cloud contribute to the total energy an 
amount ~ f drT*/ ng(r)3/*, where the integration is cut off at the upper 
limit given by no(r)Up + kT’. This integral is also dominated by the upper 
limit, and again gives a contribution ~ T‘/2_ Thus we conclude that the 
total contribution to the thermal energy at low temperatures varies as pe 
[5]. Evaluating the coefficient is the subject of Problem nies 

Let us now estimate the thermal depletion of the condensate at low tem- 
peratures. The number of particles associated with thermal excitations is 
given by an expression of the form (8.63), integrated over space, 

N..(0) — Na.(P = 0) = fe Sap (11.15) 

The thermal phonons in the interior of the cloud each contribute an amount 
ms(r)/p ~ ms(r)?/kT to the depletion. The number density of excitations 
was estimated above, and therefore the total depletion of the condensate due 
to phonon-like excitations is ~ f drT?/no (r)'/?. This integral converges as 
the surface is approached, and therefore we conclude that excitations in the 
‘nterior dominate the thermal depletion. Consequently, the total thermal 
depletion of the condensate varies as T?. Arguments similar to those for the 
energy density in the surface region show that the number of excitations in 
the surface region, where kT’ 2 noUo, scales as T°/2_ Since the effective 
particle number associated with a free-particle-like excitation is essentially 
unity, the thermal depletion due to excitations in the surface region varies 
as T°/2, and it is therefore less important than the interior contribution in 
the low-temperature limit. 


Higher temperatures 


The low-temperature expansions described above are limited to tempera- 
tures below 7p. At higher temperatures one call exploit the fact that ex- 
citations are free particles to a good approximation. Within Hartree-Fock 
theory excitations are particles moving in an effective potential given by (see 
Eq. (8.94)) 


Vor (r) = V(r) + 2n(r)Uo, (11.16) 
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where n(r) is the total density, which is the sum of the condensate density 
no(r) and the density of excited particles, nex(r), 
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For T’ >> 7p the thermal cloud is more extended than the condensate and 
has a lower density than the central region of the condensate, except very 
near Ty. To a first approximation we may neglect the effect of interactions 
on the energies of excited particles and approximate Vog(r) by V(r), since 
interactions have little effect on particles over most of the region in which 
they move. 

Interactions are, however, important for the condensate. In the conden- 
sate cloud the density of thermal excitations is low, so the density profile 
of the condensate cloud is to a good approximation the same as for a cloud 
of pure condensate, as calculated in Sec. 6.2, except that the number No 
of particles in the condensate enters, rather than the total number of parti- 
cles, N. If No is large enough that the Thomas—Fermi theory is valid. the 
chemical potential is given by Eq. (6.35), 


2/5 2/5 
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This equation provides a useful starting point for estimating the influence 
of interactions on thermodynamic quantities such as the condensate fraction 
and the total energy [5]. 

The value of the chemical potential is crucial for determining the distribu- 
tion function for excitations, which therefore depends on particle interactions 
even though the excitation spectrum does not. The excitations behave as 
if they were non-interacting particles, but with a shifted chemical potential 
Piven bya llelS ie 

Since the interaction enters only through the temperature-dependent 
chemical potential, p(T), we cau use the free-particle description of Chapter 
2 to calculate the number of excited particles, No. = N — No. For particles 
in a three-dimensional trap, the parameter a in the density of states (2.12) 
equals 3. Consequently Nex is given by 


i 
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Typical particle energies are large compared with the chemical potential 
(11.18), and we may therefore expand this expression about its value for 
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jo = 0, and include only the term linear in p: 
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The first term on the right hand side is the expression for the number of 

excited particles for a non-interacting gas, and is given by Nex(T, pp = 0) = 

N(T/T.)?, Eq. (2.27). We have calculated 0N/Op for free particles in a trap 


at T. before (see Eq. (2.74)), and more generally for any temperature less 
than T. the result is 
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where we have defined a reduced temperature t = T/T,. Substituting Eq. 
(11.18) for (7) in this expression and using the fact that Nex + NG aN 
gives the result 


(11.23) 
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which, with the use of the result kT, = N1/3Rw@/[C(3)|/3, Eq. (2.20), gives 
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This exhibits explicitly the interaction parameter N 1/ 6a/a, and it shows 
that the effects of interactions on Nex are small as long as N 1/6q /a@ is small, 
as one would expect from the qualitative arguments made im sec. IIGI it 
is consequently a good approximation to replace Nex on the right hand side 
of Eq. (11.24) by its value for the non-interacting gas, and one finds 


N, ono 
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By similar methods one may derive an approximate expression for the 

energy. This consists of two terms. One is the contribution of the condensed 

cloud, which is 5No(T)u(T)/7 by analogy with the zero-temperature case 

discussed in Chapter 6. The other is due to the thermal excitations and is 
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obtained by expanding £ to first order in y4/kT, as we did earlier for Nex in 
deriving Eq. (11.22). The result is (Problem 11.2) 
E ¢(4) gia ke Ce) 
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To obtain a result analogous to Eq. (11.25), we replace (7) on the right 
hand side by (11.18), using the value No = N(1— t°) appropriate to the 
non-interacting gas, and find 


(11.26) 
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The results (11.23) and (11.27) for the condensate depletion and the energy 
are in good agreement with more elaborate calculations based on the Popov 
approximation over most of the temperature range of interest [5]. 
Measurements of the ground-state occupation have been made for con- 
densed clouds of Rb atoms [6], and the results agree well with the predic- 
tions for the non-interacting Bose gas. Since the number of particles used 
in the experiments was relatively small, this is consistent with the results of 
the present section. 


11.2 Collective modes 


In this section and the following one we take up a number of topics in the 
theory of collective modes in traps at non-zero temperature. Our approach 
will be to extend the results of Chapter 7. where we discussed collective 
modes of a pure condensate in a trap at zero temperature, and of Chapter 
10, where we considered examples of modes in homogeneous systems when 
both condensate and thermal excitations are present. 

An important conclusion to be drawn from the calculations in Secs. 10.4 
and 10.5 for uniform systems is that, under many conditions, the motion 
of the condensate is only weakly coupled to that of the excitations. As we 
saw in the calculations of first aud second sound, this is untrue only if the 
modes of the condensate and those of the thermal excitations have velocities 
that are close to each other. We would expect this conclusion to hold also 
for traps, and therefore to a first approximation the motions of the conden- 
sate and the excitations are independent. At low temperatures there are few 
thermal excitations, and consequently the modes of the condensate are those 
described in Sec. 7.3, but witli the number of particles No in the condensate 
replacing the total number of particles N. With increasing temperature, 
the condensate becomes immersed in a cloud of thermal excitations, and to 
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the extent that the thermal excitations do not participate in the motion, 
their only effect is to provide an extra external potential in which the con- 
densate oscillates. However, the potential produced by the thermal cloud 
is of order nexUp. This is small compared with the potential due to the 
condensate ~ noUo, since Nex K no except very close to To. Consequently, 
we expect the modes of the condensate to have frequencies given to a first 
approximation by the results in Sec. 7.3. When the number of particles in 
the condensate is sufficiently large that the Thomas—Fermi approximation 
is valid, the mode frequencies depend only on the trap frequencies and are 
therefore independent of temperature. This result should hold irrespective 
of how frequently excitations collide, since there is little coupling between 
condensate and excitations. It is confirmed theoretically by calculations for 
the two-fluid model, in which the excitations are assumed to be in local 
thermodynamic equilibrium [7]. Experimentally, the mode frequencies ex- 
hibit some temperature dependence even under conditions when one would 
expect the Thomas—Fermi approximation to be valid [1], and this is a clear 
indication of coupling between the condensate and the thermal cloud. Suf- 
ficiently close to T, the number of particles in the condensate will become 
so small that the Thomas—Fermi approximation is no longer valid, and the 
frequencies of the modes of the condensate will then approach the result 
(11.28) for free particles given below. 

Now, let us consider thermal excitations. In Sec. 10.4 we studied modes 
under the assumption that the excitations are in local thermodynamic equi- 
librium, and one can extend such calculations to traps, as was done in Ref. 
[7]. Under most conditions realized in experiment, thermal excitations col- 
lide so infrequently that their mean free paths are long compared with the 
size of the cloud. In a uniform system the modes associated with excita- 
tions are not collective because interactions between excitations are weak. 
In traps, however, the motion of excitations can resemble a collective mode. 
Consider a gas in a harmonic trap at temperatures large compared with To. 
The excitations are to a first approximation free particles oscillating in the 
trap, and therefore mode frequencies are sums of integer multiples of the 
frequencies w; for single-particle motion in the trap, 


3 
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where the v; are integers. Classically, the period for motion parallel to one 
of the principal axes of the trap is independent of the amplitude. Conse- 
quently, the motion of many particles may appear to be collective because, 
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for example, after a time T = 27/w 1, particles have the same x coordinates 
as they did originally. For initial configurations with symmetry the par- 
ticle distribution can return to its original form after an integral fraction 
of J. When the effects of the condensate are taken into account, the mo- 
tion of the excitations will be less coherent because the potential in which 
the excitations move is no longer harmonic. Consequently, the periods of 
the single-particle motion will depend on amplitude, and motions of a large 
number of excitations will not have a well-defined frequency. 

We turn now to the damping of modes, beginning with those associated 
with the condensate. In Chapter 10 we calculated the rate of Landau damp- 
ing of collective modes in a uniform Bose gas. Strictly speaking, the result 
(10.80) does not apply to collective modes in a trap, but it is interesting 
to compare its magnitude with the measured damping [1]. In doing this 
we identify the condensate density and the sound velocity with their values 
at the centre of the cloud, as calculated within the Thomas—Fermi approx- 
imation at T = 0. With kT, = ms? = no(0)Up and the zero-temperature 
Thomas—Fermi result 29(0) = /Uo, the damping rate (10.80) may be writ- 
ten in the form 


1 Ni6g\*° op 
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where the transition temperature TJ, is given by Eq. (2.20). When the ex- 
perimental parameters N = 6000 and a/a = 0.007 are inserted into (11.29). 
the theoretical values of 1/7?™P are in fair agreement with the measured 
magnitude and temperature dependence of the damping rate [1]. The lin- 
ear temperature dependence of the damping rate (11.29) is a consequence 
of our replacing the condensate density by its zero-temperature value. At 
higher temperatures other processes, such as the 1-3, 3-1, and 2-2 processes 
described in Sec. 10.5 become important. 

In the following subsection we consider modes associated with the exci- 
tations. These are damped by collisions, which also couple the excitations 
and the condensate. The general theory is complicated, so we illustrate 
the effects of collisions by considering the example of a gas above T., when 
there is no condensate. The study of modes under these conditions provides 
physical insight into the effects of collisions, and is also relevant experimen- 
tally, since measurements of the decay of modes above T.. are used to deduce 
properties of interatomic interactions. The two problems we consider are the 
nature of modes in the hydrodynamic regime, and the damping of modes 
when collisions are infrequent. 
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11.2.1 Hydrodynamic modes above T, 


As we have seen, for a gas in a harmonic trap in the absence of collisions, 
motions parallel to the axes of the trap are independent of each other, and 
the frequencies of normal modes are given by Eq. (11.28). Collisions couple 
the motions, thereby changing the character of the normal modes, damping 
them and changing their frequencies. One measure of the effect of collisions 
is the mean free path /, which is given by 


j= — (11.30) 


no’ 
where n is the particle density and o = 87a? is the total scattering cross 
section. The typical time 7 between collisions is thus given by 


il 

eg Task) 
where v is the average particle velocity. If the mean free path is small 
compared with the typical length scale of the mode, and if the collision 
time is small compared with the period of the mode, particles will remain 
in local thermodynamic equilibrium, and the properties of the mode will 
be governed by classical hydrodynamics. Since the wavelength of a mode 
is less than or of order the linear size of the system, a necessary condition 
for hydrodynamic behaviour is that the mean free path be small compared 
with the size of the cloud, 


L<R. (11.32) 


In an isotropic harmonic-oscillator trap the characteristic size of the cloud is 
of order R = (kT’/mw?)'/*. Thus a characteristic density is of order N/R, 
and, with the use of Eq. (11.30), one finds 
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To be in the hydrodynamic regime, the condition R/i >> 1 must apply, 
which amounts to No/R? = 81N(a/R)* > 1. Using the fact that N = 
(kT. /hwo)*, we may rewrite this condition as 
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At temperatures of order T, the importance of collisions is determined 
by the dimensionless quantity N 1/ 3a] Qosc, Which is intermediate between 
Ni/6q /dose Which is a measure of the importance of interactions on the en- 
ergy of the thermal cloud at 7, and Na/dosc which is the corresponding 
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quantity at T = 0. This result shows that more than 10° particles are 
required for local thermodynamic equilibrium to be established for typical 
traps. Most experiments have been carried out in the collisionless regime, 
but conditions approaching hydrodynamic ones have been achieved in some 
experiments. We note that hydrodynamics never applies in the outermost 
parts of trapped clouds. The density becomes lower as the distance from 
the centre of the cloud increases and, eventually. collisions become so rare 
that thermodynamic equilibrium cannot be established locally. 


General formalism 


We now calculate frequencies of low-lying modes in a trapped gas above J; 
in the hydrodynamic limit, when collisions are so frequent that departures 
from local thermodynamic equilibrium may be neglected, and there is no 
dissipation. The calculation brings out the differences between the collec- 
tive modes of ordinary gases, for which the pressure comes from the thermal 
motion of particles, and those of a Bose-Einstein condensate. where interac- 
tions between particles provide the pressure. The equations of (single-fluid) 
hydrodynamics are the continuity equation and the Euler equation. The 
continuity equation has its usual form, 
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For simplicity, we denote the velocity of the fluid by v, even though in a two- 
fluid description it corresponds to vy, the velocity of the normal component. 
The continuity equation is Eq. (10.27), with the mass current density given 
by the result for a single fluid, j = pv. The Euler equation was given in Eq. 
(7.24), and it amounts to the condition for conservation of momentum. It is 
equivalent to Eq. (10.25) if the superfluid is absent, and the momentum flux 
density tensor is replaced by its equilibrium value I]; = pd;, + pvjv, where 
p is the pressure. ‘To determine the frequencies of normal modes we linearize 
the equations about equilibrium, treating the velocity and the deviation of 
the mass density from its equilibrium value peg as small. The linearized 
Euler equation is 


Ov 
where f is the force per unit mass, given by 
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The linearized continuity equation is 
O 


According to the Euler equation (11.36), the pressure peg and density Peg 1D 
equilibrium must satisfy the relation 
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We now take the time derivative of (11.36), which yields 
Ov Op Op 
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As demonstrated in Sec. 11.1, the effects of particle interactions on equilib- 
rium properties are negligible above T.. Therefore we may treat the bosons 
as a non-interacting gas. Since collisions are assumed to be so frequent that 
matter is always in local thermodynamic equilibrium, there is no dissipation, 
and the entropy per unit mass is conserved as a parcel of gas moves. ‘The 
equation of state of a perfect, monatomic, non-relativistic gas under adia- 
batic conditions is p/p°/? 
remember that it applies to a given element of the fluid, which changes its 


= constant. In using this result it is important to 


position in time, not to a point fixed in space. If we denote the displacement 
of a fluid element from its equilibrium position by €, the condition is thus 


p(r + E) Peg (1) 
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. 5/3 
elses) [= Z 5 . (11.42) 


Small changes dp in the pressure are therefore related to € and small changes 
dp in the density by the expression 
5 
Sy Ep Een os | STF (11.43) 
3 Peq 
By taking the time derivative of (11.43) and using (11.38) together with 
(11.39) and v = € we obtain 


Op © : 
at = — alten on Bagh (11.44) 
Inserting this equation into Eq. (11.40) we find 
2 let 
cay "VW (DeqV-V) + V(peqf-v) — £ V-(peqv): (11.45) 


PON 
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From Eq. (11.39) it follows that f and V eq are parallel, and therefore 
(f-v)V peq = f(v-V) peq. With this result and Eq. (11.39) for the pressure 
gradient, we may rewrite Eq. (11.45) in the convenient form 


2 & 
= = a) AG: “f(V-v), (11.46) 
This is the general equation of motion satisfied by the velocity field v. In 
the context of Bose gases the result was first derived from kinetic theory [8]. 

In the absence of a confining potential (f = 0), the equation has longitudi- 
nal waves as solutions. These are ordinary sound waves, and have a velocity 
(Seq) 3peq)'/*. For temperatures high compared with Tc, the velocity be- 
comes (5kT'/3m)'/?, the familiar result for the adiabatic sound velocity of 
a classical monatomic gas. For T = Ty, the velocity agrees with that of 
first sound, Eq. (10.50). For transverse disturbances (V -v = 0) there is no 
restoring force and, consequently, these modes have zero frequency. When 
dissipation is included they become purely decaying modes. 


Low-frequency modes 
Let us now consider an anisotropic harmonic trap with a potential given by 
Eq. (2.7). The force per unit mass, Eq. (11.37), is given by 
f = —(wiz, wey. w9z). a) 
We shall look for normal modes of the form 
V =(Qai, DUNez Ie (11.48) 


where the coefficients a, b, and c depend on time as e~“*. The motion 
corresponds to homologous expansion and contraction of the cloud, with a 
scaling factor that may depend on the coordinate axis considered. We note 
that V xv = 0, and therefore the flow is irrotational. Since the divergence of 
the velocity field is constant in space (V-v = a+b+c), Eq. (11.46) becomes 


—w°v = V(f-v) + “f(V-v). (11.49) 


For a velocity field of the form (11.48), this equation contains only terms 
linear in x,y or z. Setting the coefficients of each of these equal to zero, we 
obtain the following three coupled homogeneous equations for a,b and c, 


8 20 2 

(aur + wile + wad + use =\(), (11.50) 
8 2 2 

(ue = wa)b + wae + a =), (ESL) 


and 
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8 2 C 
(Sw? + 3w3)e + 3uia + gure =) (ies) 


For an isotropic oscillator, w; = w2 = w3 = wo, there are two eigenfrequen- 
cles, given by 


wr = dae auc) Gr =o (JUL Ss) 


The 2w oscillation corresponds to a = b = c. The velocity is thus pro- 
portional to r. Since the radial velocity has the same sign everywhere, the 
mode is a breathing mode analogous to that for a condensate discussed be- 
low Eq. (7.73) and in Sec. 7.3.3. The density oscillation in the breathing 
mode is independent of angle, corresponding to the spherical harmonic Y;,, 
with / = m = 0, and the mode frequency is the same as in the absence 
of collisions. There are two degenerate modes with frequency /2u 9, and 
a possible choice for two orthogonal mode functions is a = 6 = —c/2 and 
a = —b,c=0. These modes have angular symmetry corresponding to | = 2. 
From general principles, one would expect there to be 2/ + 1 = 5 degener- 
ate modes having / = 2. The other three have velocity fields proportional 
to V(ay) = (y,x,0) and the two other expressions obtained from this by 
cyclic permutation, and they are identical with the scissors modes in the 
condensate considered in Sec. 7.3.2. 

For anisotropic traps one obtains from Eqs. (11.50)—(11.52) a cubic equa- 
tion for w? with, in general, three different roots. There are also three 
transverse scissors modes of the type v x V(xy) with different frequencies 
given by w? = wi +w% and the corresponding expressions obtained by cyclic 
permutation. 

For a trap with axial symmetry, the force constants in the xy plane are 
equal and differ from that in the z direction, wy = we = wo, ws = Aug. 
Due to the axial symmetry, the mode with a = —b,c = 0 and frequency 
w = V/2wy found for an isotropic trap is still present, since in it there is no 
motion in the z direction. For the two other frequencies one finds 


Ww Su, € 4. i 5/5 = BD 10M), (11.54) 
which are plotted in Fig. 11.1. 

The method we have used here can also be applied to calculate the frequen- 
cies of modes of a trapped Bose-Einstein condensate when the number of 
particles is sufficiently large that the Thomas—Fermi approximation may be 
used. The only difference is that the equation of state for a zero-temperature 
condensate must be used instead of that for a thermal gas. One may derive 
an equation for the velocity field analogous to Eq. (11.46), and calculate 
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Fig. 11.1. Frequencies of low-lying hydrodynamic modes for an axially-symmetric 
harmonic trap, as a function of the anisotropy parameter A. The full lines corre- 
spond to Eq. (11.54), while the dotted line (w = /2w9) corresponds to the mode 
with a = —b,c = 0, which is degenerate with the ry scissors mode. 


the frequencies of low-lying modes corresponding to a homologous scaling 
of the density distribution. The results agree with those derived in Sec. 7.3 
by considering the density distribution (see Problem 11.3). 

The results of this subsection show that the frequencies of modes for 
trapped gases depend on the equation of state, since the results obtained 
for a thermal gas differ from those for a pure condensate. For a thermal 
gas the mode frequencies also depend on collisions. since the modes in the 
hydrodynamic limit differ from those in the collisionless limit, which are 
given by Eq. (11.28). This demonstrates how properties of collective modes 
may be used as a diagnostic tool for probing the state of a gas. 


11.3 Collisional relaxation above JT. 


As we indicated above, in most experiments on oscillations in trapped alkali 
gases collisions are so infrequent that the gas is not in local thermodynamic 
equilibrium, so now we consider the opposite limit, when collisions are rare. 
The modes have frequencies given to a first approximation by Eq. (11.28), 
and collisions damp the modes. Such dissipation processes in trapped Bose 
gases have been investigated experimentally in a variety of ways. One is 
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to measure the damping of collective oscillations. The atomic cloud is ex- 
cited at the frequency of the normal mode of interest by means of a weak 
external perturbation, and the damping of the mode is then extracted from 
the measured time dependence of the oscillation amplitude in the absence of 
the perturbation [9]. Another way is to study the relaxation of temperature 
alusotropies in a gas in a harmonic trap [10, 11]. In a harmonic trap the mo- 
tion of a free particle is separable since the Hamiltonian may be written as a 
sum of independent terms corresponding to the motions parallel to cach of 
the axes of the trap. Thus if an atomic cloud is prepared in a state in which 
the average particle energy for motion parallel to an axis of the trap is not 
the same for all axes, these energies do not depend on time in the absence of 
collisions. Such a state corresponds to a particle distribution with different 
effective temperatures along the various axes of the trap. However, because 
of collisions, temperature anisotropies decay in time. The dimensions of the 
cloud along the principal axes of the trap depend on the corresponding tem- 
peratures, and therefore anisotropy of the temperature may be monitored 
by observing how the shape of the cloud depends on time. 

Most experiments on collisional relaxation have been carried out in the 
collisionless regime, where the mean free path is large compared with the 
size of the cloud. In the following we shall therefore consider the collisionless 
regime in some detail, and comment only briefly on the hydrodynamic and 
intermediate regimes. For simplicity, we limit the discussion to temperatures 
above the transition temperature. 

We have already estimated the mean free time 7 for collisions, Eq. (11.31). 
This sets the characteristic timescale for the decay of modes, but the de- 
cay time generally differs from 7 by a significant numerical factor which 
depends on the mode in question. The reason for this difference is that 
collisions conserve particle number, total momentum, and total energy. As 
a consequence, collisions have no effect on certain parts of the distribution 
function. 


The Boltzmann equation 


For temperatures T greater than T;., the thermal energy kT’ is large com- 
pared with the separation between the energy eigenvalues in the harmonic- 
oscillator potential, and consequently the semi-classical Boltzmann equation 
provides an accurate starting point for the calculation of relaxation rates. 
In addition, we may neglect the mean-field interactions with other atoms, 
since even when T is as low as the transition temperature, the energy nUp 
is typically no more than a few per cent of kT. The resulting Boltzmann 
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equation for the distribution function fp (ans 


Of p to nm 
Dt a mae! _ VV -Vof = Ah (11.55) 


where V is the external potential and I[f] the collision term. In the spirit of 
the semi-classical approach adopted here, we replace the collision term by 
the expression for a bulk gas, 


d da 
Lil = | op [ 23g 
xFAGt fat f')-Q+/AQ+ AF AT. (1.56) 


In the above expression we have introduced the differential cross section 
do /dQ, where Q is the solid angle for the direction of the relative momen- 
tum p’—p}. In general, the differential cross section depends on the relative 
velocity |v —vi| of the two incoming particles, as well as on the angle of the 
relative velocities of the colliding particles before and after the collision, but 
for low-energy particles it tends to a constant, as we saw in Dec, 0.2. Because 


collisions are essentially local, the spatial arguments of all the distribution 
functions in the collision integral are the same. The first term on the second 
line of Eq. (11.56) is the out-scattering term, in which particles with mo- 
menta p and py, are scattered to states with momenta p’ and pj, while the 
second term is the in-scattering term, corresponding to the inverse process. 
The two sorts of processes, as well as the enhancement factors 1 + f due to 
the Bose statistics, are familiar from the calculation of Landau damping in 
Sec. 10.5.1. 
Since the atoms are bosons, their distribution function f 9 in equilibrium 
is 
1 
iB (r) me e(p?/2m4+V—p)/kT a 


(11.57) 


where y is the chemical potential. To investigate small deviations from equi- 
librium, we write f = f°+6f, where f° is the equilibrium distribution func- 
tion and df is the deviation of f from equilibrium. In equilibrium the net col- 
lision rate vanishes, because f° fO(1 + f° )(1 + f0) = (1+ f+ ee. 
as a consequence of energy conservation. Linearizing Eq. (11.55) and intro- 
ducing the definition 


éf = f+ f°)9, (11.58) 
we find 
6 f 


ae + Vif — VV pof = -I[6f] (11.59) 
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where the linearized collision integral is 


"dpi do 
I[5f| = ae Bee er 
[sf] } oems | an |v —vi|(® +o, — 6’ — 4) 


idea (leery: (11.60) 


For the calculations that follow it is convenient to separate out a factor 
f°. + f°) and define the operator 


= 70+ A) qe 
The conservation laws imply that the collision integral (11.60) vanishes for 
certain forms of ®. The simplest one, which reflects conservation of particle 
number, is ® = a(r), where a(r) is any function that does not depend on 
the momentum. Since momentum is conserved in collisions, the collision 
integral (11.60) also vanishes for ® = b(r)-p where b(r) is a vector inde- 
pendent of p. Finally, since collisions are local in space, they conserve the 
kinetic energy of particles. This implies the vanishing of the collision integral 


(11.61) 


when ® = c(r)p?, for any function c(r) that is independent of momentum. 
These collision invariants will play an important role in the calculations of 
damping described below. To understand their significance we consider the 
distribution function for particles in equilibrium in a frame moving with a 
velocity v. This is 


1 
fp) ia e(p?/2m+V—p-v—p)/kKT _ 


(11.62) 


Since the derivative of the equilibrium distribution function with respect to 

the particle energy € = p*/2m is given by 
om MG) 
Oe. _ 


the change in f for small values of v and for small changes in the chemical 


(11.63) 


potential and the temperature is 
r ay) OL) 


. 11.64 
ee kT cubed) 


Oy = (Oar ioe 74 


Thus the deviation function ®, Eq. (11.58), for local thermodynamic equi- 
‘librium is a sum of collision invariants. 

The general approach for finding the frequencies and damping rates of 
modes is to evaluate the eigenvalues of the linearized Boltzmann equa- 
tion. When collisions are infrequent, the modes are very similar to those 
in the absence of collisions. One can use this idea to develop a systematic 
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method for determining properties of modes. We illustrate the approach by 
finding approximate solutions to the problems of relaxation of temperature 
anisotropies and the damping of oscillations. 


11.3.1 Relaxation of temperature anisotropies 


Consider a cloud of atoms in an anisotropic harmonic trap and imagine that 
the distribution function is disturbed from its equilibrium form by making 
the temperature 7, associated with motion in the z direction different from 
that for motion in the x and y directions, T,. The distribution function 
may thus be written 


2 2 —] 
pe /2mn + V,z Diy 20a LL o 
= |e =) Sais 
Ip) exp ( ae 4 kT, kT (fL05) 


where V, = mw3z?/2, Vi = m(wia? + wy")/2, and p| = p2+p;. As usual, 
the temperature T and the chemical potential are chosen to ensure that the 
total energy and the total number of particles have their actual values. For 
small temperature anisotropies, the deviation function has the form 


be aR py /2m+Vi 
ee? ee 
where 67, = 7, —T and 67, =7T, —T. From the condition that the total 
energy correspond to the temperature JT it follows that 6T, = —2d7T |. the 
factor of two reflecting the two transverse degrees of freedom. We therefore 
obtain from Eq. (11.66) that 


3p. — pe Il ee 
an aise vig es 2 a 67 
( 4m . ae kT? EoD 


D sae joan (11.66) 


The distribution function corresponding to this is a static solution of the 
collisionless Boltzmann equation. This result follows from the fact that ® 
is a function of the energies associated with the z and transverse motions, 
which are separately conserved. It may be confirmed by explicit calculation. 

When the collision time for a particle is long compared with the pericds 
of all oscillations in the trap we expect that the solution of the Boltzmann 
equation will be similar to Eq. (11.67). We therefore adopt as an ansatz the 
form 


bf = P+ fVSrg(t), (11.68) 
where 
, lee I 
Cpe = tS = = Vine (11.69) 
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and g(t) describes the relaxation of the distribution function towards its 

equilibrium value. We insert (11.68) in the Boltzmann equation (11.59), 

multiply by ®p, and integrate over coordinates and momenta. The result is 
Og 


Le Aas ®1 [G7] > g(t), (11.70) 


where <---> denotes multiplication by f°(1+ f°) and integration over both 
coordinate space and momentum space. The integral operator T is defined 
in Eq. (11.61). 

The solution of (11.70) is thus 


as) = (Ole Caen) 
where the relaxation rate is 
ol ial 
= al r| (11.72) 
<67,> 


The physical content of this equation is that the numerator is, apart from 
factors, the rate of entropy generation times 7’, and therefore gives the 
dissipation. ‘The denominator is essentially the excess free energy associated 
with the temperature anisotropy. The rate of decay is therefore the ratio 
of these two quantities. The expression thus has a form similar to that for 
the decay rate of modes in the hydrodynamic regime [12]. The source of 
dissipation in both the hydrodynamic and collisionless regimes is collisions 
between atoms, but in the hydrodynamic regime the effect of collisions may 
be expressed in terms of the shear and bulk viscosities and the thermal 
conductivity. 

If one replaces the collision integral by a naive approximation for it, To] = 
—/r(r), the damping rate is T = <62,/r(r)>/<2,>. However, this is 
a poor approximation, since the potential energy terms in ®7 are collision 
invariants, and therefore the collision integral gives zero when acting on 
them. Thus we may write 


[[®7] = Llp? — p?/3]. (11.73) 


Since the collision integral is symmetric (< AI'[B]> = <BI{A]>), the only 
term in the collision integral which survives is <(p2 — p?/3)I[p? — p?/3]>. 
After multiplication and division by <(p2 —p?/3)?> the decay rate may be 
written as 

_ Se Soe = Se <0 Se 


hae . (11.74) 
. <(p2 — p?/3)2> <®1> 


In this equation, the first factor is an average collision rate for a distribution 
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function with ® « p2 — p?/3, and the second factor is the ratio of the excess 
free energy in the part of @p varying as p? — p?/3, and the total excess free 
energy. An explicit evaluation shows that the second factor is 1/2. This 
reflects the fact that in a harmonic trap, the kinetic and potential energies 
are equal. However, collisions relax directly only the contributions to &p 
that are anisotropic in momentum space, but not those that are anisotropic 
in coordinate space. The time to relax the excess free energy in the mode 
is therefore twice as long as it would have been if there were no potential 
energy contributions to ®r. 

The first factor in Eq. (11.74) gives the decay rate for a deviation function 
® x p?— p*/3, which is spatially homogeneous and is proportional to the 
Legendre polynomial of degree / = 2 in momentum space. Since the collision 
integral is invariant under rotations in momentum space, the decay rate is 
the same for all disturbances corresponding to / = 2 in momentum space 
which have the same dependence on p. In particular, it is the same as 
for ® x pevy. Disturbances of this form arise when calculating the shear 
viscosity 7 of a uniform gas in the hydrodynamic regime. To a very good 
approximation, the solution to the Boltzmann equation for a shear flow in 
which the fluid velocity is in the x direction and varies in the y direction is 
proportional to prpy. One may define a viscous relaxation time T, by the 


7= mo (Bebe (-“F), (11.75) 


This definition implies that for a classical gas 7 = nkT7,. In the simplest 
variational approximation the viscous relaxation time is given by [13] 


equation 


1 <pepyl pepyl>p _ < (02 —p?/3)T fp: — 9/3) >p 
a ene UAE (11.76) 
EOS) x (Oyo) > p = (p2 aa Bsye >p 

where the subscript p on <---> indicates that only the integral over mo- 
mentum space is to be performed. The difference between the approximate 
result (11.76) and the result of more exact calculations is small, and we shall 
neglect it. For classical gases with energy-independent s-wave interactions 
it is less than two per cent. 


The final result for the damping rate of temperature anisotropies, Eq. 
(11.74), may therefore be rewritten as 


Die 


ie 
‘2 


Gunag 


since the angular integrals in momentum space can be factored out. 
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The classical limit 


Let us now consider the classical limit. In the averages, the quantity 
f°(1 + f°) reduces to the Boltzmann distribution. The momentum and 
space integrals then factorize, and one finds 


1 
[Tr= 
T OT (Las) 
where 
1 drn(r)r— 1 (r 
= Bier Sea) my) (11.79) 


Tay f drn(r) 


which is the density-weighted average of 1/7, over the volume of the cloud. 
We have previously estimated the relaxation rate, Eq. (11.31), and we 
shall now be more quantitative. In a uniform classical gas, the average 
collision rate 1/7 is obtained by averaging the scattering rate for particles 
of a particular momentum over the distribution function, 
1_ fdpdpio(lv — vally — vilfp so, a 
7 Qn faphe ae 
Here v — v; is the relative velocity of the two colliding particles, 
while o(|v — v;|) denotes the total scattering cross section. For energy- 
independent s-wave scattering the total scattering cross section is a con- 
stant, equal to o. The integrals over p and p; in (11.80) are then car- 
ried out by introducing centre-of-mass and relative coordinates and using 
a a exp(—p?/2mkT). The result is that the average collision rate in a 
homogeneous classical gas is given by 


il 
— = nov 25, (CUS) 
S 

where @ is the mean thermal velocity of a particle (cf. (4.96)), 


Lp 1/2 
0- (= ; (aiies2) 
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Equation (11.81) differs from the earlier estimate (11.31) by a factor of V2 
because it is the relative velocity that enters the scattering rate, not just the 
velocity of the particle. 

Finally, we must relate the viscous relaxation rate to the average colli- 
sion rate. These differ because the viscous relaxation time determines how 
rapidly an anisotropy in momentum space having / = 2 symmetry relaxes. 
This depends not only on the total collision rate but also on how effectively 
collisions reduce momentum anisotropies. To take an extreme example, if 
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the scattering cross section vanished except for a range of scattering an- 
gles close to zero, collisions would be ineffective in relaxing anisotropies in 
momentum space because the momenta of the two final particles would be 
essentially the same as those of the two initial particles. For an isotropic and 
energy-independent cross section the differences between the two relaxation 
times are less marked, and for a classical gas one finds [13] 
= — a (11.83) 
ty Oe 
where T is given by (11.81). Thus collisions are on average only 80% effective 
in relaxing momentum anisotropies of the form pe p’ /3 or similar ones with 
(= 2ysy miinetiy. 
In a harmonic trap the averaged relaxation rate 1/7 y in the classical limit 
is therefore obtained by combining (11.79), (11.81) and (11.83). The spatial 
integral is carried out using the fact that for a harmonic potential 


f drn?(r) _ nai(0) 
f drn(r) 93/2” 


(11.84) 


where nq(0) = Nw |m/2nrkT]*/? is the central density (ef. (2.39) and (2.40)). 
We conclude that the rate (11.78) is 


17 = —n.(O)av, (1s5) 


where o = 87a? for identical bosons. 

The calculation described above can be extended to take into account the 
effects of quantum degeneracy at temperatures above the transition tem- 
perature. The leading high-temperature correction to the classical result 
(11.85) is given by [14] 


A) a (11.86) 


[re sne(0)o? c oh 16 73 
while at lower temperatures the rate must be calculated numerically. 
Throughout our discussion we have assumed that the deviation function is 
given by Eq. (11.67). Actually, the long-lived mode does not have precisely 
this form, and one can systematically improve the trial function by exploiting 
a variational principle essentially identical to that used to find the ground- 
state energy in quantum mechanics. This always reduces the decay rate, 
and in such a calculation for the classical limit the decay rate was found to 
be 7% less than the estimate (11.85) [14]. 
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11.3.2 Damping of oscillations 


The above approach can also be used to investigate the damping of oscil- 
lations. Consider an anisotropic harmonic trap with uniaxial symmetry, 
Ww, = wo # w3. To begin with we study an oscillation corresponding to an 
extension of the cloud along the z axis. In the absence of collisions, the 
motions in the x, y, and z directions decouple. If the cloud is initially at 
rest but is more extended in the z direction than it would be in equilibrium, 
it will begin to contract. The kinetic energy of particles for motion in the z 
direction will increase. Later the contraction will halt, the thermal kinetic 
energy will be a maximum, and the cloud will begin to expand again to- 
wards its original configuration. Physically we would expect the deviation 
function to have terms in p2, corresponding to a modulation of the tem- 
perature for motion in the z direction, a function of z to allow for density 
changes, and a term of the form p, times a function of z, which corresponds 
to a z-dependent mean particle velocity. The combination p, + imwg3z is 
the classical equivalent of a raising operator in quantum mechanics, and it 
depends on time as e ““3'. Consequently, we expect that a deviation from 
equilibrium proportional to (pz + imw3z)" will give rise to an oscillatory 
mode at the frequency 2w3. We therefore use the deviation function? 


B® = Bog = C(pz + tmw3z)2e 122", (Ties) 


where C is an arbitrary constant. That this is a solution of the collisionless 
Boltzmann equation may be verified by inserting it into (11.59) with J = 0. 
We note that the trial function we used for temperature relaxation may be 
written as a sum of terms such as (pz + imw 3z)(pz — imw3z) «x E, which, as 
we saw, have frequency zero in the absence of collisions. 

We now consider the effect of collisions, and we look for a solution of the 
form 


® = G,,,e 173" g(t), (11.88) 


where g(t) again describes the relaxation of the distribution function. We 
insert. (11.88) in the Boltzmann equation (11.59) and use the fact that 


I|(pz + imw3z)"] = I[p?] = I[p2 -— p°/3], (11.89) 


because of the existence of the collision invariants discussed above. Multi- 


plying by ®*,., integrating over coordinates and momenta, and solving the 

2 In this section we choose to work with a complex deviation function. We could equally well 
have worked with a real function, with terms depending on time as cos 2w3t and sin 2w3t. The 
dissipation rate then depends on time, but its average agrees with the result obtained using a 
complex deviation function. 
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resulting differential equation for g one finds 
Ce) eee (11.90) 


where 


<O*, I [Bosel> _ <(p2 — 77/3) Ip; — o/31> 
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<(p2—p*/3)\T [pp — ve /sl= <(ey —  /3) = (11.91) 
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This expression has essentially the same form as that for the decay rate of 
temperature anisotropies. The second factor, reflecting the fraction of the 
free energy in the form of velocity anisotropies, may be evaluated directly, 
and is equal to 1/6. Following the same path as before, we find for the decay 
rate 


(joe 


ieee = 6 <p> (11.92) 
which reduces in the classical limit to 
il 

Vee = el Ole ae (eS) 
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Let us now consider modes in the xy plane. We shall again restrict our- 
selves to modes having a frequency equal to twice the oscillator frequency, 
in this case the transverse one w,. In the absence of interactions the modes 
corresponding to the deviation functions (p,timw 2x)? and (pyt+imw y)? 
are degenerate. To calculate the damping of the modes when there are colli- 
sions, one must use degenerate perturbation theory. Alternatively, one may 
use physical arguments to determine the form of the modes. The combina- 
tions of the two mode functions that have simple transformation properties 
under rotations about the z axis are (py + imw x)? + (py + imw y)*. The 
plus sign corresponds to a mode which is rotationally invariant, and the 
minus sign to a quadrupolar mode. Because of the different rotational syin- 
metries of the two modes, they are not mixed by collisions. The damping 
of the modes may be calculated by the same methods as before, and the 
result differs from the earlier result only through the factor that gives the 
fraction of the free energy in the mode that is due to the | = 2 anisotropies 
in momentum space. For the rotationally invariant mode the factor is 1/12, 
while for the quadrupole mode it is 1/4, which are to be compared with the 
factor 1/6 for the oscillation in the z direction [14]. 


11.3 Collisional relaxation above T, 317 


The relaxation rates given above may be compared directly with exper- 
iment. It is thereby possible to obtain information about interactions be- 
tween atoms, because uncertainties in the theory are small. The results also 
provide a useful theoretical testing ground for approximate treatments of 
the collision integral. 


The hydrodynamic and intermediate regimes 


The calculations above of damping rates were made for the collisionless 
regime. However, in some experiments collision frequencies are comparable 
with the lowest of the trap frequencies. Let us therefore turn to the opposite 
limit in which the oscillation frequency w is much less than a typical collision 
rate. When the hydrodynamic equations apply, the attenuation of modes, 
e.g., of the type (11.48), may be calculated using the standard expression for 
the rate of loss of mechanical energy [12]. One finds that the damping rate 
1/r is proportional to an integral of the shear viscosity 7(r) over coordinate 
space, 1/7 x f drn(r). Since the viscosity of a classical gas is independent of 
density, the damping rate would diverge if one integrated over all of space. 
This difficulty is due to the fact that a necessary condition for hydrodynam- 
ics to apply is that the mean free path be small compared with the length 
scale over which the density varies. In the outer region of the cloud, the den- 
sity, and hence also the collision rate, are low, and at some point the mean 
free path becomes so long that the conditions for the hydrodynamic regime 
are violated. Consequently, the dissipation there must be calculated from 
kinetic theory. Strictly speaking, a hydrodynamic limit does not exist for 
clouds confined by a trap, since the conditions for hydrodynamic behaviour 
are always violated in the outer region. An approximate solution to this 
problem is obtained by introducing a cut-off in the hydrodynamic formula 
[lel 

There are no experimental data for conditions when w3rT < 1, but there 
are experiments on the damping of oscillations for the intermediate regime 
when wr is close to unity [9]. A good semi-quantitative description of the 
intermediate regime may be obtained by interpolating between the hydro- 
dynamic and collisionless limits. A simple expression for w* that gives the 
correct frequencies wo in the collisionless limit and wy in the hydrodynamic 
regime and has a form typical of relaxation processes is 


2 2 
ee 11.94 
ae Ce aa a) 


where 7 is a suitably chosen relaxation time which is taken to be indepen- 
dent of frequency. In the collisionless limit the leading contribution to the 
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damping rate of the mode is (1 — w/w?) /27, while in the hydrodynamic 
limit the damping is not given correctly because of the difficulties at the 
edge of the cloud, described above. The form (11.94) predicts a definite 
relationship between the frequency of the mode and its damping which is in 
good agreement with experiments in the intermediate regime [9]. 


Problems 


PROBLEM 11.1 Calculate the thermal contribution to the energy of a cloud 
of N bosons in an isotropic harmonic trap with frequency wo at temperatures 
low compared with 7p. You may assume that (NGO =e 


PROBLEM 11.2 Verify the result (11.27) for the energy of a trapped cloud 
at non-zero temperature and sketch the temperature dependence of the asso- 
ciated specific heat. Use the same approximation to calculate the energy of 
the cloud after the trapping potential is suddenly turned off. This quantity 
is referred to as the release energy Ere\. It is equal to the kinetic energy of 
the atoms after the cloud has expanded so much that the interaction energy 
is negligible. 


PROBLEM 11.3 Consider linear oscillations of a Bose-Einstein condensate 
in the Thomas—Fermi approximation. Show that the Euler equation and the 
equation of continuity lead to the following equation for the velocity field. 


dv ee 

sz = 2 V(V-v) + V(f-v) +£(V-v), 

Ot? Peg 
where Peq/Peq = 2(r)Uo/2m. This result is equivalent to Eq. (7.62), which is 
expressed in terms of the density rather than the velocity. It is the analogue 
of Eq. (11.46) for a normal gas in the hydrodynamic regime. Consider 
now a condensate in an anisotropic harmonic trap. Show that there are 
solutions to the equation having the form v = (az, by,cz), and calculate 
their frequencies for a trap with axial symmetry. Compare them with those 
for the corresponding hydrodynamic modes of a gas above To. 


PROBLEM 11.4 Show that for a gas above 7, in an isotropic trap V = 
mupr?/2 there exist hydrodynamic modes with a velocity field of the form 
v(r) x V[r'Yim(0,)], and evaluate their frequencies. Compare the results 
with those for a pure condensate in the Thomas—Fermi limit which were 
considered in Sec. 7.3.1. Determine the spatial dependence of the associated 
density fluctuations in the classical limit. 


PROBLEM 11.5 Determine for the anisotropic harmonic-oscillator trap 
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(2.7) the frequencies of hydrodynamic modes of a Bose gas above T. with 
a velocity field given by v(r) « V(«y). Compare the result with that for a 
condensate in the Thomas—Fermi limit. Show that a local velocity having 
the above form corresponds in a kinetic description to a deviation function 
® x ype + xpy if, initially, the local density and temperature are not dis- 
turbed from equilibrium. Calculate how a deviation function of this form 
develops in time when there are no collisions, and compare the result with 
that for the hydrodynamic limit. [Hint: Express the deviation function in 
terms of pz + imw,x, etc., which have a simple time dependence.] 
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Mixtures and spinor condensates 


In preceding chapters we have explored properties of Bose-Einstein conden- 
sates with a single macroscopically-occupied quantum state, and spin de- 
erees of freedom of the atoms were assumed to play no role. In the present 
chapter we extend the theory to systems in which two or more quantum 
states are macroscopically occupied. 

The simplest example of such a multi-component system is a mixture of 
two different species of bosons, for example two isotopes of the same ele- 
ment, or two different atoms. The theory of such systems can be developed 
along the same lines as that for one-component systems developed in earlier 
chapters, and we do this in Sec. 12.1. 

Since alkali atoms have spin, it is also possible to make mixtures of the 
same isotope, but in different internal spin states. This was first done ex- 
perimentally by the JILA group, who made a mixture of S'Rb atoms in 
Inypertine states" —= 2.776 — 2 anda = Wagyn— — adl ee ese heomol 
hyperfine states of the same isotope differ from mixtures of distinct iso- 
topes because atoms can undergo transitions between hyperfine states, while 
transitions that convert one isotope into another do not occur under most 
circumstances. Transitions between different hyperfine states can influence 
equilibrium properties markedly if the interaction energy per particle is com- 
parable with or larger than the energy difference between hyperfine levels. In 
magnetic traps it is difficult to achieve such conditions, since the trapping po- 
tential depends on the particular hyperfine state. However, in optical traps 
(see Sec. 4.2.2) the potential is independent of the hyperfine state, and the 
dynamics of the spin can be investigated, as has been done experimentally 
[2, 3]. To calculate properties of a condensate with a number of hyperfine 
components, one may generalize the treatment for the one-component sys- 
tem to allow for the spinor nature of the wave function. We describe this 
in Sec. 12.2. While this theory is expected to be valid under a wide range 
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of experimental conditions, we shall show in Sec. 12.3 that in the absence 
of a magnetic field the ground state for atoms with an antiferromagnetic 
interaction is very different from that predicted by the Gross—Pitaevskii 
theory. This has important implications for understanding Bose-Einstein 
condensation. 


12.1 Mixtures 


Let us begin by considering a mixture of two different bosonic atoms. The 
generalization of the Hartree wave function (6.1) to two species, labelled 1 
and 2, with N, and No particles respectively, is 


Ny No 
Wr, PMPs st ve) = [[ ores) T] gar). (12.1) 
i=1 j=l 


where the particles of species 1 are denoted by r; and those of species 2 
by ee The corresponding single-particle wave functions are @; and @2. The 
atomic interactions generally depend on the species, and we shall denote the 
effective interaction for an atom of species 7 with one of species 7 by Uj;. 
For a uniform system, the interaction energy is given by the generalization 
of Eq. (6.6), 


NaN Sica i Ni N2U 9 fe No( No — 1)U 22 

oy V 2V , 
If we introduce the condensate wave functions for the two components ac- 
cording to the definitions 7% = ni? gy and w2 = Ny! $0, the energy func- 
tional corresponding to Eq. (6.9) for a one-component system is 


E= (12.2) 


h? 2 2 h? 2 2 
= hg V: 
B= f ar| eal + VicedWda + 5-1 V val? + Vale) al 
1 ml | 
+ 5 Usalal? + 5Uaaldel* + Uraler* bbe!” (12.3) 


where we have neglected effects of order 1/N; and 1/N2, which are small 
when N; and No are large. Here m, is the mass of an atom of species 1, and 
V; is the external potential. In a magnetic trap, the potential depends on the 
energy of an atom as a function of magnetic field, and therefore it varies from 
one hyperfine state, isotope, or atom to another. The constants Uj;, U22 
and Uj. = U2) are related to the respective scattering lengths a11, @22 and 
aj2 = ag, by Uj = Qnhaiz/miz (1,7 = 1,2), where mi = mm, | (in + m4) 
is the reduced mass for an atom 7 and an atom 7. 
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The interaction conserves separately the numbers of atoms of the two 
species. To minimize the energy functional subject to the constraint that 
the number of atoms of each species be conserved, one therefore introduces 
the two chemical potentials 4, and jg. The resulting time-independent 
Gross-Pitaevskii equations are 


hi? ; ’ 
Sra + Va(r)dr + Uri fdrl?br + Uralbal?dn = par, (12.4) 
1 
and 
ie : 
ere + Vo(r)qbe + Urelde|*e + Ureldi|?ve = pod. (12.5) 
2 


These will form the basis of our analysis of equilibrium properties of mix- 
tures. 


12.1.1 Equilibrium properties 


Let us first examine a homogeneous gas, where the densities n; = |w;|? of the 
two components are constant. For each component, the energy is minimized 
by choosing the phase to be independent of space, and the Gross-Pitaevskii 
equations become 


fy = Uyyny + Ujgne and pe = Oyen, + Uoone, (12.6) 


which relate the chemical potentials to the densities. 


Stability 


For the homogeneous solution to be stable, the energy must increase for 
deviations of the density from uniformity. We imagine that the spatial scale 
of the density disturbances is so large that the kinetic energy term in the 
energy functional plays no role. Under these conditions the total energy E 
may be written as 


a [ ere(n(e), nate), GUAT) 


where € denotes the energy density as a function of the densities n; and 
ng of the two components. We consider the change in total energy arising 
from small changes dn, and 6m in the densities of the two components. The 
first-order variation 6F must vanish, since the number of particles of each 
species is conserved, 


[ exon =0, i=1,2. (12.8) 


12.1 Mixtures Sa 


The second-order variation 67E is given by the quadratic form 


One One Oe 
Oe == | adr “) “) 2———6n16n2}. 2. 
al Ee ae Wal de On Ewa ng)? + Rea Oe (12.9) 
The derivative of the energy density with respect to the particle density, 
OE /On,, is the chemical potential pz; of species i (i = 1,2). The quadratic 
form (12.9) is thus positive definite, provided 
a) O 
Oy (12.10) 
and 
Op, Op2 = Opty Ope 
a SS IE 
On, One On? On a ( 7) 
Since Op /Ong = O7E/On Ong = Op2/On1, the condition (12.11) implies that 
(Op, /On 1) (Op2/Onz) > (Ou, /On2)? > 0, and therefore a sufficient condition 
for stability is that Eq. (12.11) and one of the two conditions in (12.10) be 
satisfied, since the second condition in (12.10) then holds automatically. For 
the energy functional (12.3), 


i 1 
= smu =F 511U 22 + nynqU ya, (WZ) 
and therefore 
OM; 
= Os IZ Ihe 
On; Oy ( ) 
Consequently the stability conditions (12.10) and (12.11) become 
Ui, >0, Usog >0, and W022 > Us. (12.14) 


The first condition ensures stability against collapse when only the density 
of the first component is varied, and therefore it is equivalent to the re- 
quirement that long-wavelength sound modes in that component be stable. 
Similarly, the second condition ensures stable sound waves in the second 
component if it alone is perturbed. The final condition ensures that no dis- 
turbance in which the densities of both components are varied can lower the 
energy. 

The stability conditions may be understood in physical terms by observing 
that the last of the conditions (12.14) is equivalent to the requirement that 


Oe. 
Oi, -— > 0, (2s) 
Uo2 


since Uz2 > 0 by the second of the conditions (12.14). The first term is the so- 
called direct interaction between atoms of species 1, and it gives the change 
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in energy when the density of the second species is held ieceaie dives berm 
—U?,/U22, which is referred to as the induced interaction, corresponds to an 
interaction mediated by the atoms of the second species. Such effects will be 
discussed in greater detail in Secs. 14.3.2 and 14.4.1 in the context of Fermi 
systems and mixtures of bosons and fermions. The result (12.15) states that 
the total effective interaction, consisting of the direct interaction Uj, and 
the induced interaction, must be positive for stability. The argument may 
also be couched in terms of the effective interaction between two atoms of 
the second species. If Us > U1, Uo2 and Uj» is negative, the gas is unstable 
to formation of a denser state containing both components, while if Uj2 
is positive, the two components will separate. One can demonstrate that 
the conditions (12.14) also ensure stability against large deviations from 
uniformity [4]. 


Density profiles 
Now we consider the density distributions in trapped gas mixtures. We shall 
work in the Thomas—Fermi approximation, in which one neglects the kinetic 
energy terms in Eqs. (12.4) and (12.5), which then become 


sk Can en +e Ujone. (125i) 
and 
(2 — eo Ujon4.- (WL) 


These equations may be inverted to give 


Ure(t — Vi) — Uralue — V: 
= Taal = Vi) = Uio(sis — Va), (12.18) 
U1 U22 — Ujy 


and 
O11 (p12 — V2) — Ure(fr — Vi) 
ne = : : 12.1 
; Uy1U22 — UZ, ood 


The denominator is positive, since it is necessary that U;,U22 > US for 
stability of bulk matter, as we saw in Eq. (12.14). 

The solutions (12.18) and (12.19) make sense only if the densities n; and 
nz are positive. When one component is absent, the other one obeys the 
Gross~Pitaevskii equation for a single component. The chemical potentials 
jt; and jg must be determined self-consistently from the condition that the 
total number of particles of a particular species is given by integrating the 
density distributions over space. 

Let us now give a specific example. We assume that the trapping po- 
tentials are isotropic and harmonic, Vj(r) = myw?r?/2, and that Vo = 
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: DO Ae 2 2: 
mow5r*/2 = AV, where A = mqws/m wz is a constant. We define lengths 
R, and Re according to the equation 


ee — 1,2. (12.20) 


After inserting the expressions for V; and ju; into (12.18) and (12.19) we may 
write the densities as 


[Ly 1 Uj2 p2 r? M19 
ce l= Sa SS SS We 
Un 1 = U2/UnU 22 Uo2 fH a U9 I ( ) 
and 
[lo il Ui Ui2 
y= “= i : eZ 
“U2 1 = UP,/UiU 22 | Uni p2 Fa War ( 


In the absence of interaction between the two components of the mixture 
(Uy. = 0), the densities (12.21) and (12.22) vanish at r = R, and r = Ro, 
respectively. Quite generally, if one of the densities, say n1, vanishes in a 
certain region of space, one can see from Eq. (12.17) that the density m2 of 
the other component will be given by the Gross-Pitaevskii equation for that 
component alone, U2n2 = fg — V2, and therefore the density profile in that 
region is given by 


2 

[2 , 
_ sy eas) 
nN9 ee ( a ( ) 


provided r is less than Rg. This agrees with the density obtained from 
(12.22) by setting Uj2 equal to zero. In all cases, the density profiles are 
linear functions of r?, the specific form depending on whether or not two 
components coexist in the region in question. For more general potentials, 
the density profiles are linear functions of the potentials for the two species. 

The density distributions are given by (12.21) and (12.22) where the two 
components coexist, by (12.23) when n; = 0, and by an analogous expression 
for n, when ng = 0. The chemical potentials (1 and jg are determined by 
requiring that the integrals over space of the densities of the components be 
equal to the total numbers of particles N; and No. Depending on the ratios of 
the three interaction parameters, the two components may coexist in some 
regions of space, but remain separated in others [5]. When the numbers 
of the two kinds of particles are comparable, the mixture will generally 
exhibit a fairly large region where the two components coexist, provided the 
conditions (12.14) for stability of bulk mixed phases are satisfied. If one 
adds a small number of, say, 2-atoms to a cloud containing a large number 
of 1-atoms, the 2-atoms tend to reside either at the surface or in the deep 
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n(0) 


FS 


Fig. 12.1. Density profiles of a mixture of two condensates for the isotropic model 
discussed in the text. The values of the parameters are f;/p2 = 1.5, A = 2, 
Tyg = 0.9Uy1, and Ugg = 1.08U,,. The corresponding ratio of the numbers of 
particles is N,/No = 2.4. 


interior of the cloud, depending on the ratio of the interaction parameters. 
In Fig. 12.1 we illustrate this by plotting the density profiles for a specific 
choice of parameters. 


12.1.2 Collective modes 


The methods used in Chapter 7 to describe the dynamical properties of a 
condensate with one component may be extended to mixtures. The natu- 
ral generalization of the time-independent Gross—Pitaevskii equations (12.4) 
and (12.5) to allow for time dependence is 


Ow We ; : 

ie eore Uiily bo|*| ar, 2.24 

ih ay an + Vi(r) + Ui |v + Ujg|del"| v1 (1 ) 
and 

., Oa i os : 

or al V; 2|¢ w- Q we, ; 

at | dmg ®t Vale) + Unalibal” + Uralval”| be (12.25) 


By introducing the velocities and densities of the two components one 
may write the time-dependent Gross-Pitaevskii equations as hydrodynamic 
equations, as was done for a single component in Sec. 7.1.1. As an illus- 
tration let us calculate the frequencies of normal modes of a mixture of 
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two components. By generalizing the linearized hydrodynamic equations 


(7.26)—(7.28) we obtain the coupled equations 

mywdn, + V-(n1 Voji) = 0 (226) 
and 

mowdng + V-(n2Vofi2) = 9, (i227) 
where défi; is obtained by linearizing the expressions 
te dl 
‘om; Jn 


which correspond to Eq. (7.21). 


ji = 


V2 Jn + > Uagny, (12.28) 
j 


The first example we consider is a homogeneous system, and we look for 
travelling wave solutions proportional to exp(iq:r—iwt). From (12.26) and 
(12.27) it follows that 

mwdn; = nq?oji, i= 1,2. (12.29) 


The change in the chemical potentials is given to first order in 6n, and én 
by 


hege 
O fy = (un Sal ) én, + Uj2dn» (220) 
4m ny 
and 
fg 
ia — (ve + ) 6ng + Uj26n}. (2a) 
Among ; 


The expressions (12.30) and (12.31) are now inserted into (12.29), and the 
frequencies are found from the consistency condition for the homogeneous 
equations for én;. The result is 


il 
(tw)? = (6 +6) + =e — 63)? + 16efe8nineU},. (Wee) 
Here we have introduced the abbreviations 
ef = Wiymef + (et)? and ef = Wognzes + (€9)”, (Zo) 


where e = hi?q?/2m; is the free-particle energy as in Chapter 7. The en- 
ergies €; and €9 are those of the Bogoliubov modes of the two components 
when there is no interaction between different components. his interac- 
tion, which gives rise to the term containing Uj2, hybridizes the modes. At 
short wavelengths, the two mode frequencies approach the free-particle fre- 
quencies hg?/2m, and hq? /2m. As U2, approaches U;1U22, one of the two 
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frequencies tends to zero in the long-wavelength limit q — 0, signalling an 
instability of the system, in agreement with the conclusions we reached from 
static considerations, Eq. (12.14). Equation (12.32) has been used to study 
theoretically [6] the growth of unstable modes of a two-component system 
observed experimentally [7]. 

We next turn to particles in traps. In Sec. 7.3 we obtained the collective 
modes in a trap by making the Thomas-Fermi approximation, in which the 
contribution of the quantum pressure to 6j/ is neglected. The generalization 
of Eq. (7.58) to a two-component system is 


O fy = U116n, + Uj2dneg and 0 [le = Uo2dng + Uj20N4. (12.34) 


In order to solve the coupled equations for 6n; (¢ = 1,2) one must determine 
the equilibrium densities n; for given choices of the interaction parameters 
and insert these in the equations. The situation when the two condensates 
coexist everywhere within the cloud is the simplest one to analyze. This 
is the subject of Problem 12.1, where coupled surface modes in the two 
components are investigated. When the two components do not overlap 
completely, solutions in different parts of space must be matched by imposing 
boundary conditions. 

In summary, the properties of mixtures may be analyzed by generalizing 
the methods used in previous chapters for a single condensate. We have 
treated a mixture with two components, but it is straightforward to ex- 
tend the theory to more components. We turn now to condensates where 
the components are atoms of the same isotope in different hyperfine states. 
These exhibit qualitatively new features. 


12.2 Spinor condensates 


In the mixtures considered above, the interaction conserves the total number 
of particles of each species. This is no longer true when condensation occurs 
in states which are different hyperfine states of the same isotope. As we 
noted in the previous section, overlapping condensates with atoms in two 
different hyperfine states have been made in magnetic traps [1], and the 
development of purely optical traps has made it possible to Bose-Einstein 
condense Na atoms in the three magnetic sublevels, corresponding to the 
quantum numbers mp = 0,+£1, of the hyperfine multiplet with total spin 
F = 1 [2]. Let us for definiteness consider magnetic fields so low that the 
states of a single atom are eigenstates of the angular momentum, as we 
described in Sec. 3.2. Because of its experimental relevance and simplicity 
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we consider atoms with F = 1, but the treatment may be extended to higher 
values of F’. 

In the mixtures described in Sec. 12.1, the number of particles of each 
component was strictly conserved. For the three hyperfine states this is no 
longer so, since, e.g., an atom in the mp = 1 state may scatter with another 
in the mp = —1 state to give two atoms in the mp = 0 state. Let us begin by 
considering the interaction between atoms. Rotational invariance imposes 
important constraints on the number of parameters needed to characterize 
the interaction. Two identical bosonic atoms with F = 1 in an s state of 
the relative motion can couple to make states with total angular momentum 
F =0or 2 units, since the possibility of unit angular momentum is ruled out 
by the requirement that the wave function be symmetric under exchange of 
the two atoms. The interaction is invariant under rotations, and therefore it 
is diagonal in the total angular momentum of the two atoms. We may thus 
write the effective interaction for low-energy collisions as Up = Arh2a /m 
for F = 0 and Uz = 4rh?a') /m for F = 2, where a) and a) are the corre- 
sponding scattering lengths. For arbitrary hyperfine states in the hyperfine 
manifold in which there are two atoms with F’ = 1, the effective interaction 
may therefore be written in the form 


aa = r2) = O(ry = r2) (UoPo sr UoP2), (12.35) 


where the operators Pr project the wave function of a pair of atoms on a 
state of total angular momentum Ff. It is helpful to re-express this result 
in terms of the operators for the angular momenta of the two atoms, which 
we here denote by S; and S2.! The eigenvalues of the scalar product S1:So 
are 1 when the total angular momentum quantum number F of the pair 
of atoms is 2, and —2 when F = 0. The operator that projects onto the 
F = 2 manifold is Po = (2+ 81-S2)/3, and that for the F = 0 state is 
Py = (1 —S1-S2)/3. The strength of the contact interaction in Eq. (12.35) 
may therefore be written as 


UpPo + U2P2 = Wo + W281'S2, (12.36) 


where 


oy 202 


th =i 
Wo = ‘ey 


3 


Equation (12.36) has a form analogous to that for the exchange interaction 
between a pair of atoms when the nuclear spin 1s neglected, see Eq. (5.74). 


and W2 = Cae) 


1 In Chapter 3 we denoted the angular momentum of an atom by F but, to conform with the 
convention used in the literature on spinor condensates, in this section we denote it by S even 
though it contains more than the contribution from the electron spin. ‘Thus S-S=F(F+ 1). 
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For larger values of F' the interaction may be written in a similar form but 
with additional terms containing higher powers of S1-So. 

In second-quantized notation, the many-body Hamiltonian for atoms with 
the effective interaction (12.36) is 


: he. Z ee z ~ 
le | dr Gaon +V(r)bhve + gunvlB-Sapve 
1 an BR il A, 4 a & 
a 5 Wot tarbe a Wal I}, Soa-Sueg tarda). (12.38) 


Here we have included the Zeeman energy to first order in the magnetic 
field, and g is the Landé g factor introduced in Chapter 3. Repeated indices 
are to be summed over, following the Einstein convention. The external 
potential V(r) is assumed to be independent of the hyperfine state, as it is 
for an optical trap. In the following subsection we treat the Hamiltonian 
(12.38) in the mean-field approximation. 


12.2.1 Mean-field description 


A direct extension of the wave function (12.1) to three components has a 
definite number of particles in each of the magnetic sublevels and, conse- 
quently, it does not take into account the effect of processes such as that 
in which an atom with mp = 1 interacts with one with mp = —1 to give 
two atoms in the mp = 0 state. It is therefore necessary to consider a more 
general wave function, as was done in Refs. [8] and [9]. Instead of gener- 
alizing the Hartree wave function for a single component as we did in Sec. 
12.1, we imagine that all particles are condensed in a state @g(r) which is a 
superposition of the three hyperfine substates, 


gar) = or(r)|1, 1) + do(r)|1, 0) + d-1(r)|1, -1), (12.39) 


where we have used Dirac notation for the spin degrees of freedom. The 
wave function for the state where all particles are in the same single-particle 
quantum state with wave function @q(r) is then written as 


N 
Wi, Of; stn, a) = [ore (12.40) 
ll 


where a; = 0, +1 specifies the spin state of particle i. The state (12.40) does 
not have a definite number of particles in a given hyperfine state, since it 
has components in which all particles are in, e.g., the mp = 1 state. How- 
ever, the probability distribution for the number of particles in a particular 
hyperfine state is sharply peaked about some value. Interestingly, when a 
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wave function of the type (12.40) is applied to the problem of mixtures of 
two different atoms or isotopes considered in Sec. 12.1, it leads to results 
which agree with those for the wave function (12.1) if the number of particles 
is large. To demonstrate this is the subject of Problem 12.2. 

Provided we are interested only in contributions to the energy which are of 
order N*, working with the wave function (12.40) is equivalent to using the 
Gross—Pitaevskii or mean-field prescription of treating the operator fields a) 
as classical ones w, which we write in the form 


Bo x Wa = Wy n(r)Ca(r), (12.41) 


where n(r) = >>, |Wa(r)|? is the total density of particles in all hyperfine 
states, and ¢,(r) is a three-component spinor, normalized according to the 
condition 


GG. 1. (12.42) 


The total energy # in the presence of a magnetic field is therefore given 
by 


h2 
EB-—pN = ar); 


2 
Sey + “ayes 
m 2m, 


1 
+(V —p)n+ gupnB-<S>+ 5 (Wo + Wo<S>?)! (12.43) 


with 
SOS = Gasages (12.44) 


It is convenient to use an explicit representation of the angular momentum 
matrices, and we shall work with a basis of states |F = 1,m,) referred to 
the direction of the applied magnetic field. In the representation generally 
used, the angular momentum matrices are written as 


| Ommere , (eo = 2 1 oe 
Cea) ees O87), and S,=/0 0 0 
V2 19 10 Vela oe G oo = 


Let us examine the ground state when there is no magnetic field. Apart 
from the W» term, the energy then has essentially the same form as for a one- 
component system. If W2 is negative, the energy is lowered by making the 
magnitude of <S> as large as possible. This is achieved by, e.g., putting all 
particles into the my = | state. Typographically, row vectors are preferable 
to column ones, so it is convenient to express some results in terms of the 
transpose of ¢, which we denote by ¢ , and in this notation the state 1s 
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¢ = (1,0,0). The state is ferromagnetic. Any state obtained from this one by 
a rotation in spin space has the same energy since the interaction is invariant 
under rotations. The reason for the ferromagnetic state being favoured is 
that, according to Eq. (12.37), W2 is negative if the # = O interaction 
exceeds the F = 2 one. By putting all atoms into the mp = 1 state, all 
pairs of atoms are in states with total angular momentum F = 2, and there 
is no contribution from the F = 0 interaction. This may be confirmed by 
explicit calculation, since <S>* = 1 and therefore the interaction term in 
the energy (12.43) becomes 


il if 
poe W2)n? = 5 Van’. (12.45) 
In atrap, the density profile in the Thomas-Fermi approximation is therefore 
given by 
—-V 
eas (12.46) 
Us 


When W2 > O, the energy is minimized by making <S> as small as 
possible. This is achieved by, e.g., putting all particles into the mp = 0 
substate, since then <S> = 0. Equivalently ¢ = (0,1,0). Again. states 
obtained from this one by rotations in spin space have the same energy. 
The density profile in the Thomas—Fermi approximation is consequently 
obtained by replacing U2 in (12.46) by Wo. Investigating the influence of a 
magnetic field is the subject of Problem 12.4. 

The collective modes of spinor condensates may be obtained by linearizing 
the equations of motion in the deviations of w from its equilibrium form. It 
is convenient to start from the operator equations of motion, which in the 
absence of an external magnetic field are 

i 2 

nee — Fag, + 1 0) — jlo + Wot alarba + Watt Sar Saariabo. 

(22a 
By writing Jo = Vato, and linearizing (12.47) in dug about the particular 
equilibrium state (12.41) one obtains three coupled, linear equations for Og. 
The form of these equations depends on the sigu of W». For particles with 
an antiferromagnetic interaction (W2 > 0) in a harmonic trap one finds 
in the Thomas—Fermi approximation that the frequencies of density modes 
are independent of the interaction parameters and are exactly the same as 
those obtained in Chapter 7 for a single-coinponent condensate, while the 
frequencies of the spin-wave modes are related to those of the density modes 
by a factor (W2/Wo)!/?. For a ferromagnetic interaction, the frequencies of 
the density modes remain the same, while the low-energy spin-wave modes 
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are confined in the region near the surface of the cloud [8]. The spinor nature 
of the condensate wave function also allows for the presence of textural 
defects similar to those that have been studied extensively in superfluid *He 


[10}. 


12.2.2 Beyond the mean-field approximation 


A surprising discovery is that the ground state of the Hamiltonian (12.38) 
in zero magnetic field is completely different from the mean-field solution 
just described [11, 12]. Consider a homogeneous spin-1 Bose gas in a mag- 
netic field, with interaction parameters Wo (> 0) and Wz. The parameter 
W, is negative for a ferromagnetic interaction and positive for an antifer- 
romagnetic interaction. The field operators wo(r) may be expanded in a 
plane-wave basis, 


A 1 me 
Pa(r) = yi/2 Oko : (12.48) 
k 


As long as we may neglect depletion of the condensate, it is sufficient to 
retain the single term associated with k = 0, 


s 1 
Ya = Fapaten (12.49) 


where we denote dx=9,q by @a. The corresponding part of the Hamiltonian 
(12.38) is 
i 


Ho = g1Ba',B-Sogag Be av 


i 
Woat,al,aerde ate 57 Weal Sap Sara apap. 
(12.50) 
To find the eigenstates of the Hamiltonian we introduce operators 
N = ahaa (12.51) 
for the total number of particles and 
S = al Saag (12.52) 


for the total spin. The operator defined by (12.52) is the total spin of the 
system written in the language of second quantization. Consequently, its 
components satisfy the usual angular momentum commutation relations. 
Verifying this explicitly is left as an exercise, Problem 12.3. 

The spin-spin interaction term in Eq. (12.50) would be proportional to 
S?, were it not for the fact that the order of the creation and annihilation 
operators matters. In the earlier part of the book we have generally ignored 
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differences between the orders of operators and replaced operators by c num- 
bers. However, the energy differences between the mean-field state and the 
true ground state is so small that here we must be more careful than usual. 
The Bose commutation relations yield 


ala! ,agrag = alaga}, ag) = Sqr gal ag. (2252) 
The second term on the right hand side of (12.53) produces a term in the 
Hamiltonian proportional to Sag Saar ahag. The matrix Sqg:Sgg’ is diago- 
nal and equal to F(f' + 1)égq for spin F’. Since we are considering F' = 1, 
the Hamiltonian (12.50) may be rewritten as 


: Bee ee xe . 
= (Coy 12.54 
Ho = gupB-S + ay (N Ne ay (8 ) (12.54) 


Let us now consider the nature of the ground state of the Hamiltonian 
(12.54), taking the number of particles N to be even. The allowed values 
of the quantum number S for the total spin are then 0,2,...,N. Fora 
ferromagnetic interaction (W2 < 0), the ground state has the maximal spin 
S = N. This is the state in which the spins of all particles are maximally 
aligned in the direction of the magnetic field, a result which agrees with the 
conclusions from mean-field theory. 

We now consider an antiferromagnetic interaction (W2 > 0). In zero 
magnetic field the ground state is a singlet, with total spin S = 0. The 
ground-state energy Eo is seen to be 


which differs from the mean-field result N(N — 1)Wo/2V by the term 
NW2/V. The factor N(N — 1)/2 in (12.55) is the number of ways of mak- 
ing pairs of bosons. Within the mean-field Gross—Pitaevskii approach we 
have usually approximated this by N?/2, but we do not do so here since the 
energy differences we are calculating are of order N. 

An alternative representation of the ground state is obtained by intro- 
ducing the operator @, that destroys a particle in a state whose angular 
momentum component in the x direction is zero and the corresponding op- 
erators Gy and @, for the y and z directions. In terms of the operators that 


destroy atoms in states with given values of mp these operators are given 
by 


1 i 
iy = ve Stink, Gy = 5 a Sly Sune; = are (NST 
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The combination 
A Z 
A=ai +a, +az = a5 -2a_1a (M2) 


is rotationally invariant. When At acts on the vacuum it creates a pair 
of particles with total angular momentum zero. Thus the state (AT)‘/?|0) 
is a singlet, and it is in fact unique. Physically it corresponds to a Bose— 
Einstein condensate of N/2 composite bosons, each of which is made up by 
coupling two of the original spin-1 bosons to spin zero. This state may thus 
be regarded as a Bose-Einstein condensate of pairs of bosons, and it is very 
different from the simple picture of a Bose~Einstein condensate of spinless 
particles described earlier. In Sec. 13.5 we shall discuss the properties of this 
singlet ground state further in relation to the criterion for Bose-Einstein 
condensation. 

The physical origin of the lowering of the energy is that the interaction 
acting on the Hartree wave function ah |0), which is the mean-field ground 
state, can scatter particles to the mp = £1 states. The correlations in the 
singlet ground state are delicate, since they give rise to a lowering of the 
energy of order 1/N compared with the total energy of a state described by 
a wave function of the product form (12.40). 

The singlet state is the ground state when the interaction is antiferro- 
magnetic, W2 > 0, and the magnetic field is zero. It differs in a number 
of interesting ways from a condensate in which all atoms occupy the same 
state. One of these is that the mean number of particles in each of the three 
hyperfine states is the same, and equal to N/3, while the fluctuations are 
enormous, of order N. In the presence of a magnetic field the singlet state 
is no longer the ground state, and the fluctuations are cut down drastically 
[12]. Because of the small energy difference between the singlet state and 
the state predicted by mean-field theory, which becomes a good approxi- 
mation even for very small magnetic fields, detecting the large fluctuations 
associated with the singlet state is a challenging experimental problem. 


Problems 


PROBLEM 12.1 Consider a mixture of two components, each with par- 
ticle mass m, trapped in the isotropic potentials Vi(r) = muir? /2 and 
Va(r) = muzr?/2, with A = wi /wi = 2. The ratio Ni/No of the particle 
numbers N, and No is such that Ry = Ro = R. Determine the equilibrium 
densities (12.21) and (12.22) in terms of the interaction parameters, trap 
frequencies and particle numbers. In the absence of coupling (Uy2 = 0), sur- 
face modes with density oscillations proportional to r'¥i(0,0) « (a+ iy)! 
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have frequencies given by w? = lu? with 2 = 1,2) (cf. Seay (3. leancdi( 3.2 
Calculate the frequencies of the corresponding surface modes when Uj2 # 0, 
and investigate the limit UZ, + U1,U22. 


PROBLEM 12.2 Consider a wave function of the form (12.40) for a mixture 
of two different spinless bosonic isotopes, 


N 
Wren: 298 stv, an) — ] | a: (rs); 
1= 


where the label a = 1,2 now refers to the species. Show that for the 
choice ¢a(r) = (No/N)/?xa(r), where x satisfies the normalization con- 
dition f dr|xo(r)|? = 1, the average number of particles of species a is No. 
Calculate the root-mean-square fluctuations in the particle numbers in this 
state, and show that it is small for large Ng. Calculate the expectation 
value of the energy of the state and show that it agrees to order N? with 
the result of using the wave function (12.1). 


PROBLEM 12.3 Show that the operators S. and Gis =§,+ iSy defined in 
Eq. (12.52) are given by 


$4. = V2a}ao + ajar), S=(S4)', S.= (ajar —al ja), 


where the operators a1, ag, and a_, annihilate particles in states with m = 1, 
m = 0, and m = -1. Verify that these operators satisfy the commuta- 
tion relations (Gy Sa = 28, and Sons] = +S. for angular momentum 
operators. 


PROBLEM 12.4 Determine from (12.54) for an antiferromagnetic interac- 
tion the lowest-energy state in the presence of a magnetic field and compare 
the result with the mean-field solution. 
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13 


Interference and correlations 


Bose-Einstein condensates of particles behave in many ways like coherent 
radiation fields, and the realization of Bose-Einstein condensation in dilute 
gases has opened up the experimental study of many aspects of interactions 
between coherent matter waves. In addition, the existence of these dilute 
trapped quantum gases has prompted a re-examination of a number of the- 
oretical issues. This field is a vast one, and in this chapter we shall touch 
briefly on selected topics. 

In Sec. 13.1 we describe the classic interference experiment, in which two 
clouds of atoms are allowed to expand and overlap. Rather surprisingly, 
an interference pattern is produced even though initially the two clouds 
are completely isolated. We shall analyse the reasons for this effect. The 
marked decrease in density fluctuations in a Bose gas when it undergoes 
Bose-Einstein condensation is demonstrated in Sec. 13.2. Gaseous Bose— 
Hinstein condensates can be manipulated by lasers, and this has made pos- 
sible the study of coherent matter wave optics. We describe applications of 
these techniques to observe solitons, Bragg scattering, and non-linear mix- 
ing of matter waves in Sec. 13.3. The atom laser and amplification of matter 
waves is taken up in Sec. 13.4. How to characterize Bose-Einstein conden- 
sation microscopically is the subject of Sec. 13.5, where we also consider 
fragmented condensates. 


13.1 Interference of two condensates 


One of the striking manifestations of the wave nature of Bose-Einstein con- 
densates is the observation of an interference pattern when two condensed 
and initially separated clouds are allowed to overlap [1]. An example is 
shown in Fig. 13.1. The study of the evolution of two expanding clouds has 
given a deeper understanding of the conditions under which interference can 
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Fig. 13.1. Interference pattern formed by two overlapping clouds of sodium atoms. 
(From Ref. [1]). 


arise. We begin by considering two clouds whose relative phase is locked, 
and then compare the result with that for two clouds with a fixed number of 
particles in each. Quite remarkably, an interference pattern appears even if 
the relative phase of the two clouds is not locked, as demonstrated in Refs. 
[2] and [3]. The presentation here follows unpublished work by G. Baym, A. 
J. Leggett, and C. J. Pethick. 


13.1.1 Phase-locked sources 


When the phase difference between two radio stations transmitting at the 
same frequency is fixed, the intensity of the signal at any point exhibits an 
interference pattern that depends on the position of the receiver. Since in 
a quantum-mechanical description electromagnetic waves are composed of 
photons, the interference pattern arises as a result of interference between 
photons from the two transmitters. 

For two Bose-Einstein-condensed clouds a similar result holds if the rel- 
ative phase of the two clouds is locked. Let us imagine that particles in 
the two clouds, which are assumed not to overlap initially, are described by 
single-particle wave functions ¥ (r,t) and (r,t), where the labels 1 and 2 
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refer to the two clouds.! If there is coherence between the clouds, the state 
may be described by a single condensate wave function, which must be of 
the form 


pr, t) = Ne) as Nowe(r, t), (13.1) 


where N; and No denote the expectation values of the numbers of particles 
in the two clouds. For electromagnetic radiation the analogous result is that 
the electromagnetic field at any point is the sum of the fields produced by 
the two sources separately. Upon expansion the two condensates overlap 
and interfere, and if the effects of particle interactions in the overlap region 
can be neglected, the particle density at any point is given by 


n(r,t) = |b(r,t)[? = |v Midi (e, t) + V Nader, t)/? 
= Nilbr(r,t)|? + Nolbe(r, t)[? + 2 Ni Ne Rela (r, )¥3(r. 2], 


(13.2) 


where Re denotes the real part. As a consequence of the last term in this 
expression, the density displays an interference pattern due to the spatial 
dependence of the phases of the wave functions for the individual clouds. 
For example, if the clouds are initially Gaussian wave packets of width Ro 
centred on the points r = +d/2 and if the effects of particle interactions and 
external potentials can be neglected, the wave functions are 


cid (= d/2) 20a ait, 
1 = (Rae ene One | ae 
and 
pide (r + d/2)?(1 + iht/mR2) 


where m is the particle mass. Here @; and @2 are the initial phases of the 
two condensates, and the width R; of a packet at time t is given by 


pf ht_\° 


The results (13.3) and (13.4) are solutions of the Schrddinger equation for 
free particles, and correspond to the problem described in Sec. 7.5 when 
particle interactions may be neglected. 

The interference term in Eq. (13.2) thus varies as 


2\/ Ni No Rela (r, t)w5(r, t)] ~ Acos (7 


' In this chapter we denote the single-particle wave functions by w, and we rather than by @, as 
we did in Chapter 6. 


r-d 
Ror o, — éa). (13.6) 
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where the prefactor A depends slowly on the spatial coordinates. Lines of 
constant phase are therefore perpendicular to the vector between the centres 
of the two clouds. The positions of the maxima depend on the relative phase 
of the two condensates, and if we take d to lie in the z direction, the distance 
between maxima is 


mR? Re 
hitd 


If the expansion time t is sufficiently large that the cloud has expanded to 
a size much greater than its original one, the radius is given approximately 
by R; & ht/mRo, and therefore the distance between maxima is given by 
the expression 


R= 27, Geaw 


Qrht 
md — 


IN ES (13.8) 
Physically this is the de Broglie wavelength associated with the momentum 
of a free particle that would travel the distance between the centres of the 
two clouds in the expansion time. 

In the experiment [1] interference patterns were indeed observed. The 
expression (13.6) predicts that maxima and minima of the interference pat- 
tern will be planes perpendicular to the original separation of the two clouds, 
which is precisely what is seen in the experiments, as shown in Fig. 13.1. 
However, the existence of an interference pattern does not provide evidence 
for the phase coherence of the two clouds, since interference effects occur 
even if the two clouds are completely decoupled before they expand and 
overlap. Before explaining this we describe the above calculation in terms 
of many-particle states. 


Phase states 


The description in terms of the wave function of the condensed state is 
equivalent to the Hartree approximation, where all particles are in the same 
single-particle state. It is convenient to introduce states in which the phase 
difference between the single-particle wave functions for the two clouds has 
a definite value ¢: 


1 
oo 

bo(r) i 

The state used in the discussion above corresponds to the choice = $1 — @2. 


The overall phase of the wave function plays no role, so we have put it equal 
to zero. The many-particle state with N particles in the state we may be 


[i (r)ete/? + yo(r)e**/7). (13.9) 
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written as 
|¢, N) == avypee =e ale 0), (eae 
where the operators al and al, create particles in states for the clouds 1 and 


2, 
al = [ arviteyittr. (13.11) 


If we neglect interactions between particles in one cloud with those in the 
other during the evolution of the state, the wave function at time ¢ is given 
by 


Jel eee 
iN) =e | fdrvote.odte)] fo, (13.19) 


where the time evolution of the wave functions is to be calculated for each 
cloud separately. 

The phase states form an overcomplete set. The overlap between two 
single-particle states with different phases is given by 


Gyan" 2h = / drwy (r.t)te(r. t). (13.13) 
The integrand is 
Vile, Mvolest) = SWale,t)PelO-#)/? + -Iaalet)Perte-2/? 
+ Refi (r, €)b3(r, tere?) 
= 5 lll, 4)? + bole, t)P] cosl(o ~ 6')/2 


os slr, )P — [bor t)[?"] sin[(d — 6’) /2] 
+ Re[wi(r, t) v3 (r, theet/2), (13.14) 


The overlap integral is obtained by integrating this expression over space. 
The last term in the integrand varies rapidly because of the spatial depen- 
dence of the phases of ~ and wz, and therefore it gives essentially zero on 
integration. The sin[(@ — ¢’)/2] term vanishes because of the normaliza- 
tion of the two states. Thus one finds for the overlap integral between two 
single-particle states 


(#,N = 16, N = 1) = cos[(¢ — 4/2]. (13.15) 


This has a maximum for ¢ = ¢’, but there is significant overlap for \o-—¢'| ~ 
i 
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The overlap integral for N-particle phase states is the product of N such 
factors, and is therefore given by 


(¢, N|d, N) = cos™ [(¢ — ¢')/2]. (13.16) 


As N increases the overlap falls off more and more rapidly as ¢ — ¢’ de- 
parts from zero. By using the identity limy_,..(1—2/N)*% = e7* one sees 
that the overlap integral falls off as exp[—N( — ¢')?/8] for phase differ- 
ences of order 1/N 1/2 Thus, while the overlap integral for a single particle 
depends smoothly on ¢ — ¢’, that for a large number of particles becomes 
very small if the phase difference is greater than ~ N ee Consequently, 
states whose phases differ by more than ~ N 1/2 are essentially orthogonal. 
This property will be very important in the next section, where we consider 
the relationship between phase states and states with a definite number of 
particles in each cloud initially. 

As an example, let us evaluate the expectation value of the density op- 
erator in a phase state. Since the many-particle state (13.12) is properly 
normalized, the removal of a particle from it gives the normalized single- 
particle wave function ~¢ times the usual factor JN, 


w(r)|o, N,t) = VN vg(r, t)|¢, N — 1,2). Giealg) 


The expectation value of the particle density n(r) in the state |@, N,¢) is 
therefore given by the product of (13.17) and its Hermitian conjugate, 


A x N : rm 
nr, t) = (9, Nd (ryb(r)lb, Nt) = Flv, evo pus te" (, 
Cieals)) 
which contains an interference term 
Yr: 


24/Ny No Relay (x, t)b3(r, te’?] ~ Acos € ey + 6) Ges) 
m Roky 


like that in Eq. (13.6). 


13.1.2 Clouds with definite particle number 
Let us now consider an initial state in which the numbers of particles Ny 
and Ng in each of the two clouds are fixed. The corresponding state vector 
is 
1 


Vignal 


which is referred to as a Fock state. 
To begin with, we again consider the particle density. We calculate the 


he = (al)*(ab)%2\0), (13.20) 
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expectation value of the density operator by using an identity analogous to 
(ISLE, 


(r)|Ni, No, t) = VMivr(r, t)|Ni — 1, No, t) + V Nowo(r,t)|M1, No — 1,1). 

(IB 210) 
In the state |N,, No,t) the expectation value of the density is therefore ob- 
tained by multiplying (13.21) by its Hermitian conjugate, 


n(r) = Ng by tht (r)b(r)[M, N2,t) = Ni Idi (r, t)/? a No|bolr, ee 
(G2) 
which has no interference terms. However, this does not mean that there are 
no interference effects for a Fock state. The experimental situation differs 
from the one we have just treated in two respects. First, experiments on 
interference between two expanding clouds are of the ‘one-shot’ type: two 
clouds are prepared and allowed to expand, and the positions of atoms are 
then observed after a delay. However, according to the usual interpretation 
of quantum mechanics, a quantum-mechanical expectation value of an op- 
erator gives the average value for the corresponding physical quantity when 
the experiment is repeated many times. A second difference is that many 
particles are detected in experiments on condensates. Many-particle prop- 
erties can exhibit interference effects even when single-particle properties 
do not, the most famous example being the correlation of intensities first 
discovered by Hanbury Brown and Twiss for electromagnetic radiation [4]. 
As an example of how interference effects appear even for states with a 
given number of particles in each cloud initially, we calculate the two-particle 
correlation seeCn which gives the amplitude for destroying particles at 
points r and r’, and then creating them again at the sale points. The 
correlation cons is evaluated as before by expressing 4)(r)q)(r’)|N). No. t) 
in terms of Fock states. This gives a linear combination of the orthogonal 
states |N, — 2, No, t), |Ni—1, No—1,t) and |N,, No —2,t), and the resulting 
correlation function is 


(Ni, No, tb" (r)bt (cr Wh(rb(r) Ni, No, t) = 
[Na lba (x, t)|? + Nolba(r, €)|P]LMi leh (r,t)? + Noldo(r’, t) 7) 
— Nildrr, le I? — Nolba(r, t)Plba(r' 2)? 
+ 2N1N2 Rel (rs d)yi(r, oar, Hyalr, b)]. (13.23) 
The correlation found by Hanbury Brown and Twiss is expressed in the last 
term in this expression. This result demonstrates that coherence between 


sources is not a prerequisite for interference effects. 
As a simple example, let us assume that the amplitudes of the two wave 
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functions are the same, but that their phases may be different: 
w(x, t) = poet?i), (13.24) 
The result (13.23) then becomes 
(Ni, No, tht (x)ob! (eh (e' (x) LM, No, t) = 
N(N — 1D |do|* + 2N1Noltol* cos[A(r,t) — A(r,d)], (13.25) 
where N = N, + No and 


ANTS, t) = or(r, t) _ (r,t). (13.26) 


Let us now consider the expectation value of a more general operator O 
in a Fock state [3]. In order to relate results for this state to those for a 
phase state we expand the Fock state in terms of the phase states (13.9). Ina 
phase state the component of the wave function having Nj particles in cloud 
1 and N» particles in cloud 2 has a phase factor (Ni — N2)¢/2. To project 
this component out we multiply the phase state (13.9) by e Nt —-Na)/2 and 
integrate over @: 


Dae 
d 5 
|N1, No) x | see tNa}#/2| My (13.27) 


From the normalization condition for a Fock state, (Ni, .N2|N1, Ne) = 1, 
one may calculate the constant of proportionality in the relation (13.27), 
and for N large and even, we may write the Fock state with equal numbers 
of particles in the two wells as 


- \ 1/4 p2ar 
iwj2,nja)=(S) fram. (13.28) 


Let us now express the expectation value of an operator O in the Fock 
state in terms of the phase states. This gives 


a f2 on QT ! 
(N/2,N/2ION/2, N/2) = (7) il dg f" do" yy NIOIS, NY. 


2 On Jo 20 
(13.29) 
The matrix element (13.29) may be written as 
oT dd 
ww/2,N/OW/2, N/2) = f° POW) (13.30) 
0 


where 


a 1/2 p2e 34 
ow) = (%) [ Se.mo1.». (13.31) 
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For many physically important operators the matrix elements 
(¢, N|O|¢, N) between phase states have the property that they, like the 
overlap integral (13.16), are essentially diagonal in ¢. As an example, we 
consider the operator © to be the correlation function for & particles being 
detected at different points r,,... , rpg: 


O=|[ viridis). (13.32) 


The matrix element is given by 


k ke N 
NIT T ot rabri)le,N) = N°] ] v5 eabolrs) II [ erpip Coles 


i=1 j=k+l 


is 
= NF cos*1(6 — 6/2] [] vealed. 
- (13.33) 


Apart from the factor N*, this matrix element is identical with the overlap 
integral, except that the k coordinates of the particles that are detected 
must not be integrated over. The product of single-particle wave functions 
is given by Eq. (13.14), and therefore for small phase differences the matrix 
element (13.33) falls off rapidly when |¢ — ¢’| increases from zero, just as 
does the integrated result that gives the overlap integral for many-particle 
states. 

This result is remarkable, because it implies that, when the number of 
particles N is large, operators of the type we have considered are almost 
diagonal in the phase. Note that this property does not hold for all operators. 
For example, the non-local operator 


N 
Oz I i) drjw)' (rj + a)b(r) (13.34) 


that translates all particles by a constant amount a will generally not have 
a maximum for zero phase difference. 

We now return to operators of the type given in Eq. (13.32). What we 
shall now argue is that when the positions of a large number of particles are 
measured in a single-shot experiment, their distribution will correspond to 
that for a phase state. Imagine that a particle is detected at point r;. The 
action of the annihilation operator on a Fock state is given by 


- 27 
Dorin) = fo Fvotn,s)I6.n -1) (13.35) 
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The phase states which are weighted most heavily in this expression are 
those for which |Wg(ri,t)| has the largest value. Let us denote this value 
by @o. When just one particle is detected, the distribution in phase of the 
states is very broad, and the width in @ is comparable to 7. If the wave 
functions W; and w2 are equal in the overlap region, the amplitude varies as 
cos{[A(1r1,t) + ¢|/2}. When a second particle is detected, there is a higher 
probability that it too will have a distribution corresponding to the phase 
states which are weighted most strongly in the state (13.35). Thus it will 
tend to be at points at which the modulus of the single-particle phase states 
with @ & ¢p is largest. When more particles are detected, the distribution 
in phase becomes narrower and narrower, in essentially the same way as it 
did in our discussion of the overlap integral. Thus the greater the number 
of particles detected, the smaller the spread in phase of the final state, even 
though the initial state had a completely random distribution of phases. 
In a given shot of the experiment, the phase of the state becomes better 
and better defined as the number of detected particles increases. However, 
the particular value of the phase about which the components of the state 
are centred is random from one shot to another. Detailed calculations that 
exhibit this effect quantitatively may be found in Refs. [2] and [3]. 

A close parallel is provided by the Stern—Gerlach experiment. Atoms from 
an unpolarized source pass through an inhomogeneous magnetic field. Sub- 
sequent detection of the atoms shows that they always have projections of 
the magnetic moment along the magnetic field that correspond to eigenval- 
ues of the component of the magnetic moment operator in that direction. 
Similarly, measurement of a many-particle correlation function in the inter- 
ference experiment will always give a result corresponding to an eigenvalue 
of the corresponding operator. The eigenfunctions of the many-particle cor- 
relation operators are well localized in phase, and therefore the correlation 
function measured in a single-shot experiment corresponds with high prob- 
ability to a state made up of phase states with a narrow distribution in 
phase. 

We therefore conclude that the distribution of particles detected in a one- 
shot experiment in which two initially isolated clouds with definite numbers 
of particles are allowed to overlap corresponds to the distribution for a state 
with two clouds having a well-defined phase difference. To be able exper- 
imentally to demonstrate the difference between the theoretical results for 
a Fock state and those for two clouds with a definite phase difference, it 
is necessary to be able to control the relative phase of two coupled clouds, 
and to measure accurately the positions of the maxima in the interference 


pattern. 
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The above results are important because they demonstrate that many 
results for Fock states are essentially the same as those for a phase state. 
In calculations it is common to work with states that correspond to phase 
states and to talk about a broken gauge symmetry of the condensate. In 
the above example the gauge angle is the relative phase of the two clouds. 
However, the above discussion demonstrates that, for the class of operators 
considered, results for Fock states are equivalent to those for phase states 
when the number of particles is large. The discussion of the excitations of 
the uniform Bose gas in Sec. 8.1 is another example that illustrates this 
point. The traditional approach to the microscopic theory is to assume that 
the expectation value of the particle creation and annihilation operators 
have non-zero values. This corresponds to using phase states. However. the 
discussion at the end of Sec. 8.1 showed that essentially the same results are 
obtained by working with states having a definite particle number. In the 
context of quantum optics, Mglmer arrived at similar conclusions regarding 
the equivalence of results for phase states and Fock states [5]. 


13.2 Density correlations in Bose gases 


In the previous section we considered the properties of states in which there 
were no thermal excitations, and we turn now to non-zero temperatures. 
There are striking differences between density correlations in a pure Bose 
Einstein condensate and in a thermal gas. An example of this effect has 
already been discussed in Sec. 8.3, where we showed that the interaction 
energy per particle in a homogeneous thermal gas above the Bose-Einstein 
transition temperature is twice its value in a pure condensate of the same 
density. To understand this result, we express it in terms of the two-particle 
correlation function used in the discussion of the interference experiment, 
and we write the interaction energy as 


UV _ > Re 
Bing =~ <P) POH) >. (13.36) 


Here <---> denotes an expectation value in the state under consideration.” 
The correlation function is a measure of the probability that two atoms are 
at the same point in space. Its relationship to the density—density correlation 


2 The correlation functions considered in this section are ones which contain the effects of the 
interparticle interactions only in a mean-field sense, as in the Hartree and Hartree-Fock ap- 
proaches. The true correlation functions have a short-distance structure that reflects the be- 
haviour of the wave function for a pair of interacting particles and, for alkali atoms, for which 
there are many nodes in the two-body zero-energy wave function, this gives rise to rapid oscil- 
lations of correlation functions at short distances. 
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function may be brought out by using the commutation relations for creation 
and annihilation operators to write 


<P br br) > = 
i 


<br) b@ yb o@)> — <b br) Soe —4'). (18.87) 
This relation expresses the fact that the pair correlation function is obtained 
from the instantaneous density—density correlation function (the first term 
on the right hand side) by removing the contribution from correlations of 
one atom with itself (the second term on the right hand side). 

As a dimensionless measure of correlations between different atoms we 
introduce the pair distribution function go(r,r’). For a spatially uniform 
system this is defined by the equation 

2 
Vv tp 


oo (rf ee Wr) >, (13.38) 


i ae ee Ce 
go(r,r) N(N -1 


where V is the volume of the system. The normalization factor reflects 
the fact that the integral of the pair distribution function over both co- 
ordinates is N(N — 1). For large |r — r’|, correlations are negligible and 
therefore <wt(r)pt (r")yi(r')y(r) > — (N/V)? where N/V is the average 
density. Consequently, gz tends to 1 to within terms of order 1/N, which 
may be neglected in the following discussion since JN is large. 

Thus, from the difference by a factor of two in the interaction energies of 
a condensate and of a gas above T, we conclude that for small spatial sep- 
arations the pair distribution function in the non-condensed state is twice 
that for a pure condensate of the same density. This result may be under- 
stood by examining the expectation value in the two situations. For a pure 


condensate, 
P re ee INN == IL 
<pteybtebayb(e)> = NOW — Dlote)|t = TEE = ng =n’ 


(1 8) 
For a gas above T, one may use the Hartree-Fock approximation or neglect 
interactions altogether, and we therefore expand the field operators in terms 
of creation and annihilation operators for atoms in plane-wave states. By 
the methods used in Sec. 8.3.1 one finds that 


< abt (x) pt (rb @yb(r) > = 2n’, (13.40) 


where we have neglected terms of relative order 1 /N. The factor of 2 is due 
to there being both direct and exchange contributions for a thermal gas, as 
we found in the calculations of the energy in Sec. 8.3.1. 


350 Interference and correlations 


More generally, if both a condensate and thermal excitations are present, 
one finds in the Hartree-Fock approximation that 


<t(e)it (ry b(rb(r) > = n2 + Anonec + 2n2,, (13.41) 
For temperatures below 7p ~ nUg/k the correlations of thermal excitations 
must be calculated using Bogoliubov theory rather than the Hartree-Fock 
approximation, but at such temperatures the contributions of thermal exci- 
tations to the pair distribution function are small. 

Many-particle distribution functions are also affected by Bose-Einstein 
condensation. As an example, we consider the rate of three-body processes 
discussed in Sec. 5.4.1 [6]. At low temperatures it is a good approximation 
to ignore the dependence of the rate of the process on the energies of the 
particles, and therefore the rate is proportional to the probability of finding 
three bosons at essentially the same point, that is 


93(0) = <I) P(r)? >. (13.42) 


This may be evaluated in a similar way to the density-density correlation 
function, and for the condensed state it is 


g3(0) = ng = n°, (13.43) 
while above TJ; it is 
g3(0) = 6n?. (13.44) 


The factor 6 here is 3!, the number of ways of pairing up the three creation 
operators with the three annihilation operators in g3(0). The calculation 
of g3(0) for the more general situation when both condensate and thermal 
particles are present is left as an exercise (Problem 13.1). The results (13.43) 
and (13.44) show that, for a given density, the rate of three-body processes 
in the gas above T, is 6 times that in a pure condensate. This reflects the 
strong suppression of correlations in the condensed phase. Such a reduction 
in the rate of three-body recombination was found in experiments on °’Rb 
lle ; 

For the general correlation function g, = <(wi(r))’(u(r))">, the dif. 
ferences between results for the condensed and non-condensed states are a 
factor v!, and therefore even more drainatic for large values of v. 


13.3 Coherent matter wave optics 


A wide range of experiments has been carried out on Bose-Einstein con- 
densates to explore properties of coherent matter waves. Forces on atoms 
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due to laser light described in Sec. 4.2 are an essential ingredient in most of 
them, and in this section we describe briefly a number of applications. One 
is phase imprinting. By applying a laser pulse whose intensity varies over 
the atomic cloud, one may modulate the phase of the condensate, and this 
effect has been used to generate solitons. A second effect is Bragg diffraction 
of matter waves by a ‘lattice’ made by two overlapping laser beams. ‘The 
final example is non-linear mixing of matter waves. 


Phase imprinting 


To understand how the phase of a condensate may be altered, consider 
illuminating a condensate with a pulse of radiation whose intensity varies 
in space. As described in Chapters 3 and 4, the radiation shifts the energy 
of an atom, and thereby causes the phase of the wave function to advance 
at a rate different from that in the absence of the pulse. It follows from the 
equation of motion for the phase, Eq. (7.19), that the extra contribution 
Adg(r,t) to the phase of the wave function satisfies the equation 

dA¢(r,t) _ ms (13.45) 

Ot A 


where V(r, t) is the energy shift produced by the radiation field, Eq. (4.30). 
In writing this equation we have neglected the contribution due to the veloc- 


ity of the atoms, and this is a good approximation provided the duration 7 
of the pulse is sufficiently short, and provided that the velocity is sufficiently 
small initially. The additional phase is then given by 


Ade) =; i “BIO (13.46) 


0 
where we have assumed that the pulse starts at t = 0. Since the potential 
energy of an atom is proportional to the intensity of the radiation, spatial 
variation of the intensity of the radiation field makes the phase of the wave 
function depend on space. Phase imprinting does not require a condensate, 
and it works also for atoms that are sufficiently cold that their thermal 
motion plays a negligible role. 

Phase imprinting has been used to create solitons in condensates. As 
we have seen in Sec. 7.6 the non-linear Gross—Pitaevskii equation has solu- 
tions in which a disturbance moves at constant speed u without changing 
its form, see (7.151). The phase difference across the soliton is given by 
Eq. (7.154) and most of the phase change occurs over a distance €,, given 
by (7.152), from the centre of the soliton. Such an abrupt change in the 
phase of the condensate wave function may be produced by illuminating an 
initially uniform condensate with a pulse of laser light whose intensity is 
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spatially uniform for, say, z > 0 and zero otherwise. The phase of the con- 
densate wave function for z > 0 will be changed relative to that for x < 0, 
and the magnitude of the phase difference may be adjusted to any required 
value by an appropriate choice of the properties of the pulse. The distance 
over which the change in phase occurs is determined by how sharply the 
illumination can be cut off spatially. Immediately after applying the pulse 
the behaviour of the phase is therefore similar to that in the soliton whose 
centre is on the plane x = 0. However the density is essentially uniform, 
without the dip present in the soliton solution. The velocity distribution 
immediately following the laser pulse is proportional to the gradient of the 
phase imprinted. This leads to a density disturbance that moves in the pos- 
itive x direction if the energy shift is negative. In addition, there is a soliton 
that moves towards negative values of x. Solitons have been generated by 
the above methods in experiments at the National Institute of Standards 
and Technology (NIST) [8] and in Hannover [9]. 

Our discussion in the previous section was appropriate for radiation fields 
produced by propagating electromagnetic waves, and one may ask what 
happens if a standing wave is applied. If the intensity of the wave varies 
as sin’ qz, this gives an energy shift of the form sin? gz according to Eq. 
(3.50). For short pulses, this will impose on the condensate a phase vari- 
ation proportional to sin? gz and therefore a velocity variation equal to 
(h/m)0¢/Oz x sin2qz. With time this velocity field will produce density 
variations of the same wavelength. For longer pulses, a density wave is cre- 
ated with an amplitude that oscillates as a function of the duration of the 
pulse (Problem 13.3). These density fluctuations behave as a grating. and 
may thus be detected by diffraction of light, as has been done experimentally 
[10]. 


Bragg diffraction of matter waves 


The phenomenon of Bragg diffraction of electromagnetic radiation is well 
known and widely applied in determining crystal structures. We now con- 
sider its analogue for particles. Imagine projecting a Bose-Einstein conden- 
sate at a periodic potential produced by a standing electromagnetic wave. 
This gives rise to a diffracted wave with the same wave number as that of 
the particles in the original cloud, and its direction of propagation is deter- 
mined by the usual Bragg condition. In practice. it is more convenient to 
adopt a method that corresponds to performing a Galilean transformation 
on the above process. One applies to a cloud of condensate initially at rest 
a potential having the form of a travelling wave produced by superimposing 
two laser beams with wave vectors q, and qg and frequencies w; and wy». 
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The amplitudes of the electric fields in the two beams are proportional to 
cos(q,-r —w t) and cos(qo-r — wet), where we have omitted arbitrary phases. 
The effective potential acting on an atom may be calculated by second-order 
perturbation theory, just as we did in the discussion of Sisyphus cooling in 
Chapter 4. It contains the product of the amplitudes of the two waves and 
therefore has components with frequencies and wave vectors given by 


i) = Oh cei euatal Ce] =e) seek Garin 


The term proportional to cos[(qi — q2) -r — (w1 — w2)t] describes a Raman 
process in which one photon is emitted and one of another frequency ab- 
sorbed. It has the important property that its frequency and wave vector 
may be tuned by appropriate choice of the frequencies and directions of 
propagation of the beams. When the frequencies of the two beams are the 
same, the potential is static, as we described in detail in Chapter 4, while 
the time-dependent potential has a wave vector qi — q2 and moves at a 
velocity (w, —we)/|qi — q2|. This can act as a diffraction grating for matter 
waves. The term with the sum of frequencies was considered in the study of 
two-photon absorption in Sec. 8.4. It is of very high frequency, and is not 
of interest here. 

Let us, for simplicity, consider a non-interacting Bose gas. Bragg diffrac- 
tion of a condensate with momentum zero will be kinematically possible if 
energy and momentum can be conserved. This requires that the energy dif- 
ference between the photons in the two beams must be equal to the energy 
of an atom with momentum h(qi — q2), or 


h?(qi — a2)? 


13.48 
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This result is equivalent to the usual Bragg diffraction condition for a static 
erating. When interactions between atoms are taken into account, the free- 
particle dispersion relation must be replaced by the Bogoliubov one €q, Eq. 
(7.31) for q = qi — Q2. This type of Bragg spectroscopy has been used to 
measure the structure factor of a Bose-Einstein condensate in the phonon 
regime [11]. 

By the above method it is possible to scatter a large fraction of a con- 
densate into a different momentum state. Initially the two components of 
the condensate overlap in space, but as time elapses, they will separate as 
a consequence of their different velocities. This technique was used in the 
experiment on non-linear mixing of matter waves that we now describe. 
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Four-wave mixing 


By combining laser beams with different frequencies and different directions 
it is possible to make condensed clouds with components having a number of 
different momenta. For example, by making two gratings with wave vectors 
Qa and qy one can make a cloud with components having momenta zero 
(the original cloud), +fhqg and +hq». As a consequence of the interaction 
between particles, which is due to the term Up|y(r)|*/2 in the expression 
for the energy density, there is a non-linear mixing of matter waves. In par- 
ticular the three overlapping components above can produce a fourth beam. 
For example, two atoms with momenta zero and hq, can be scattered to 
states with momenta hq, and h(qa — qn), thereby producing a new beam 
with the latter momentum. This is a four-wave mixing process analogous 
to that familiar in optics. For the process to occur, the laser frequencies 
and beam directions must be chosen so that energy and momentum are con- 
served. Such experiments have been performed on Bose-Einstein condensed 
clouds, and the fourth beam was estimated to contain up to 11% of the total 
number of atoms [12]. This yield is impressive compared with what is possi- 
ble in optics, and it reflects the strongly non-linear nature of Bose-Einstein 
condensates. 


13.4 The atom laser 


The phrase ‘atom laser’ is used to describe sources of coherent matter waves. 
In the first such sources, a coherent beam of particles was extracted from a 
Bose-Einstein condensate either as a series of pulses [13, 14] or continuously 
[15]. This way of producing a coherent beam is referred to as output coupling. 
The optical analogue of these devices is a resonant cavity highly excited in 
one mode, and from which radiation is allowed to leak out, thereby gener- 
ating a coherent beam of photons. In optical terminology the latter device 
would hardly be called a laser, and thus when applied to matter waves the 
word ‘laser’ is used in a broader sense than in optics. 

Phase-coherent amplification of matter waves is an effect somewhat closer 
to what occurs in an optical laser, and this has been observed experimen- 
tally [16]. A fundamental difference between atom lasers and optical lasers 
is related to the fact that the number of atoms is conserved, while the 
number of photons is not. The active medium of a matter-wave amplifier 
must therefore include a reservoir of atoms. In the experiment described in 
Ref. [16] phase-coherent amplification was achieved using a Bose-Einstein 
condensate of sodium atoms. The moving coherent matter wave to be am- 
plified, the input wave, was generated by Brage diffraction, as described in 
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Sec. 13.3. This was done by applying a pulse of radiation in two mutually 
perpendicular laser beams with wave vectors q, and qe, which transferred a 
small fraction (less than 1%) of the condensate atoms into the input matter 
wave, whose wave vector is q; — qo. To ensure that the energy conservation 
condition (13.48) for Bragg diffraction is satisfied, the frequency of one of 
the laser beams was detuned slightly with respect to the other. 

The input matter wave is amplified by applying another pulse from one of 
the two laser beams used to produce the input wave. The effect of this second 
pulse on the part of the condensate at rest is to mix into the condensate 
wave function a component in which atoms are in the excited state, and have 
momentum equal to that of the absorbed photon. By emitting a photon, this 
excited-state component can decay to give ground-state atoms with a range 
of momenta, provided the Bragg frequency condition is satisfied. Final states 
in which the momentum of the atom is equal to that of the input beam will 
be favoured because of stimulated emission, which arises because the matrix 
element for an atom in the excited state to make a transition to the ground 
state with momentum p = hq is proportional to the matrix element of the 
creation operator for an atom with momentum p. This matrix element is 
\/ Np +1, where Np denotes the occupation number. Therefore the rate of 
the process is proportional to Np +1. It is thus enhanced as a consequence 
of the Bose statistics, and the input beam is amplified. Transitions to other 
momentum states are not correspondingly enhanced. 


13.5 The criterion for Bose-Einstein condensation 


Since the discovery of Bose-Einstein condensation in dilute gases, renewed 
attention has been given to the question of how it may be characterized mi- 
croscopically. For non-interacting particles, the criterion for Bose-Einstein 
condensation is that the occupation number for one of the single-particle 
energy levels should be macroscopic. The question is how to generalize this 
condition to interacting systems. 

A criterion for bulk systems was proposed by Penrose [17| and Landau 
and Lifshitz [18], and subsequently elaborated by Penrose and Onsager [19] 
and by Yang [20]. Consider the one-particle density matrix? 


pr.) = <Pl(r'br)>, (13.49) 


which gives the amplitude for removing a particle at r and creating one at 
’. Bose-Einstein condensation is signalled by p(r,r’) tending to a constant 


3 With this definition, the density matrix satisfies the normalization condition f drp(r,r) = N. 
Note that other choices of normalization exist in the literature. 
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as |r —r’| — oo. For the uniform ideal Bose gas, the eigenstates are plane 
waves e'Pt/ Dy V1/2 with occupancy Np, and the one-particle density matrix 


is given by 


i ip-(r-r’ 
rela ee r St iNEse anil (13.50) 
Pp 


For large |r — r’|, the only term that survives is the one for the zero- 
momentum state, since the contribution from all other states tends to zero 
because of the interference between different components, and therefore 


NI 
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(13.51) 


For an interacting system, the energy eigenstates are not generally eigen- 
states of the operator for the number of zero-momentum particles, but one 
can write 


N, 
peek (13.52) 


: / 
ee alr, : ) a V 
where <Ng> denotes the expectation value of the occupation number of 
the zero-momentum state. 

In finite systems such as gas clouds in traps, it makes no sense to take the 
limit of large separations between the two arguments of the single-particle 
density matrix, so it is customary to adopt a different procedure and expand 
the density matrix in terms of its eigenfunctions xj;(r), which satisfy the 
equation 


fe ee.2' yale!) = Anal) (13.53) 


Since the density matrix is Hermitian and positive definite, its eigenvalues 
A; are real and positive and 


CSTE) = > AGXj (rey (7). (13.54) 


For a non-interacting gas in a potential, the y; are the single-particle wave 
functions, and the eigenvalues are the corresponding occupation numbers. 
At zero temperature, the eigenvalue for the lowest single-particle state is N, 
and the others vanish. For interacting systems, the natural generalization 
of the condition for the non-interacting gas that the occupation number of 
one state be macroscopic is that one of the eigenvalues A; be of order N, 
while the others are finite in the limit N — oo. 
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13.5.1 Fragmented condensates 


In bulk systems, one usually regards Bose-Einstein condensation as being 
characterized by the macroscopic occupation of one single-particle state. 
As a simple example of a more complicated situation in which two single- 
particle states are macroscopically occupied, consider atoms in two potential 
wells so far apart that the wave functions of particles in the two traps do not 
overlap. If there are Nj, particles in the ground state of the first well, and 
No in the ground state of the second one, two single-particle states, one in 
each well, are macroscopically occupied. The state is given by Eq. (13.20), 
and the density matrix for it is 


p(x r’) = Ndi (ei (r) + Nova (r’)Yva(r), (13.55) 


which has two large eigenvalues, assuming N; and N2 are both large. Here 
w1(r) and wo(r) are the ground-state single-particle wave functions for the 
two wells. 

One may ask whether there are more general condensates with properties 
similar to the two-well system considered above. One example arose in 
studies of possible Bose-Einstein condensation of excitons [21], but it is of 
interest more generally. The energy of a uniform system of bosons in the 
Hartree-Fock approximation, Eq. (8.74), is 


E=)S > @Npt+ ay NY Dit = S” NDNp- (13.56) 
Pp pp’ (pAP’) 

This shows that for a repulsive interaction the lowest-energy state of the 
system has all particles in the zero-momentum state, since the Fock term, 
the last term in (13.56), can only increase the energy. However, for an 
attractive interaction the Fock term, which is absent if all particles are in 
the same state, lowers the energy, rather than raises it as it does for repulsive 
forces. The interaction energy is minimized by distributing the particles over 
as many states as possible [21].4 Noziéres and Saint James referred to such 
a state as a fragmented condensate. However, they argued that fragmented 
condensates are not physically relevant for bulk matter because such states 
would be unstable with respect to collapse. 

Another example of a fragmented condensate is the ground state of the 
dilute spin-1 Bose gas with antiferromagnetic interactions. This problem 
can be solved exactly, as we have seen in Sec. 12.2.2. The ground state for 
N particles is N/2 pairs of atoms, each pair having zero angular momen- 
tum. All particles have zero kinetic energy. The pairing to zero total spin 


4 Note that according to Eq. (8.75) the interaction energy is minimized for Up < 0, when >, Ne 
is made as small as possible. 
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is physically understandable since the energy due to the antiferromagnetic 
interaction is minimized by aligning the spins of a pair of atoms oppositely. 
The ground state is 


|W) ox (ATA? 10), (13.57) 


where A is given by (12.57). This state cannot be written in the form 
(41) 0), where @' is the creation operator for an atom in some state, and 
therefore it is quite different from the usual Bose-Einstein condensate of 
atoms in the same internal state. Rather, it is a Bose-Einstein condensate 
of pairs of atoms in the state with zero momentum. The state resembles 
in this respect the ground state of a BCS superconductor, but whereas the 
two electrons in a pair in a superconductor are correlated in space, the two 
bosons in a pair are not. The one-particle density matrix for the original 
bosons has three eigenvalues equal to N/3, and therefore the state is a 
fragmented condensate (Problem 13.2). 

The study of rotating Bose gases in traps has brought to light a number 
of other examples of fragmented condensates [22]. The simplest is the Bose 
gas with attractive interactions in a harmonic trap with an axis of symme- 
try. In the lowest state with a given angular momentum, all the angular 
momentum is carried by the centre-of-mass motion (the dipole mode), while 
the internal correlations are the same as in the ground state (see Sec. 9.3.1). 
The one-particle density matrix for this state generally has a number of 
large eigenvalues, not just one. One might be tempted to regard it as a 
fragmented condensate, but since the internal correlations are identical with 
those in the ground state, this conclusion is surprising. Recently it has been 
shown that a one-particle density matrix for this state defined using coordi- 
nates of particles relative to the centre of mass, rather than the coordinates 
relative to an origin fixed in space, has a single macroscopic eigenvalue [23]. 
This indicates that caution is required in formulating a criterion for Bose- 
Einstein condensation. It is also noteworthy that in a number of cases for 
which a fragmented condensate is more favourable than one with a single 
macroscopically-occupied state, the energy difference between the two states 
is of order 1/N compared with the total energy, and consequently the cor- 
relations in the fragmented condensate are very delicate. 

The examples given above illustrate that Bose-Einstein condensation is 
a many-faceted phenomenon. The bosons that condense may be single par- 
ticles, composite bosons made up of a pair of bosonic atoms, as in a gas 
of spin-1 bosons with antiferromagnetic interaction, or pairs of fermions, as 
in a superconductor. In addition, the eigenvalues of the one-particle den- 
sity matrix for particles under rotation in a harmonic trap depend on the 
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coordinates used. The above discussion indicates how the study of dilute 
Bose gases has deepened our understanding of some fundamental theoretical 
issues in Bose-Einstein condensation. 


Problems 


PROBLEM 13.1 Show that in the Hartree-Fock approximation the three- 
particle correlation function Eq. (13.42) is given by 


93(0) = nb + 9n2nex + 18n9n2, + 6n3,. 


PROBLEM 13.2 Consider the ground state of an even number of spin-1 
bosons with antiferromagnetic interactions for zero total spin. ‘The state is 
given by (13.57). Show that the eigenvalues of the single-particle density 
matrix are N/3. 


PROBLEM 13.3 In the electric field created by two opposed laser beams of 
the same frequency w and the same polarization propagating in the +z di- 


rections, the magnitude of the electric field varies as Ep cos w(t — tg) cos qz. 
What is the effective potential acting on an atom? [Hint: Recall the re- 
sults from Secs. 3.3 and 4.2.| Treating this potential as small, calculate 
the response of a uniform non-interacting Bose-Einstein condensate when 
the electric field is switched on at ¢ = to and switched off at ¢ = tg +7, 
and show that the magnitude of the density wave induced in the condensate 
varies periodically with +. Interpret your result for small 7 in terms of phase 
imprinting and the normal modes of the condensate. 
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Fermions 


The laser cooling mechanisms described in Chapter 4 operate irrespective 
of the statistics of the atom, and they can therefore be used to cool Fermi 
species. The statistics of a neutral atom is determined by the number of 
neutrons in the nucleus, which must be odd for a fermionic atom. Since 
alkali atoms have odd atomic number Z, their fermionic isotopes have even 
mass number A. Such isotopes are relatively less abundant than those with 
odd A since they have both an unpaired neutron and an unpaired proton, 
which increases their energy by virtue of the odd-even effect. ‘To date, Bs 
[1] and Li atoms [2] have been cooled to about one-quarter of the Fermi 
temperature. 

In the classical limit, at low densities and/or high temperatures, clouds of 
fermions and bosons behave alike. The factor governing the importance of 
quantum degeneracy is the phase-space density @ introduced in Eq. (2.24), 
and in the classical limit @ < 1. When w becomes comparable with unity, 
gases become degenerate: bosons condense in the lowest single-particle state, 
while fermions tend towards a state with a filled Fermi sea. As one would 
expect on dimensional grounds, the degeneracy temperature for fermions — 
the Fermi temperature Tp — is given by the same expression as the Bose- 
Einstein transition temperature for bosons, apart from a numerical factor 
of order unity. 

As we described in Chapter 4, laser cooling alone is insufficient to achieve 
degeneracy in dilute gases, and it must be followed by evaporative cool- 
ing. The elastic collision rate, which governs the effectiveness of evaporative 
cooling, behaves differently for fermions and bosons when gases become de- 
generate. For identical fermions, the requirement of antisymmetry of the 
wave function forces the scattering cross section to vanish at low energy 
(see Eq. (5.23)), and therefore evaporative cooling with a single species of 
fermion, with all atoms in the same internal state, cannot work. This dif- 
ficulty may be overcome by using a mixture of two types of atoms, either 
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two different fermions, which could be different hyperfine states of the same 
fermionic isotope, or a boson and a fermion. In the experiments on Ke 
the two species were the two hyperfine states |9/2,9/2) and |9/2,7/2) of the 
atom [1], and both species were evaporated. In the lithium experiments [2], 
the second component was the boson “Li. The °Li atoms were cooled by 
collisions with "Li atoms which were cooled evaporatively, a process referred 
to as sympathetic cooling. 

The rate of collisions is influenced not only by the statistics of the atoms, 
but also by the degree of degeneracy. Due to stimulated emission, degeneracy 
increases collision rates for bosons. This is expressed by factors 1+ fp for 
final states in the expressions for rates of processes. For fermions the sign of 
the effect is opposite, since the corresponding factors are 1— fp, which shows 
that transitions to occupied final states are blocked by the Pauli exclusion 
principle. Consequently, it becomes increasingly difficult to cool fermions 
by evaporation or by collisions with a second component when the fermions 
become degenerate. 

In this chapter we describe selected topics in the physics of trapped 
Fermi gases. We begin with equilibrium properties of a trapped gas of 
non-interacting fermions in Sec. 14.1. In Sec. 14.2 we consider interactions, 
and demonstrate that under most conditions they have little effect on ei- 
ther static or dynamic properties of trapped fermions. However, there are 
conditions under which the effects of interactions can be large. One of the 
exciting possibilities is that a gaseous mixture of two sorts of fermions with 
an attractive interaction between the two species could undergo a transition 
to a superfluid phase similar to that for electrons in metallic superconduc- 
tors. One promising candidate is °Li, for which the two-body interaction in 
the electronic triplet state is large and negative, see Sec. 5.5.1. For other 
species, Feshbach resonances may make it possible to tune the interaction to 
a large, negative value. In Sec. 14.3 we calculate the transition temperature 
to the superfluid phase, and the gap in the excitation spectrum. Section 14.4 
deals with mixtures of bosons and fermions, and we discuss the interaction 
between fermions mediated by excitations in the boson gas. The study of 
collective modes is a possible experimeutal probe of superfluidity in Fermi 
gases, and in Sec. 14.5 we give a brief introduction to collective modes in 
the superfluid at zero temperature. 


14.1 Equilibrium properties 


We begin by considering N fermions in the same internal state. The kinetic 
energy due to the Fermi motion which results from the requirement that 
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no two particles occupy any single-particle state gives a major contribution 
to the total energy. Interactions are essentially absent at low temperature 
because there is no s-wave scattering for two fermions in the same internal 
state. This is in marked contrast to a Bose-Einstein condensate, for which 
the interaction energy dominates the kinetic energy under most experimental 
conditions. A very good first approximation to the properties of trapped 
Fermi gases may be obtained by treating the fermions as non-interacting 
[3]. 

In Sec. 2.1.1 we introduced the function G(e), the number of states with 
energy less than ¢. In the ground state of the system all states with energy 
less than the zero-temperature chemical potential are occupied, while those 
with higher energy are empty. Since each state can accommodate only one 
particle we have 


Cle) = (14.1) 


where jz denotes the zero-temperature chemical potential. For a power-law 
density of states, g(e) = Coe 1, the relation (14.1) yields 


cae 


(14.2) 
Lb 


gli) = 


For a particle in a box (a = 3/2), the total number of states with energy 
less than € is given by Eq. (2.3), G(e) = V(2me)3/?/6n7h3. According 
to (14.1) the Fermi energy, which equals the chemical potential at zero 
temperature, and the particle number are therefore related by the condition 


2Mep Be 

—— ai (14.3) 
and the Fermi temperature Tp = ep/& is given by 
(on) Re al 


= 
i 2 m 


hie 
7390 — (14.4) 
Mm 


The density of states g(e) is given by Eq. (2.5). We introduce the density of 
states per unit volume by N(e) = g(e)/V, which is 


g(e) m3/2¢1/2 


Nile) = = 14.5 
(3) V Jf 272 hs ( ) 
and therefore at the Fermi energy it is 
gler) _ 3n 
= = 14.6 
Ne = oe (14.6) 


in agreement with the general relation 22). 
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For a three-dimensional harmonic trap, the total number of states with 
energy less than € is given by Eq. (2.9), 


Goa a(—) (14.7) 
me a, . 
where @* = w,w2w3, and from (14.1) we then obtain the chemical potential 


p and the equivalent Fermi temperature Tp as 
w= kTp = (6N)' Bho. (14.8) 


A very good approximation for the density distribution of a trapped cloud 
of fermions in its ground state may be obtained by use of the Thomas-— 
Fermi approximation, which we applied to bosons in Sec. 6.2.2. According 
to this semi-classical approximation, the properties of the gas at a point r 
are assumed to be those of a uniform gas having a density equal to the local 
density n(r). The Fermi wave number k(r) is related to the density by the 
relation for a homogeneous gas, 


oe fa (14.9) 


and the local Fermi energy er(r) is given by 


_ PARC) 


1A 
2m ( 0) 


er(r) 
The condition for equilibrium is that the energy required to add a particle 
at any point inside the cloud be the same everywhere. This energy is the 
sum of the local Fermi energy and the potential energy due to the trap, and 
it is equal to the chemical potential of the system, 
pea (r) 
———~ + V(r) =p. I ial 
Se EV n=) (14.11) 
Note that the chemical potential is equal to the value of the local Fermi en- 
ergy in the centre of the cloud, 4 = ep(0). The density profile corresponding 
to (14.11) is thus 


2 


Tr Ye 
ac a ‘aol 2 viol} | (14.12) 


if V(r) < p and zero otherwise. In a cloud of fermions the density profile 
is therefore more concentrated towards the centre than it is for a cloud of 
bosons, for which the density varies as 44 — V(r) (Eq. (6.31)). The boundary 
of the cloud is determined by the condition V(r) = yt. Therefore for an 
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anisotropic harmonic-oscillator potential of the form (2.7) the cloud extends 


to distances R,, Ro and R3 along the three axes of the trap, where 


2 
R= — i= oe (14.13) 


and in general the cloud is aspherical. 

As a measure of the linear dimensions of the cloud we use R = 
(R, R2R3)/3, the harmonic mean of the R;. This may be estimated from 
(14.8) and (14.13) to be 


R — 48/61/64 ~ 1.906N!/8a, (14.14) 


where @ = (R/mio)*/ 2. By contrast, the size of a cloud of bosons depends 
on the strength of the interaction, and ranges from @ for Na/a < | to 
approximately 15'/5(Na/a)'/5a for Na/a@ > 1. For typical trap parameters 
and scattering lengths, a cloud of fermions is therefore generally a few times 
larger than one with the same number of bosons. 

The total number of particles is obtained by integrating the density over 
the volume of the cloud, and one finds 


1 =< 
N= yO) R®, (14.15) 
or 
8 N 


6 
== 1.906, (14.17) 
a 


which shows that the maximum wave number is of order the average inverse 
interparticle separation, as in a homogeneous gas. The momentum distri- 
bution is isotropic as a consequence of the isotropy in momentum space of 
the single-particle kinetic energy p* /2m (Problem 14.1). 

The Thomas-Fermi approximation for equilibrium properties of clouds 
of fermions is valid provided the Fermi wavelength is small compared with 
the dimensions of the cloud, or kp(0)Ri ~ N 1/3 ss 1. This condition is 
generally less restrictive than the corresponding one for bosons, Na/a@ > 1. 
The Thomas-Fermi approximation fails at the surface, and it is left as a 
problem to evaluate the thickness of this region (Problem 14.2). 

We turn now to thermodynamic properties. The distribution function is 
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given by the Fermi function! 


i 


and the chemical potential 4, depends on temperature. The total energy £ 
is therefore given by 


ll 
~ pew /kT 4 4? 


(14.18) 


Ue AO i deeg(e) f (€), (14.19) 


where g(e) is the single-particle density of states. We again consider power- 
law densities of states g(e) = C,e°!. At zero temperature the distribution 
function reduces to a step function, and one finds E(0) = [a/(a+1)|Nu, 
where jz is given by (14.8). Therefore for fermions in a three-dimensional 
harmonic trap 

a 


B(0) = 5 Nu, (14.20) 


while for particles in a box (@ = 3/2) the numerical coefficient is 3/5. 
Properties of the system at temperatures less than the Fermi tempera- 
ture may be estimated by carrying out a low-temperature expansion in the 
standard way. For the energy one finds the well-known result 
2 
a 2 


E~ E(0)+ HAT) CA 20 


where yz is the zero-temperature chemical potential, given by Eq. (14.1). 

For temperatures high compared with the Fermi temperature one may cal- 
culate thermodynamic properties by making high-temperature expansions, 
as we did for bosons in Sec. 2.4.2. The energy £ tends towards its classical 
value aNkT’, as it does for bosons, and the first correction due to degeneracy 
has the same magnitude as that for bosons, but the opposite sign. 


14.2 Effects of interactions 


As we have argued above, interactions have essentially no effect on low- 
temperature properties of dilute Fermi systems if all particles are in the 
same internal state. However, they can play a role for a mixture of two 
kinds of fermions, but their effects are generally small. Consider as an 
example a uniform gas containing equal densities of two kinds of fermions, 
which we assume to have the same mass. The kinetic energy per particle 
is of order the Fermi energy ep = (hkp)*/2m. The interaction energy per 


' In this chapter all distribution functions are equilibrium ones, so we shall denote them by f 
rather than f°. 
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particle is of order nUg, where n is the particle density for one component 
and Uy = 4rh*a/m is the effective interaction between two unlike fermions, 
a being the corresponding scattering length. Since the density is given by 
— be /6r”, the ratio of the interaction energy to the Fermi energy is 

— = —kra, (Le) 
which is of order the scattering length divided by the interparticle spacing. 
This is typically ~ 10-7. For two °Li atoms in a triplet electronic state 
the scattering length is negative and exceptionally large in magnitude, and 
the ratio can be of order 10~'. An equivalent dimensionless measure of the 
coupling strength is N(ep)Up = 3nUo/2er. For trapped clouds, the Fermi 
wave number is of order N!/°/G@, and therefore the ratio of the interaction 
energy to the Fermi energy is of order N oo /a. This dimensionless quantity 
is familiar from Sec. 11.1, where it was shown to give the ratio of interac- 
tion energy to kinetic energy for a Bose gas at a temperature of order To. 
The fact that it determines the ratio of these two energies also for Fermi 
systems at low temperatures reflects the similarity between the momentum 
distribution for a Bose gas near T, and that for a Fermi gas at or below 
the Fermi temperature. We therefore expect particle interactions to have 
little influence on thermodynamic properties of trapped clouds of fermions, 
except when the magnitude of the scattering length is exceptionally large. 


Equilibrium size and collective modes 


Let us first consider the equilibrium size of a cloud of fermions in a harmonic 
trap. For simplicity, we neglect the anisotropy of the potential and take it 
to be of the form V(r) = mujr?/2. If the spatial extent of the cloud 
is ~ R, the potential energy per particle is of order mus R? /2, while the 
kinetic energy per particle is of order N?/2h?/2mR?, according to (14.10) 
and (14.17). Observe that this kinetic energy is a factor N?/3 larger than 
the kinetic energy ~ h?/2mR? for a cloud of condensed bosons of the same 
size. In the absence of interactions the total energy thus varies as N aye RG 
at small radii and as R? at large radii, with a minimum when R is of order 
N/6(h/mwy)1/? = N1/%q,.., in agreement with (14.14). 

Let us now consider the effect of interactions. If the cloud contains an 
equal number N of each of two fermion species, the interaction energy per 
particle is of order UpN/R®. As discussed for bosons in Sec. 6.2, interactions 
shift the equilibrium size of the cloud, tending to increase it for repulsive 
snteractions and reduce it for attractive ones. For fermions the shift is 
generally small, since the ratio of the interaction energy to the kinetic energy 
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is of order N!/ Pal Gece: as argued above. From these considerations it is 
natural to expect that interactions will have little effect on collective modes. 
This may be demonstrated explicitly by calculating the frequency of the 
breathing mode of a cloud containing equal numbers of two different fermion 
species of equal mass in an isotropic harmonic trap. The method of collective 
coordinates described in Sec. 7.3.3 may be applied to fermions if one works in 
terms of the density distribution rather than the condensate wave function. 
We parametrize the density distribution n(r) for a single species as 


= or hr/R), (a2) 
where A, a pure number, is a normalization constant. The quantity corre- 
sponding to the zero-point energy Ezy given in (7.97) is the kinetic energy. 
Due to the Pauli exclusion principle, particles occupy excited single-particle 
states and, consequently, there is a kinetic contribution to the total energy. 
We may estimate this energy using the Thomas-Fermi approximation. ‘The 
energy per particle for a free Fermi gas scales as the Fermi energy, which 
varies as n7/3, and therefore the contribution to the total energy scales as 
R~?, just as does the kinetic energy of a condensed cloud of bosons. The 
calculation of the frequency of the breathing mode goes through as before, 
with the kinetic energy due to the Pauli principle replacing the zero-point 
energy. The expression (7.113) for the frequency of the monopole mode does 
not contain the zero-point energy explicitly, and it is therefore also valid for 
clouds of fermions: 


3 Bint (Ro) | (14.24) 


Z Z 
we = day | + —=——_—— 
: 8 Eose( Ro) 


This result was earlier derived from sum rules in Ref. [4]. 
The ratio Fint/Eose is easily calculated within the Thomas-Fermi approx- 
imation, for which the density profile is given by (14.12), since 


ae — Uy f aen?(r), (425) 
the density of each species being n(r). The energy due to the trap is 
Ege — map f drr®n(r) (14.26) 


Apart from a numerical constant, the ratio of the two energies is equal to 
n(0)Uo/mw2 R? x Noy one Thus 


ig? vie (1+enn zl 


Close 


) (14.27) 
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where c; is a numerical constant to be determined in Problem 14.5. The 
result (14.27) shows that interactions have little effect on mode frequencies. 

According to Eq. (14.27), frequencies of collective modes in a trap depend 
linearly on the interaction strength for N?/ Ve] < Gesee WInNS HS we: Se «cone 
trasted with the situation for homogeneous gases, where a weak repulsive 
interaction between two species of fermions (say, spin-up and spin-down) 
of the same density gives rise to the zero-sound mode. The velocity of zero 
sound differs from the Fermi velocity vp = pr/m by an amount proportional 
to up exp[—1/N(er)Uo], which is exponentially small for weak coupling. Here 
N(ep) is the density of states (for one species) per unit volume at the Fermi 
energy. The reason for this qualitative difference is that the strong degen- 
eracy of the frequencies for single-particle motion in a harmonic trap leads 
to larger collective effects. 


Stability of uniform matter 


If interactions are sufficiently strong, a uniform mixture of fermions may 
be unstable. To investigate the problem quantitatively we use the stability 
conditions (12.10) and (12.11). The energy density of a uniform mixture of 
two kinds of fermions, labelled a and ), is given in the Hartree approximation 
by 


a 3 
E= 5 MaCFa + MERE + Upnans, (14.28) 


where n; is the density of component i(= a,b), ep; is the Fermi energy, 
and Up is the effective interaction between two unlike atoms. The stability 
conditions (12.10) are always satisfied, because 0°E/ On? = 1/Ni (eri), where 
N;(e) is the density of states per unit volume (14.5) for species 7 at energy 
e. The stability condition (12.11) is 


1 2 
———_———_~ > U5. 
Na(€ra) No(erv) 
For a mixture with equal densities of two species having the same mass, 


the densities of states occurring in Eq. (14.29) are both equal to N(er) = 
mkp/2n°h?. The condition (14.29) then becomes 


(14.29) 


2 
N(er)|Uo| = —hr 


weak (14.30) 


This approximation predicts that for an attractive interaction the mixture 
becomes unstable with respect to collapse if a < —1/2kp, while for repulsive 
interactions it becomes unstable with respect to phase separation if a > 
n/2kp. However, when N(ep)|Uo| becomes comparable with unity the mean- 
field approach becomes invalid, and the properties of a mixture of fermions 


370 Fermions 


with N(ep)|Uo| ~ 1 is at present an open problem. We shall comment more 
on this aspect in the next section. 


14.3 Superfluidity 


While the effects of particle interactions are generally small, they can be 
dramatic if the effective interaction is attractive. The gas is then predicted 
to undergo a transition to a superfluid state in which atoms are paired in 
the same way as electrons are in superconducting metals. The basic theory 
of the state was developed by Bardeen, Cooper, and Schrieffer (BCS) [5], 
and it has been applied widely to atomic nuclei and liquid *He as well as to 
metallic superconductors. It was used to estimate transition temperatures 
of dilute atomic vapours in Ref. [6]. 

The properties of mixtures of dilute Fermi gases with attractive inter- 
actions are of interest in a number of contexts other than that of atomic 
vapours. One of these is in nuclear physics and astrophysics, where dilute 
mixtures of different sorts of fermions (neutrons and protons with two spin 
states each) are encountered in the outer parts of atomic nuclei and in the 
crusts of neutron stars (7, 8]. Another is in addressing the question of how, 
as the strength of an attractive interaction is increased, the properties of 
a Fermi system change from those of a BCS superfluid for weak coupling 
to those of a system of diatomic (bosonic) molecules [9]. The possibility of 
altering the densities of components and the effective interaction between 
them indicates that dilute atomic gases may be useful systems with which 
to explore this question experimentally. 

A rough estimate of the transition temperature may be obtained by using 
a simplified model, in which one assumes the interaction between fermions 
to be a constant —|U| for states with energies within FE, of the Fermi energy, 
and zero otherwise. The transition temperature is predicted to be given in 
order of magnitude by 


iD eo Demis MC ET (14.31) 


For electrons in metals, the attractive interaction is a consequence of ex- 
change of phonons, and the cut-off energy E, is comparable with the maxi- 
mum energy of an acoustic phonon hwp, where wp is the Debye frequency. 
In dilute gases, the dominant part of the interaction is the direct interaction 
between atoms. The effective interaction between particles at the Fermi sur- 
face is given by the usual pseudopotential result, and thus for U we take Up. 
Since, generally, the interaction between atoms is not strongly dependent 
on energy, we take the cut-off to be the energy scale over which the density 
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of states varies, namely cp. This leads to the estimate 
kT, ~ cpe VN Cer) U0] | (14.32) 


Later we shall confirm this result and evaluate the numerical coefficient. 
The dimensionless interaction strength A = N(ep)|Uo| at the centre of a 
harmonic trap may be written as 


N14/ ‘lal 
a 


z 
d= N(er)|Uo| = —he(0)a| = 1.214-—— (14.33) 


Since |a| is generally much less than @, A is small, and estimated transition 
temperatures are therefore much less than the Fermi temperature. 

In the remaining part of this section we describe the quantitative theory 
of the condensed state. We first calculate the temperature of the transition 
to the condensed state. For two-body scattering in vacuo, the existence of 
a bound state gives rise to a divergence in the 7’ matrix at the energy of the 
state. For example, a large, positive scattering length indicates that there 
is a bound state at a small negative energy. Similarly, for two particles in 
a medium, the onset of pairing is signalled by a divergence in the two-body 
scattering, and we calculate the transition temperature by determining when 
the scattering of two fermions in the medium becomes singular. Following 
that, we describe how to generalize Bogoliubov’s method for bosons to the 
condensed state of fermions. Subsequently, we demonstrate how induced 
interactions affect estimates of properties of the condensed state. 


14.3.1 Transition temperature 


To understand the origin of the pairing phenomenon we investigate the scat- 
tering of two fermions in a uniform Fermi gas. In Sec. 5.2.1 we studied scat- 
tering of two particles in vacuo, and we now extend this treatment to take 
into account the effects of other fermions. Since there is no scattering at low 
energies for fermions in the same internal state, we consider a mixture of 
two kinds of fermions, which we denote by a and b. As described in the in- 
troduction to this chapter, the two fermions may be different internal states 
of the same isotope. For simplicity, we shall assume that the two species 
have the same mass, and that their densities are equal. We shall denote the 
common Fermi wave number by kr. 

The medium has a number of effects on the scattering process. One is that 
the energies of particles are shifted by the mean field of the other particles. 
In a dilute gas, this effect is independent of the momentum of a particle. 
Consequently, the equation for the T’ matrix will be unaltered, provided that 
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(a) (b) 


Fig. 14.1. Diagrams representing two-particle (a) and two-hole (b) intermediate 
states in two-particle scattering. The thin and thick lines correspond to the two 
kinds of fermions, and the dashed lines to the bare interaction. Time is understood 
to advance from left to right. Consequently, internal lines directed to the left 
represent holes, and those directed to the right, particles. 


energies are measured relative to the mean-field energy of the two incoming 
particles. A second effect is that some states are occupied, and therefore, 
because of the Pauli exclusion principle, these states are unavailable as in- 
termediate states in the scattering process. In the Lippmann—Schwinger 
equation (5.30) the intermediate state has an a particle with momentum p” 
and a b particle with momentum —p”. This process is represented diagram- 
matically in Fig. 14.1(a). The probabilities that these states are unoccupied 
are li — j,7 and 1 — f_,i, and therefore the contributiom ironi titesemiiter 
mediate states must include the blocking factors. They are the analogues of 
the factors 1+ f that enhance rates of processes for bosons. Generally the 
distribution functions for the two species are different, but for the situation 
we have chosen they are the same, and therefore we omit species labels on 
the distribution functions. Modifying the Lippmann-Schwinger equation in 
this way gives 

T(p' p; £) = U(p, p) + a x U(p, bes en je 2) 

(14.34) 
Here ep = p*/2m is the free-particle energy, and we work in terms of particle 
momenta, rather than wave vectors as we did in See. 5.2.1. 

A third effect of the medium is that interactions between particles can ini- 
tially excite two fermions from states in the Fermi sea to states outside, or, 
in other words, two particles and two holes are created. The two holes then 
annihilate with the two incoming particles. This process is represented in 
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Fig. 14.1(b). The contribution to the Lippmann-Schwinger equation from 
this process differs from that for two-particle intermediate states in two 
respects. First, holes can be created only in occupied states, and the prob- 
ability of this is fi)” for the two states. Thus the thermal factors for each 
state are f4p” instead of 1— fy ”. Second, the energy to create a hole is the 
negative of that for a particle and, consequently, the energy denominator 
changes sign. The equation including both particle-particle and hole~hole 
intermediate states is 


ie Be 
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Bad, pas? pp; £). (135) 
This result may be derived more rigourously by using finite-temperature 
field-theoretic methods [10]. 

Equation (14.35) shows that the greatest effect of intermediate states is 
achieved if fF = 2u= De /m, since the sign of 1 — fp — f-py is then always 
opposite that of the energy denominator and, consequently, all contributions 
to the sum have the same sign. For other choices of the energy there are 
contributions of both signs, and some cancellation occurs. In future we shall 
therefore put the energy equal to 2p. 

When the T matrix diverges, the first term on the right hand side of Eq. 
(14.35) may be neglected, and one finds 


= 2f it 
T(p, P; 214) ae Mon ——¥-T(p", p; 24), (14.36) 
p” 


where 5 = p’?/2m — yp. It is no longer necessary to include the infinitesimal 
imaginary part since the numerator vanishes at the Fermi surface. The right 
hand side depends on temperature through the Fermi function that occurs 
there, and this equation determines the temperature at which the scattering 
diverges. 


Eliminating the bare interaction 


Atomic potentials are generally strong, and they have appreciable matrix 
elements for transitions to states at energies much greater than the Fermi 
energy. If one replaces the bare interaction by a constant, the sum on 
the right hand side of Eq. (14.36) for momenta less than some cut-off, De, 
diverges as pe — 00. To remove this dependence on the high momentum 
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states we eliminate the bare potential in favour of the pseudopotential, as 
was done in our discussion for bosons. We write Eq. (14.36) formally as 


T =UGmT, dase 


where Gy is the propagator for two particles, the subscript indicating that 
it applies to the medium. The T matrix in free space and for energy & = 2, 
which we here denote by 79, is given by 


To(p", p; 2H), (14.38) 


il Il 
P ; = ! ae / LLNS ee ee 
To(p’, p; 24) = U(p,p) pe OND Nie a5 
p 


which we write formally as 
To =U +UG0To, (14.39) 


where Go corresponds to propagation of two free particles in vacuo. The 
infinitesimal imaginary part takes into account real scattering to intermedi- 
ate states having the same energy as the initial state. It gives contributions 
proportional to the density of states, which varies as pp. These are small 
at low densities. Thus we shall neglect them and interpret integrals as 
principal-value ones. Solving for U, we find 


US eGo) = ee mn (14.40) 


where the second form follows from using an identity similar to that used in 
deriving Eq. (5.110). 
Equation (14.37) may therefore be rewritten as 


T =(1+ ToGo) MoGuT. (14.41) 


Multiplying on the left by 1+ 79Go one finds 


= To(Gyi _ Cue (14.42) 
or 
TGR eo) —#k Pi. Jp", MD ao) ; 
(p, Ps 2) = 7 tee ay Tp. p; 22). (14.43) 
p” p” 


The quantity fp” /&p” is appreciable only for monienta less than or slightly 
above the Fermi momentum. This is because contributions from high- 
momentum states have now been incorporated in the effective interaction. 
We may therefore replace To by its value for zero energy and zero momen- 
tum, Up = 4rh?a/m. Consequently T also depends weakly on momentum 
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for momenta of order pr, and Eq. (14.43) reduces to 


Uo S- tp =U is deN (e) wn == il, (14.44) 


where f(e€) = fexp|(e — :)/kT] + 1}~! and N(e) is the density of states per 
unit volume for a single species, which is given by (14.5). 


Analytical results 


At zero temperature the integral diverges logarithmically as ¢« — js, and 
at non-zero temperatures it is cut off by the Fermi function at |€ | ~ AT. 
Thus for an attractive interaction (Up < 0) there is always a temperature 
T- at which Eq. (14.44) is satisfied. Introducing the dimensionless variables 
xg =e/pand y = p/kT., we may write Eq. (14.44) as 


eee - ne 14.45 
earalc adh Vp —1e@-Dy +1 oa 


Since N(er)|Uo| < 1, transition temperatures are small compared with the 
Fermi temperature, so we now evaluate the integral in (14.45) at low tem- 
peratures, kT, < ju, which implies that uw ~ ey. We rewrite the integrand 
using the identity 

elle 1 || 

i; le Payomnl a 


(14.46) 


The first term in (14.46) has no singularity at the Fermi surface in the limit 
of zero temperature, and the integral containing it may be replaced by its 
value at zero temperature (y — oo), which is 


1 dt 
———— = — : 14.4 
| eet 2(1 —In2) (14.47) 


The integrand involving the second term in Eq. (14.46) has a singularity at 
the Fermi surface, and the integral must be interpreted as a principal value 
one. We divide the range of integration into two parts, one from 0 to 1— 6, 
and the second from 1+ 6 to infinity, where 6 is a small quantity which we 
allow to tend to zero in the end. Integrating by parts and allowing the lower 
limit of integration to tend to —oo since T; < Tp, we find 


gee ne [camer : In (14.48) 
= : = Panes = 
/ ge — 1 elev +1 0 e 2 cosh? z/2 T 


Here y = e@ ~ 1.781, where C is Euler’s constant. By adding the contribu- 
tions (14.47) and (14.48) one finds that the transition temperature is given 
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kT. = OF epeU/N (cr) [00 es 0.6lepe 1/N (er)! | (14.49) 
Te 

This result, which has been obtained by a number of groups working in 
different areas of physics [6-9], confirms the qualitative estimates made at 
the beginning of this section. However, it is not the final answer because it 
neglects the influence of the medium on the interaction between atoms. In 
Sec. 12.1.1 we introduced the concept of induced interactions in discussing 
the stability of mixtures of bosons, and we now describe induced interactions 
in mixtures of fermions. They significantly reduce the transition tempera- 
ture. 


14.3.2 Induced interactions 


In our description of boson—boson mixtures we saw how the interaction be- 
tween two species led to an effective interaction between members of the 
same species. Likewise the interaction between two fermions is affected by 
the other fermions, and thus the interaction between two fermions in the 
medium differs from that between two fermions in vacuo. Long ago Gorkov 
and Melik-Barkhudarov calculated the transition temperature of a dilute 
Fermi gas allowing for this effect [11], and the results are interpreted in sim- 
ple physical terms in Ref. [12]. Rather surprisingly, the induced interaction 
changes the prefactor in the expression (14.49). Consider an a fermion with 
momentum p and a 6 fermion with momentum —p that scatter to states 
with momenta p’ and —p’ respectively. Up to now we have assumed that 
this can occur only via the bare two-body interaction between particles. 
However, another possibility in a medium is that the incoming a fermion 
interacts with a b fermion in the medium with momentum p” and scatters 
to a state with a b fermion with momentum —p’ and an a fermion with 
momentum p+ p’+ p”. The latter particle then interacts with the other 
incoming b fermion with momentum —p to give an a fermion with momen- 
tum p’ and a b one with momentum p”. The overall result is the same as for 
the original process, since the particle from the medium that participated 
in the process is returned to its original state. A diagram illustrating this 
process is shown in Fig. 14.2(a), and one for the related process in which 
the b particle interacts first with an a particle in the Fermi sea is shown in 
Fig. 14.2(b). For systems of charged particles, processes like these screen 
the Coulomb interaction. 

The change in the effective interaction due to the medium may be cal- 
culated by methods analogous to those used to calculate the energy shift 
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(a) (b) 


Fig. 14.2. Diagrams representing contributions to the induced interaction (see text). 
The notation is the same as in Fig. 14.1. 


and Landau damping of an excitation in a Bose gas in Sec. 10.5.1. Due 
to the factor 1/(e — yz) in the integrand in Eq. (14.44), interactions be- 
tween particles close to the Fermi surface play an especially important role 
in pairing, and it is sufficient to consider the interaction between particles 
with momentum equal to the Fermi momentum and with energies equal 
to the chemical potential. The change in the effective interaction may be 
calculated by second-order perturbation theory, including the appropriate 
thermal factors. It is given by 


1 w(l— / NW ew (il = a 
CFeriGsya oe) -—) U3 [2 ( lp’! 4 fp+p'tp( i 


Ep”! — €p+p/+p” E€p+p/+p’ — Ep" 


i 
a i dp y2ie" = fede! = U2 Lp! + pl). (14.50) 
(an? Ep+p/+p” — Ep! 

The minus sign in the first of Eqs. (14.50) is necessary because in the process 
considered one of the particles in the final state is created before that in the 
initial state is destroyed. Expressed in terms of creation and annihilation 
operators a',a,b', and b for the two species, tae eo interaction would 
correspond to the eee of operators all pa! p/p for the diagram in 
Fig. 14.2(a), and to pt ppp ae iene 1 14.2(b). To get the operators in 
the standard order a ot p/0—p%p a minus sign is required because fermion 
creation and Aniline OReranoMe anticommute. Expressed more formally, 
the minus sign is due to the fact that the general rules for evaluating dia- 
grams for fermions require a factor —fp for every hole line. The quantity 
L(q) is the static Lindhard screening function, which occurs in the theory 
of the electron gas [13]. It is given by 


dp fp —Spta & vm : Cae) 
tg) oe Woe: Ept+q — €p Me) 2 ; 


. (14.51) 


378 Fermions 


where w = q/2pp. The temperatures of interest are much less than the Fermi 
temperature, and the second expression is the result for T = 0. The Lind- 
hard function is the negative of the density—density (or spin-spin) response 
function y(q) for a one-component Fermi gas, L(q) = —x(q). The medium- 
dependent contribution to the interaction is an example of an induced in- 
teraction. Its sign is positive, corresponding to a repulsive interaction, and 
therefore pairing is suppressed. Solving Eq. (14.36) with the induced inter- 
action included as a perturbation, one finds that T¢ is giv en by Eq. (14.49), 
but with Uo replaced by Up+<Uing>, where <---> = ie ie d(cos @)/2 de- 
notes an average over the Fermi surface. Here @ is the snag Weieeen p and 
p’. Thus from Eq. (14.50) one finds 


Ugee Une = Ug Oe =) (14.52) 


and therefore 
il il 


Up + <Uina> = Up 


t <y(q)>. (WLS 3) 


Since p = p' = pr, one has q” = 2p2(1+cos 6). The integral of the Lindhard 
function over angles is proportional to 


1 
i} 1 ak ee 2 il ‘ 
dw 2w |= + 7 -(1—w*) In| = 5 n2 — =In(4e)/3_ (14.54 
jh ww|5 +70 w’) eee ge n(4e) ( ) 
and therefore the transition temperature is given by 

9\ 7/3 . 

i, = e) Y epe1/N(e)IU0| ge 0, 28¢pe-W N(er IU, (14.55) 
e€ At 


The induced interaction thus reduces the transition temperature by a factor 
(4e)!/ 3 ~ 2.22. An examination of the microscopic processes contributing to 
Uing shows that the dominant effect is exchange of ‘spin’ fluctuations. where 
by ‘spin’ we mean the variable associated with the species labels a@ and b 
[12]. Such processes suppress pairing in an s state, an effect well established 
for magnetic metals and liquid He. 


14.3.3 The condensed phase 


At the temperature JT, the normal Fermi system becomes unstable with re- 
spect to formation of pairs, and below that temperature there is a condensate 
of pairs in the zero-momentum state. The formation of the pairs in a BCS 
state is an intrinsically many-body process, and is not simply the formation 
of molecules made up of two fermions. If the simple molecular picture were 
correct, molecules would be formed as the temperature is lowered, and when 
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their density became high enough they would form a Bose-Einstein conden- 
sate in the zero-momentum state. In the BCS picture, pair formation and 
condensation of pairs into the state with zero momentum occur at the same 
temperature. 

To make a quantitative theory of the condensed state we again consider 
a uniform gas with equal densities of two species of fermions. The calcula- 
tions can be carried out for unequal densities of the two components, but 
the transition temperatures are lower for a given total density of particles. 
Interactions between like particles play little role in the pairing of unlike 
ones, and therefore we neglect these terms. ‘The Hamiltonian for interacting 
fermions is 


H= Dl alap + bhbp) +2 Sop ae o eee ee (156) 
pp’q 

where the operators a',a,b', and b create and destroy particles of the two 
species. Because the two interacting particles belong to different species, 
there is no factor of 1/2 in the interaction term, as there would be for a 
single species. The Hamiltonian has essentially the same form as for bosons, 
except that the creation and annihilation operators obey Fermi commutation 
rules 


{Qp, aly} a (Bosthal = Op,p’ 
and 

lesb = (el tpl = foe Oy) = tal oy toh (14.57) 
where {A, B} denotes the anticommutator. As in Sec. 8.2 for bosons, it is 
convenient to work with the operator K = H — uN, where jt is the chemical 
potential, which is chosen to keep the average number of particles fixed. 
This is given by 


K = S-(B-plalap +h, bp) +5 9 U(p, p’,a)ah. gbhy_gbp'@p - (14.58) 
Pp ion q 

In the dispersion relation for elementary excitations of a Bose system, 
the Hartree and Fock terms played an important role. For a dilute Fermi 
system, they change the total energy of the system but they have little 
influence on pairing. The Hartree and Fock contributions to the energy 
of an excitation are independent of momentum. However, the chemical 
potential is changed by the same amount, and therefore the energy of an 
excitation measured relative to the chemical potential is unaltered. In the 
Hartree-Fock approximation, Fv is shifted by a constant amount which we 
shall neglect. 
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Elementary excitations 


In Chapters 7 and 8 we described the Bogoliubov method for calculating 
properties of a gas of bosons, and we now generalize it to describe a conden- 
sate of pairs of fermions. For a Bose gas, the Bogoliubov approach amounts 
to assuming that the creation and annihilation operators may be written as 
a classical part, which is a c number, and a fluctuation term. We now make 
an analogous approximation for fermions. However, since the condensate 
consists of pairs of fermions, the quantities we assume to have a c-number 
part are operators that create or destroy pairs of particles. For a condensate 
with total momentum zero, the two fermions that make up a pair must have 
equal and opposite momenta. Also they must be in different internal states, 
otherwise there is no interaction between them. We therefore write 


(ery —= (Or FE (Osetia = Cia), (14.59) 


where Cy is a c number. Since the relative phases of states whose particle 
numbers differ by two is arbitrary, we shall choose it so that Cp is real. As in 
the analogous calculations for bosons, we substitute this expression into Eq. 
(14.58) and retain only terms with two or fewer creation and annihilation 
operators. This leads to 


Tis Die a p)(ahap ar vp) lg SS Goes ae WLaystehs 
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where we have omitted the Hartree-Fock contribution. Here 
al 
Ap =F > _U(p.P')Cp (14.61) 
p’ 


and, for simplicity, we omit the final argument in the interaction and write 


C8; jehish = (2) = Uae (14.62) 
The quantity Cp must be determined self-consistently, just as the mean 
particle distribution function is in Hartree-Fock theory. Thus 

Ce = <Vatis > = aly (14.63) 


where <---> denotes an expectation value. 

The Hamiltonian now has the same form as that for bosons in the Bogoli- 
ubov approximation in Sec. 8.1, and it is a sum of independent terms of the 
type, 

H = eo(ala + b'b) + e, (alot + ba), (14.64) 
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where a = ap and b = b_y satisfy Fermi commutation rules. As in Sec. 8.1, 
we introduce new operators a and (@ defined by 


a=uatvbt and B= ub-— val, (14.65) 


where u and v are real, and demand that they too satisfy Fermi commutation 
rules, 


fon 46.6) —1, {0,51} = {f,a1} —0. (14.66) 
When (14.65) is inserted into (14.66) one obtains the condition 
ur+v? =1, (14.67) 


which differs from the analogous result (8.17) for bosons only by the sign of 
the v? term. Inverting the transformation (14.65), one finds 


a=ua—v6l, and b= ust val. (14.68) 


The subsequent manipulations follow closely those for bosons. We insert 
(14.68) into (14.64), and the result is 


H = 2ve9 — Quve, + [en(u? — v?) + Quve|(ata + B'B) 
— fey(u? — v*) — Quveg|(aB+ Blal). (14.69) 
To eliminate the term proportional to af + Giat, we choose u and v so that 
e,(u? — v*) — 2uveo = 0. (14.70) 
The condition (14.67) is satisfied by writing 
00s), 2 sini, ld.) 


where ¢ is a parameter to be determined. Equation (14.70) then becomes 


€,(cos” t — sin” t) — 2e9 sint cost = 0 Ta 
or ; 
tan 2t = —. CAG 
€0 


Solving for u2 — v? = cos 2t and 2uv = sin 2t, one finds 


€0 €] 
AP ae = Se ee (14.74) 
€0 oP €} V €o ale Ej 


which on insertion into Eq. (14.69) give the result 
H=caltat+f'B)+a-6 (easy) 


é = 4/ hare (14.76) 


where 
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We choose the positive sign for the square root to ensure that at and #1 
create excitations with positive energy. The excitation energy (14.76) has 
the same form as for bosons, Eq. (8.25), except that the «7 term has the 
opposite sign. 

To diagonalize the Hamiltonian (14.60) we therefore introduce the opera- 
tors 


Og = Uieitiy == ofits aml (a5 = Uplag = eval (14.77) 
The normalization condition is 
Pe 5 
Tee — Il (14.78) 


and terms of the type af or Gilat in the Hamiltonian vanish if we choose 
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Here the excitation energy is given by 

Pe 2 

epi Anca (14.80) 
where 

ence. (iazgi) 


Close to the Fermi surface, €) is approximately (p—pr)up. where vp = pp/m 
is the Fermi velocity, and therefore the spectrum exhibits a gap A equal to 
Ap for p = pr. Excitations behave as free particles for p— pp > A/vp. 
The momentum A/vp corresponds in Fermi systems to the momentum 
ms at which the excitation spectrum for Bose systems changes from be- 
ing sound-like to free-particle-like. The length scale hup/A, which depends 
on temperature, is the characteristic healing length for disturbances in the 
Fermi superfluid, and it is the analogue of the length € for bosons given by 


Eq. (6.62). 
The expressions for the coefficients u and v are 
1 g ll g 
2 Pp 2 Pp 
=-({14+—> d =-(1—-~}]. A. 
= ( = | and u, = 5 ( =) (14.82) 


The Hamiltonian (14.60) then assumes the form 


il 
K = ) eplapapt+OhGp)—) (ep—pti—z >_U(P,P)CpCpy, (14.83) 
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which describes non-interacting excitations with energy Coe 
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The gap equation 


The gap parameter A, is determined by inserting the expression for Cp into 
Eq. (14.61). Calculating the average in Eq. (14.63) one finds 


Gp = <n oass Upay) (upap — dally) 2 
A 
= -(1-2f@)I52. (14.84) 
€p 
and therefore the equation (14.61) for the gap becomes 
2g le 
= “7 ve LS /, (14.85) 
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since the thermal averages of the operators for the numbers of excitations 
are given by 

1 
exp(€p/kT) +1 
At the transition temperature the gap vanishes, and therefore the excita- 


tion energy in the denominator in Eq. (14.85) may be replaced by the result 
for A, = 0, that is eé, = i — p|. The equation then becomes 


<alap> = ele =e) = (14.86) 
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where the latter form follows because [1 — 2f(e)]/e is an even function of 
«. The equation is identical with Eq. (14.36), which gives the temperature 
at which two-particle scattering in the normal state becomes singular. The 
formalism for the condensed state appears somewhat different from that for 
the normal one because in the condensed state it is conventional to work 
with excitations with positive energy, irrespective of whether the momentum 
of the excitation is above or below the Fermi surface. For the normal state, 
one usually works with particle-like excitations. These have positive energy 
relative to the Fermi energy above the Fermi surface, but negative energy 
below. The positive-energy elementary excitations of a normal Fermi system 
for momenta below the Fermi surface correspond to creation of a hole, that 
is, removal of a particle. As T. is approached in the condensed state, the 
description naturally goes over to one in which excitations in the normal 
state are particles for p > pr and holes for p < pr. 


Ap’ (14.87) 
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The gap at zero temperature 


As an application of the formalism, we determine the gap at 7 = 0. Again 
it is convenient to express the bare interaction in terms of the 7’ matrix for 
two-particle scattering in free space. Forgetting the effects of the induced 
interaction for a moment, one finds 


1] 1 
Oe 2(e, =i) 
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aa NE. (14.88) 
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First, we see that Ap is independent of the direction of p, and therefore it 
corresponds to pairing in an s-wave state. Second, since the main contribu- 
tions to the integral now come from momenta of order pr, we may replace 
the gap by its value at the Fermi surface, which we have denoted by A. The 


result is 
, Uo 1 -2| 
WV E+ a7 & 
UpN (ep) [ aye i 1 
eee d paesee |) 
2 Jo {[@—1?+ Asef 2-1 
(14.89) 


As we did when evaluating the integrals in the expression for T., we split 
the integral into two by writing a!/? = (eu 1)+1. The integral involving 
the first term is well behaved for small A and may be evaluated putting 
A =0. The second part of the integral may be evaluated directly, and since 
A/er <1, one finds 


ies Sere” Mee) (14.90) 


When the induced interaction is included, the gap is reduced by a factor 
(4e)—1/3, as is the transition temperature, and thus 


9\ 7/3 
A= @ ener eo) (14.91) 
The ratio between the zero-temperature gap and the transition temperature 
is given by 


A(T =0 
eel 4 ~~ 1.76. (14.92) 


The pairing interaction in dilute gases is different from the phonon- 
exchange interaction in metals. The latter extends only over an energy 
interval of order the Debye energy hwp about the Fermi surface, whereas in 
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dilute gases the interaction is of importance over a range of energies in excess 
of the Fermi energy. Often, when treating superconductivity in metals one 
adopts the BCS schematic model, in which there is an attractive interaction 
of constant strength for momenta such that er — hwo < ze < ep + Awo, and 
one neglects the momentum dependence of the density of states. ‘This yields 
an energy gap at zero temperature equal to A = 2hw exp (—1/N(er)|Uo)). 
To obtain the same results in the schematic model with an effective inter- 
action U as from the full treatment given above, the cut-off energy must, 
according to (14.90), be chosen to be hwo = (4/e?)ep = 0.541ep. In the 
weak-coupling limit the relation (14.92) is a general result, which is also 
obtained within the BCS schematic model. 

The reduction of the energy due to formation of the paired state may be 
calculated from the results above, and at zero temperature it is of order 
A? /ep per particle, which is small compared with the energy per particle in 
the normal state, which is of order cr. Consequently, the total energy and 
pressure are relatively unaffected by the transition, since A/ep is expected 
to be small. 

When the dimensionless coupling parameter N(er)|Uo| becomes compa- 
rable with unity it is necessary to take into account higher order effects than 
those considered here. Such calculations predict that the maximum tran- 
sition temperature will be significantly lower, and generally no more than 
about 0.027 [14]. However, we stress that at present no reliable theory 
exists for N(eg)|Uo| ~ 1. 


14.4 Boson—fermion mixtures 


The experimental techniques that have been developed also open up the pos- 
sibility of exploring properties of mixtures of bosons and fermions. ‘These 
systems are the dilute analogues of liquid mixtures of 3He and “He, and 
just as the interaction between two 3He atoms is modified by the “He, the 
snteraction between two fermions in a dilute gas is modified by the bosons. 
The calculation of T,, for two fermion species illustrated how induced inter- 
actions can have a marked effect. However, the modification of the effective 
interaction there was modest, because for fermions the interaction energy is 
generally small compared with the Fermi energy. For mixtures of fermions 
and bosons the effects can be much larger, because the boson gas is very 
compressible. 
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14.4.1 Induced interactions in mixtures 
Consider a uniform mixture of a single fermion species of density np and 
bosons of density np at zero temperature. The energy per unit volume is 
given by 


il 3 
= 57BUBB + npnpUpr + eat (14.93) 


where Upp is the effective interaction between two bosons and Upp is that 
between a boson and a fermion. Let us now calculate the change in energy 
when a long-wavelength, static density fluctuation is imposed on the densi- 
ties of the two components, just as we did in deriving the stability condition 
for binary boson mixtures in Sec. 12.1.1. The contribution of second order 
in the density fluctuations is 


1 2€ 

OF = 3 ic = (one) ain Upp (dnp)? + 2Uprénpong). (14.94) 
np 

We wish to calculate the effect of the response of the bosons to the presence 

of the fluctuation in the fermion density. At long wavelengths the Thomas-— 

Fermi approximation is valid, so in equilibrium the chemical potential pp of 

the bosons is constant in space. The chemical potential is given by 


OE 
i epee Se Urey, (14.95) 
Ong 


and therefore in equilibrium the boson and fermion density fluctuations are 
related by the expression 


1 
ing = ———6Vp, (14.96) 
Upp 
where 
6Va = Upronr (14.97) 


is the change in boson energy induced by the change in fermion density. 
Substituting this result into Eq. (14.94) one finds 


i eq Ue 
eh = é ju (= = ie | (Onp)?. (14.98) 


The second term shows that the response of the bosons leads to an extra 
contribution to the effective interaction between fermions which is of exactly 
the same form as we found in Sec. 12.1.1 for binary boson mixtures. 

The origin of the induced interaction is that a fermion density fluctuation 
gives rise to a potential Ugrénp acting on a boson. This creates a boson 
density fluctuation, which in turn leads to an extra potential Uprong acting 
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on a fermion. To generalize the above calculations to non-zero frequencies 
and wave numbers, we use the fact that the response of the bosons is given 
in general by 


énp = xB(q,w)dVp, (14.99) 


where \B(q, w) is the density—density response function for the bosons. Thus 
the induced interaction is 


Uina(g, w) = Ugpxe (4). (14.100) 


This result is similar to those discussed in Sec. 14.3.2 for the induced inter- 
action between two species of fermions. This interaction is analogous to the 
phonon-induced attraction between electrons in metals, and it is attractive 
at, low frequencies, irrespective of the sign of the boson—fermion interaction. 
In a quantum-mechanical treatment, the wave number and frequency of the 
density fluctuation are related to the momentum transfer hq and energy 
change hw of the fermion in a scattering process. 

In the Bogoliubov approximation, the density—density response function 
of the Bose gas is given by (7.38) 


(q,w) ai (14.101) 
w) = — 
XB\G; mp(w2 ee we)’ 
where the excitation frequencies are the Bogoliubov ones 
1/2 
iy = [ep (eg + 2npUpp)| ie (14.102) 


In the static limit, and for g — 0 the response function is yB(q — 0,0) = 
—1/Ugp, and therefore the effective interaction reduces to the result 


U2 
Uimnalq — 0,0) = -—2E. (14.103) 
Upp 
The static induced interaction for general wave numbers is 
5 NB 
= B 14.104 
alle: 0) UBr npUpp + hq? /4mp ( ) 


In coordinate space this is a Yukawa, or screened Coulomb, interaction 


—v2r/é 
mpnpUde e 
CFIC Ne Be — (14.105) 
where £ is the coherence (healing) length for the bosons, given by (6.62), 
2 
oe pean (14.106) 


a 2npnpUps 
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A noteworthy feature of the induced interaction is that at long wave- 
lengths it is independent of the density of bosons. In addition, its value 
—U2,/Upp is of the same order of magnitude as a typical bare interaction 
if the boson—boson and boson-fermion interactions are of comparable size. 
The reason for this is that even though the induced interaction involves two 
boson-fermion interactions, the response function for the bosons at long 
wavelengths is large, since it is inversely proportional to the boson—boson 
interaction. At wave numbers greater than the inverse of the coherence 
length for the bosons, the magnitude of the induced interaction is reduced, 
since the boson density—density response function for g21/€ has a magni- 
tude ~ 2np/e} where €} = (hg)?/2mp is the free boson energy. The induced 
interaction is thus strongest for momentum transfers less than mpsp. where 
58 = (nBUpp/mp)!/? is the sound speed in the boson gas. For momentum 
transfers of order the Fermi momentum, the induced interaction is of order 
the ‘diluteness parameter’ kpa times the direct interaction if bosons and 
fermions have comparable masses and densities, and the scattering lengths 
are comparable. 

We have calculated the induced interaction between two identical 
fermions, but the mechanism also operates between two fermions of dif- 
ferent species (for example two different hyperfine states) when mixed with 
bosons. When bosons are added to a mixture of two species of fermions, the 
induced interaction increases the transition temperature to a BCS superfluid 
state [12, 15]. The effect can be appreciable because of the strong induced 
interaction for small momentum transfers. 


14.5 Collective modes of Fermi superfluids 


One issue under current investigation is how to detect superfluidity of a 
Fermi gas experimentally. The density and momentum distributions of a 
trapped Fermi gas are very similar in the normal and superfluid states, 
because the energy difference between the two states is small. Consequently, 
the methods used in early experiments to provide evidence of condensation 
in dilute Bose gases cannot be employed. 

One possibility is to measure low-lying oscillatory modes of the gas. In the 
normal state, properties of nodes may be determined by expressions similar 
to those for bosons, apart from the difference of statistics. If interactions 
are ununportant, mode frequencies for a gas in a harmonic trap are sums 
of multiples of the oscillator frequencies, Eq. (11.28). When interactions 
are taken into account, modes will be damped and their frequencies shifted, 
as we have described for bosons in Secs. 11.2-11.3 and for fermions in Sec. 
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14.2.1. In a superfluid Fermi system, there are two sorts of excitations. 
One is the elementary fermionic excitations whose energies we calculated 
from microscopic theory in Sec. 14.3.3. Another class is collective modes 
of the condensate, which are bosonic degrees of freedom. These were not 
allowed for in the microscopic theory above because we assumed that the 
gas was spatially uniform. We now consider the nature of these modes at 
zero temperature, first from general considerations based on conservation 
laws, and then in terms of microscopic theory. 

At zero temperature, a low-frequency collective mode cannot decay by 
formation of fermionic excitations because of the gap in their spectrum. For 
a boson to be able to decay into fermions, there must be an even number 
of the latter in the final state, and therefore the process is forbidden if the 
energy hw of the collective mode is less than twice the gap A. In addition, 
since no thermal excitations are present, the only relevant degrees of freedom 
are those of a perfect fluid, which are the local particle density n and the 
local velocity, which we denote by vg, since it corresponds to the velocity of 
the superfluid component. The equations of motion for these variables are 
the equation of continuity 


O 
-, +V-(nvs) = 0, (14.107) 
and the Euler equation (7.24), which when linearized is 
: 1 if if i 
as vie Vp WA = =A = a (14.108) 
Ot mn m m m 


In deriving the second form we have used the Gibbs-Duhem relation at 
zero temperature, dp = nd, to express small changes in the pressure p 
in terms of those in the chemical potential yz. Since this relation is valid 
also for a normal Fermi system in the hydrodynamic limit at temperatures 
low compared with the Fermi temperature, the equations for that ease are 
precisely the same [16, 17]. 

We linearize Eq. (14.107), take its time derivative, and eliminate vs by 
using Eq. (14.108), assuming the time dependence to be given by exp(—iwt). 
The result is 


sn = 0 nv (ein) (14.109) 


This equation is the same as Eq. (7.59) for a Bose-Einstein condensate in the 
Thomas—Fermi approximation, the only difference being due to the specific 
form of the equation of state. For a dilute Bose gas, the energy density is 
given by € = n?Up/2 and du/dn = Up, while for a Fermi gas the effects of 
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interactions on the total energy are small for kpja| < 1 and therefore we may 
use the results for an ideal gas, € = (3/5)nep « n°/? and du/dn = 2ep/3n. 
The density profile is given by Eq. (14.12), and for an isotropic harmonic 
trap Eq. (14.109) may therefore be written as 


2 2 
wok 


45-6 = 


ve {(1 — 7? /R2)3/2—7 l(a zs r/R) 6n| \ 


0) ell te 
= we [1 Sa aan Ae —Pr)V | én. (14.110) 
The equation may be solved by the methods used in Sec. 7.3.1, and the 
result is [16, 17] 


Om = Or = 17/ R22 hn, Pee ee 2,1 3/972 Re Oye) 


where C is a constant and R = 48!/6N1/6q..... is the radius of the cloud for 
an isotropic trap (see Eq. (14.14)). Here F' is the hypergeometric function 
(7.73). The mode frequencies are given by 


4 
wr = a, I+ gn(2+l+n)|, (4s) 


where n = 0,1,.... Thus the frequencies of collective oscillations of a su- 
perfluid Fermi gas differ from those of a normal Fermi gas except in the 
hydrodynamic limit. Consequently, measurements of collective mode fre- 
quencies provide a way of detecting the superfluid transition, except when 
the hydrodynamic limit applies to the normal state. In addition, the damp- 
ing of collective modes will be different for the normal and superfluid states. 

We return now to microscopic theory. In Chapters 6 and 7 we saw that 
the wave function of the condensed state is a key quantity in the theory of 
condensed Bose systems. In microscopic theory, this is introduced as the c- 
number part or expectation value of the boson annihilation operator.? The 
analogous quantity for Fermi systems is the expectation value of the operator 
do(r — p/2)dalr + p/2) that destroys two fermions, one of each species, at 
the points r + p/2. In the equilibrium state of the uniform system, the 
average of the Fourier transform of this quantity with respect to the relative 
coordinate corresponds to Cp in Eq. (14.59). If a Galilean transformation 
to a frame moving with velocity —v, is performed on the system, the wave 
function is multiplied by a factor exp(imv,-: S> ;0j/h), where the sum is over 
2 By assuming that the expectation value is non-zero, we work implicitly with states that are 

not eigenstates of the particle number operator. However, we showed at the end of Sec. 8.1 

how for Bose systems it is possible to work with states having a definite particle number, and 

similar arguments may also be made for fermions. For simplicity we shall when discussing 


fermions work with states in which the operator that destroys pairs of fermions has a non-zero 
expectation value, as we did in describing the microscopic theory. 
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all particles. Thus the momentum of each particle is boosted by an amount 
mv, and <a,(r — p/2)va(r+ p/2)> is multiplied by a factor exp i2, where 
@ = mv,-r/h. The velocity of the system is thus given by vs = hV@/m, 
which has the same form as for a condensate of bosons, Eq. (7.14). An 
equivalent expression for the velocity is vs = hV®/2m, where ® = 2¢ is the 
phase of <po(r—p/2)va(r+ p/2) >. The change in the phase of the quantity 
<wy(r — p/2)a(v + p/2)> is independent of the relative coordinate p, and 
henceforth we shall put p equal to zero. 

We turn now to non-uniform systems, and we shall assume that the spa- 
tial inhomogeneities are on length scales greater than the coherence length 
hop /A. Under these conditions the system may be treated as being uniform 
locally, and therefore the natural generalization of the result above for the 
superfluid velocity is 


AG) = “ V6(r), (14.113) 


where 2¢@(r) is the phase of <up(r)ia(r)>, and also the phase of the local 
value of the gap, given by Eq. (14.61), but with A and Cp both dependent 
on the centre-of-mass coordinate r. For long-wavelength disturbances, the 
particle current density may be determined from Galilean invariance, and it 
is given by j = n(r)v,(r). Unlike dilute Bose systems at zero temperature, 
where the density is the squared modulus of the condensate wave function, 
the density of a Fermi system is not simply related to the average of the 
annihilation operator for pairs. 

At non-zero temperature, thermal Fermi excitations are present, and the 
motion of the condensate is coupled to that of the excitations. In the hy- 
drodynamic regime this gives rise to first-sound and second-sound modes, 
as in the case of Bose systems. The basic formalism describing the modes 
is the same as for Bose systems, but the expressions for the thermodynamic 
quantities entering are different. 


Problems 
PROBLEM 14.1 Determine the momentum distribution for a cloud of 
fermions in an anisotropic harmonic-oscillator potential at zero tempera- 
ture and compare the result with that for a homogeneous Fermi gas. 


PROBLEM 14.2 Consider a cloud of fermions in a harmonic trap at zero 
temperature. Determine the thickness of the region at the surface where the 
Thomas—Fermi approximation fails. 


PROBLEM 14.3. By making a low-temperature expansion, show that the 
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chemical potential of a single species of non-interacting fermions in a har- 
monic trap at low temperatures is given by 


sme arene || 
3 Ts 
Determine the temperature dependence of the chemical potential in the 


classical limit, T >> Tp. Plot the two limiting forms as functions of T/Tp 
and compare their values at T/Tp = 1/2. 


PROBLEM 14.4 Verify the expression (14.21) for the temperature depen- 
dence of the energy at low temperatures. Carry out a high-temperature 
expansion, as was done for bosons in Sec. 2.4.2, and sketch the dependence 
of the energy and the specific heat as functions of temperature for all values 
of ae 


PROBLEM 14.5 Consider a cloud containing equal numbers of two different 
spin states of the same atom in an isotropic harmonic-oscillator potential. 
Use the method of collective coordinates (Sec. 7.3.3) to show that the shift 
in the equilibrium radius due to interactions is given by 


ives 3 Die 


ARS 
8 ose 


R, 


and evaluate this for the Thomas-—Fermi density profile. Prove that the 
frequency of the breathing mode can be written in the form (14.27), and 
determine the value of the coefficient cy. 
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Appendix. Fundamental constants and conversion 
factors 


Based on CODATA 1998 recommended values. (P. J. Mohr and B. N. Tay- 
lor, Rev. Mod. Phys. 72, 351 (2000).) The digits in parentheses are the 
numerical value of the standard uncertainty of the quantity referred to the 
last figures of the quoted value. For example, the relative standard uncer- 
tainty in A is thus 82/1054571596 = 7.8 x 10-®. 


Quantity Symbol Numerical value Units 

Speed of light é 2.997 92458 x 108 mse | 
2.997 92458 x 101° Cimts ae 

Permeability of vacuum [Lo Mie We! NAs 


Permittivity of vacuum €0 = 1/p9¢? S854 18787. «Ome ures 


Planck constant h 6.626.068 76(52) <10s2 =) is 
6.626 068 76(52) x 10-2" —s ergs 
he 1.239 841 857(49) x 10° = eVin 
(Planck constant) /2 h 1.054571596(82) x 10-*4 Js 
1.054571 596(82) 10-2" eres 
Inverse Planck constant a 2.417 989 491(95) x 1014 Haney =. 
Elementary charge e 16021 76262(63) 10s. iC 
Electron mass ae 9.109 381 88(72) x 10°23? ke 
CMOO SSS (a2 sale ono, 
Mel? 0.510 998 902(21) MeV 
Proton mass (ane O72 G2 a 8Cl3) << 10 =! cs 
O72 G2 Noss) 0522 eee 
ee 938.271 998(38) MeV 
Atomic mass unit My = m{12C)/12 1.660538 73(13) x 10727 kg 
nee 931.494 013(37) MeV 
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Quantity Symbol Numerical value Units 
Boltzmann constant k 1.380 6503(24) x 107-78 Nikos 
1.380 6503(24) x 10-16 erg K~! 
BOl7 342i 10m? eVK* 
yo 2.083 6644(36) x 101° Hzk7* 
20.836 644(36) Hznk~! 
Inverse Boltzmann constant co 11 604.506(20) Kev ' 
Inverse fine structure constant an 137.035 999 76(50) 
Bohr radius ao 0.529 177 2083(19) x 10-1 m 
0.529 177 2083(19) x 10-8 cm 
Classical electron radius e? /Aregmec* 2.817940 285(31) x 10” a 
Atomic unit of energy e?/A4megag 27.211 3834(11) eV 
Bohr magneton LB UO OR Se Oe = 
p/h 13.996 246 24(56) x 10° Pie 
up/k 0.671 7131(12) Ko 
Nuclear magneton LN 5.050 783 17(20) x 10-27, JT" 
un /h 7.622 593 96(31) x 10° Be > 


tun /k 3.658 2638(64) x 10-4 (a ae 
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absorption process 73-79 
action principle 166 
alkali atoms 1, 40-44, 51-53 
angular momentum 
in a rotating trap 251 
of excited states 258 
of vortex state 243, 246-248 
operators 331, 336 
orbital 41 
spin 40-48 
total 41 
angular velocity 251-253 
critical 251 
anisotropy parameter 35, 182-185, 305, 306 
annihilation operator 166, 204, 205, 213, 214 
atomic number 40, 361 
atomic structure 40-42 
atomic units 438, 142 
atom laser 354 
attractive interaction 103, 119, 153, 177, 178, 
199, 250, 260, 261 


BCS theory 175, 370-385 
Bernoulli equation 256 
Bogoliubov dispersion relation 172, 175, 197, 
387 
Bogoliubov equations 174, 175, 215, 216 
Bogoliubov transformation 207—209, 215, 
380-382 
Bohr magneton 42, 395 
Bohr radius 43, 395 
Boltzmann constant 3, 395 
Boltzmann distribution 17, 29, 31 
Boltzmann equation 86-88, 307-316 
Born approximation 113, 114, 128 
Bose distribution 8, 16-18, 27, 218, 268, 308 
Bose-Einstein condensation 1 
criterion for 5, 17, 355-358 
in lower dimensions 23, 36 
theoretical prediction of 2 
Bose-Einstein transition temperature 4, 5, 17, 
= 23 
effect of finite particle number 35 


effect of interactions 224, 292 
Bose gas 

interacting 204-214 

non-interacting 16-38, 276 
boson 40 

composite 335, 358 
bound state 114, 116, 119, 132, 371 
Bragg diffraction 352 
breathing mode 182, 184, 186-193 


canonical variables 271 
central interaction 122 
centre-of-mass motion 180 
in rotating gas 250, 259 
centrifugal barrier 129, 241 
cesium 41, 42, 52, 105, 139, 142-144, 236 
channel 102, 120, 121, 1381-139 
definition of 102 
chemical potential 17, 18, 27-29, 32-36, 149, 
166, 256, 271, 290, 363-366, 389 
Cherenkov radiation 266 
chirping 58 
circulation 239, 244 
average 253 
conservation of 254 
quantum of 7, 239 
classical electron radius 128, 395 
Clebsch-—Gordan coefficient 82, 33 
clock shift 230, 236 
closed shells 41, 43 
clover-leaf trap 66, 67 
coherence 338, 342, 348-353 
coherence length 162, 170, 197, 226, 241, 243, 
245, 387, 391 
definition of 162 
coherent state 213 
collapse 153, 369 
collective coordinates 186-193 
collective modes 
frequency shifts of 287 
in traps 178-195, 298-306 
of Fermi superfiuids 388-390 
of mixtures 326-328 
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398 


of uniform superfluids 273-279 
collisional shift 230-236 
collision integral 308 
collision invariants 309 
collisionless regime 306-317 
collisions 
elastic 95, 107-120, 131, 132 
inelastic 93, 122-131, 139 
with foreign gas atoms 93 
composite bosons 335, 358 
condensate fraction 23, 24, 210, 295, 297 
conservation law 171, 272 
of energy 195, 200, 273 
of entropy 274 
of momentum 168, 273 
of particle number 167, 171, 272, 302, 389 
contact interaction 146, 206 
continuity equation 168 
cooling time 86, 88, 89 
covalent bonding 103 
creation operator 
for elementary excitations 209, 210, 382 
for particles 204 
cross section 94, 108-110, 125, 308 
for identical bosons 110, 140 
for identical fermions 110 
cryogenic cooling 97 


d’Alembert’s paradox 257 
damping 280-287, 315-318 
Beliaev 281 
collisional 315-318 
Landau 281-287 
de Broglie wavelength 4 
decay 56, 70-73 
of excited state 56, 70 
of mode amplitude 281-283 
of oscillating cloud 307, 315-318 
of temperature anisotropies 307, 310-314 
Debye energy 384 
Debye temperature 1 
degeneracy 218, 258, 316 
density correlations 174, 348-350 
density depression in soliton, 197-201 
density distribution 
for fermions 364 
for trapped bosons 24—26 
in mixtures 324-326 
density of particics 1 
density of states 18-20, 36 
for particle in a box 19, 20, 363 
for particle in a harmonic trap 20, 364 
per unit volume 363 
density profile, see density distribution 
depietion of the condensate 2, 147, 210-212, 
333 
thermal 219, 227, 229, 230, 294-298 
detuning 70-72, 74, 77 
blue 70, 77 
red 70, 74, 77, 79 
diffusion coefficient 85, 89 
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dipolar losses 93 
dipole approximation 49, 56, 67, 98 
dipole-dipole interaction 
electric 106, 107, 140, 141 
magnetic 41, 93, 123, 126-130 
dipole force 72 
dipole moment, electric 49-51, 67-72 
dispersion relation 7, 177, 194 
dissipation 201, 274 
distribution function 17, 27, 86-88, 94, 308, 
366 
Doppler effect 58, 74-78 
doubly polarized state 47, 63, 93, 127 
drag force 257 
dressed atom picture 71 


effective interaction, see interaction, effective 
Einstein summation convention 255 
electric field 
oscillating 53-54, 68-73 
static 49-53 
electron mass 394 
electron pairs 8, 370 
elementary charge 43, 394 
elementary excitations 7, 8. 71, 171-178, 382 
in a rotating gas 259 
in a trapped gas 174-175, 214-218 
in a uniform gas 171-178, 205-214 
energy density, 166, 213, 271, 273, 294, 322, 
323, 386, 389 
energy flux density 273 
energy gap 7, 9, 177, 225. 382-385 
energy scales 55-57, 290 
entangled state 233 
entropy 30, 31, 219, 223-225, 274 
per unit mass 274-278 
equipartition theorem 31 
Euler equation 169, 257, 302, 389 
evaporative cooling 3, 90-96 
exchange 220-222 
exchange interaction 126, 329 
excitons 9 


f sum rule 51 
Fermi energy 363 
Fermi function 366 
fermions 4, 40, 41, 361-392 
Ferini’s Golden Rule 125, 281 
Fermi temperature 1, 361 
definition of 363 
Fermi wave number 364 
Feshbach resonance 73, 102, 103, 105, 
131-139, 142-144, 212, 362 
fine structure constant 43, 128, 129, 395 
finite particle number 35 
fluctuations 36, 205, 294 
Fock state 343-348 
Fourier transformation 111 
four-wave mixing 354 
fragmented condensates 357, 358 
Fraunhofer lines 51 


Index 


free expansion 195, 196, 340 
friction coefficient 75, 85 
fugacity 17, 18, 28 
functional derivative 169 


g factor 43, 47, 57 
Galilean invariance 268, 271 
Galilean transformation 265, 268, 352, 390 
gamma function 21, 22, 30 
gap equation 383-385 
Gaussian density distribution 151 
Gibbs—Duhem relation 169, 274, 389 
grating 352-354 
gravity 63, 64, 194 
gravity wave 194 
Green function 135, 374 
Gross-Pitaevskii equation 146 
for single vortex 237 
time-dependent 165-171, 326, 332 
time-independent 148, 149, 228, 322 
ground state 
for harmonic oscillator 25 
for spinor condensate 334 
for uniform Bose gas 210 
ground-state energy 
for non-interacting fermions 361-365 
for trapped bosons 148-156 
for uniform Bose gas 148, 210-213 


harmonic-oscillator potential 19 

energy levels of 20 
harmonic trap 19 
Hartree approximation 146, 147, 206 
Hartree-Fock theory 206, 219-225 

and thermodynamic properties 295 
healing length, see coherence length 
Heisenberg uncertainty principle 89, 196 
helium 

liquid #He 6, 9, 283, 333, 378, 385 

liquid “He 2, 6-8, 36, 173, 218 239, 243, 266, 

280, 283, 287, 385 

metastable *He atoms 4, 41 
Helmholtz coils 60, 64 
high-field seeker 60, 61, 97 
hole 372 
hydrodynamic equations 167-171 

for perfect fluid 169 

of superfluids 273-280 

validity of 301, 302 
hydrogen 3, 36, 40-43, 48-50, 52, 53, ot, 

93, 96-99, 105, 107, 126, 129-131, 142, 
144, 204, 230, 236 

atomic properties 41, 52 

hyperfine interaction 40-49 

line shift in 93 

spin-polarized 3, 37, 96-99 
hydrostatic equilibrium 185 
hyperfine interaction 41—49 
hyperfine states 41-49, 80, 320, 328 
hypergeometric function 181, 390 


imaging 24 
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absorptive 24 
phase-contrast 24 
inelastic processes, see collisions, inelastic 
instability 153, 154, 177, 178, 209 
in mixtures 322-324, 328, 369 
interaction 2 
antiferromagnetic 332 
between excitations 280-287 
between fermions 362, 366-369 
effective 111-114, 132-139, 212, 213, 222, 
279 
ferromagnetic 332 
induced 324, 376-378, 385-388 
interatomic 103-107 
interaction energy 
for weak coupling 217 
in Hartree-Fock theory 221 
interference 
of electromagnetic waves 339, 340 
of two condensates 338-348 
internal energy 30-33 
internal states 120-122 
loffe bars 65, 66 
loffe-Pritchard trap 64-67, 97 
irrotational flow 168, 238 


Josephson relation 166, 169 


Kelvin’s theorem 254 

kinetic theory 86-88, 272, 307-317 
kink 198 

Kosterlitz—Thouless transition 36 


Lagrange equation 191 
Lagrange multiplier 148 
Lagrangian 166, 191 
lambda point 4, 6, 280 
Landau criterion 265-267 
Landau damping 281-287 
Laplace equation 64, 180, 194 
laser beams 78-79 
circularly polarized 78 
laser cooling 1, 55, 74-78, 71-90, 96, 97 
Legendre polynomials 64, 108 
length scales 
of anisotropic cloud 153, 156 
of spatial variation 162 
of spherical cloud 150 
of surface structure 158, 159 
lifetime 
of cold atomic clouds 24 
of excited state 67, 70, 71 
lift 257 
linear ramp potential 158, 193 
line shift 98, 230-236 
linewidth 55-57, 70, 71, 76-78, 81 
Lippmann—Schwinger equation 112, 121, 372 
liquid helium, see helium 
lithium 1, 6, 40-42, 52, 53, 105, 131, 139, 142, 
143, 151, 361, 362 
Lorentzian 71, 74 


400 


low-field seeker 60, 61, 97 
Lyman-a line 52, 56, 97, 98 


macroscopic occupation 18 

magnetic bottle 65 

magnetic field 44-49, 55, 58-67, 73 
critical 252 

magnetic moment 40, 41, 43, 44, 59, 60, 138 
nuclear 40, 41 

magnetic trap 38, 59-67, 73, 97 

magneto-optical trap (MOT) 58, 78-80 
dark-spot MOT 80 

Magnus force 257 

mass number 25, 40, 81, 361 

matter waves 350-355 

maximally stretched state 47, 93, 127, 142, 143 

Maxwellian distribution 17 

Maxwell relation 276 

mean field 2, 11, 146, 307, 330, 331 

mean free path 182, 301 

mean Occupation number 17, 27 

mixtures 320-328, 361, 385-388 

momentum density 167, 267-270, 278 

momentum distribution 25, 26 

momentum flux density 255, 302 

MOT, see magneto-optical trap 


neutron number 41, 361 

neutron scattering 2 

normal component 267 

normal density 7, 269 

normalization conditions 107, 111, 134, 147, 
148, 176, 208, 210, 355 

normal modes, see collective modes 

nuclear magnetic moment 40, 41 

nuclear magneton 41, 395 

nuclear spin 40, 41 


occupation number 17, 220-222, 270 
one-particle density matrix 355-358 
optical lattice 84, 90 

optical path length 24 

optical pumping 80 

optical trap 73, 74, 320, 328 
oscillator strength 51-54, 56, 73, 106 


pair distribution function 349 
pairing 8, 9 

in atomic gases 370-385 

in liquid *He 9 

in neutron stars 9 

in nuclei 9 

in superconductors 8, 370 
parity 50 
particle number 

operator for 207, 210 

states with definite 213, 390 
Pauli exclusion principle 362, 372 
permeability of vacuum 394 
permittivity of vacuum 394 
phase imprinting 351, 352 
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phase shift 109 
phase space 19, 27 
phase-space density 22, 96, 361 
phase state 341-348 
phase velocity 266 
phonons 7, 201, 279-281, 287 

in solids 1, 370 
photoassociative spectroscopy 103, 140-143 
Planck constant 4, 394 
plane wave 17 

expansion in spherical waves 128 
plasmas 60, 65, 281 
polarizability 49 

dynamic 53-54, 68-73 

static 49-53, 56, 107 
Popov approximation 225-230, 298 
potassium 41-43, 52, 105, 143, 361, 362 
potential flow 168, 170, 238 
pressure 31, 169, 273 

in ideal fluid 255 

quantum 170, 271 
projection operators 122, 133, 329 
propagator, see Green function 
proton mass 394 
proton number 41 
pseudopotential 114, 235, 370 
pumping time 84-88 


quadrupole trap 38, 60-64, 72 
quark—antiquark pairs 9 
quasi-classical approximation 43 
quasiparticle 71 


Rabi frequency 71 

radiation pressure 73, 78 

random phase approximation 235 

recoil energy 81, 90 

reduced mass 107 

resonance line 51, 52, 55, 107 

retardation 107 

Riemann zeta function 21, 22 

rotating traps 251-254 

roton 7, 8, 173, 266 

rubidium 1, 5, 6, 40-42, 44, 52, 104, 105, 127, 
131, 139, 142, 143, 212, 236, 253, 254, 
ZI, BIS, BA0) 


s-wave scattering 108 
scattering 
as a multi-channel problem 118 
basic theory of 107-114 
real 230 
virtual 230 
scattering amplitude 106-110, 121 
Breit Wigner form of 139 
for identical particles 110 
scattering length 
definition of 106 
for alkali atoms 102, 142-144 
for a r~®-potential 114-120 
for hydrogen 98, 142 
scale of 105 
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scattering theory 107-140 
Schrédinger equation 133, 149, 166 
for relative motion 108, 115 
scissors mode 184-186, 305 
second quantization 220, 221 
semi-classical approximation 16, 27-29, 43, 
120, 228-230 
Sisyphus 85 
Sisyphus cooling 81-90, 97 
singlet 
ground state 334 
potential 104, 122 
sodium 1, 6, 40-42, 51, 52, 55, 57, 58, 74, 77, 
105, 107, 131, 139, 148, 254, 328, 354 
solitary wave 197 
solitons 196-201, 351, 352 
bright 200 
dark 199 
energy of 200 
velocity of 199 
sound 7, 172, 173, 200, 273-280 
first 226, 277, 278, 391 
second 278, 391 
velocity of 172, 210, 219, 226, 275, 304 
specific heat 30-34, 38, 219 
speed of light 394 
spherical harmonics 64, 123 
spherical tensor 123 
spin 4 
electronic 40 
nuclear 40-48 
operators 123, 331 
total 40-42 
spin-exchange collisions 97, 122, 126-127, 129 
spinor 331 
condensates 328-335 
spin-orbit interaction 51, 55, 130 
spin waves 332 
spontaneous emission 56 
stability 150, 322, 369 
of mixtures 322-324 
Stern—Gerlach experiment 347 
stimulated emission 56 
strong-coupling limit 150 
superconductors 8, 9, 252, 370, 385 
superfluid component 267 
superfluid density 7, 269 
superfluid helium, see helium 
superfluidity 264-287, 370-385, 388-391 
surface structure 158-161 
surface tension 195 
surface waves 180, 183, 193-195, 249, 250 
sympathetic cooling 362 


T matrix 112-114, 134-138, 371-374 
Tartarus 85 
temperature wave 276 
thermal de Broglie wavelength 5 
thermodynamic equilibrium 170 
thermodynamic properties 

of interacting gas 218, 219, 294-298 


of non-interacting gas 29-34 

Thomas—Fermi approximation 155-157, 228, 
229, 245, 246, 342, 364, 365 

three-body processes 93, 130, 131, 350 
threshold energy 94, 121 
TOP trap 62-64 
transition temperature 4 

Bose-Einstein, see Bose-Einstein transition 

temperature 

for pairing of fermions 370-379 
trap frequency 25 
trap loss 61, 92-96, 141 
traps 

loffe—Pritchard 64-67 

magnetic 59-67, 320 

optical 73, 74, 320 

TOP 62-64 
triplet potential 104, 122 
triplet state 4 
two-component condensates 253, 321-328 
two-fluid model 7, 267-270 
two-photon absorption 98, 99, 230, 233 


uncertainty principle 26, 89, 196 


vacuum permeability 394 
vacuum permittivity 43, 394 
van der Waals coefficients, table of 105 
van der Waals interaction 103-107 
variational calculation 148, 151-154, 191 
variational principle 166, 190 
velocity 
critical 266 
mean relative 95 
mean thermal 95, 313 
of condensate 167, 268-271, 274, 391 
of expanding cloud 196 
of normal component 268, 274, 302 
of sound, see sound velocity 
velocity distribution 24 
virial theorem 100, 157, 163 
viscosity 311-313 
viscous relaxation time 312 
vortex 168, 239 
angular momentum of 243, 246, 247 
energy of 240-243, 246, 247 
force on a 255-257 
in trapped cloud 245-247 
lattice 252 
multiply-quantized 244, 245 
off-axis 247, 248 
quantized 7, 239 


water waves 194, 197 

wave function 
as product of single-particle states 147, 321 
in Hartree-Fock theory 220 
of condensed state 148, 205 

weak coupling 152, 216-218, 257-261 

WKB approximation 43, 120 
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Yukawa interaction 387 


Zeeman effect 44-49, 55 
Zeeman energy 55 
Zeeman slower 58, 78 
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zero-momentum state 2, 205 
occupancy of 2 

zero-point kinetic energy 187 

zero-point motion 20, 35 

zeta function 21, 22 
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In 1925 Einstein predicted that at low temperatures particles in a gas could all 
reside in the same quantum state. This peculiar gaseous state, a Bose-Einstein 
condensate, was produced in the laboratory for the first time in 1995 using the 
» powerful laser cooling methods developed in recent years. These condensates 
“| exhibit quantum phenomena on a large scale, and investigating them has. 

become one of the most active areas of research in contemporary physics. 

., The study of Bose-Einstein condensates in dilute gases encompasses 

“ anumber of different subfields of physics, including atomic, condensed matter, 
and nuclear physics. The authors of this textbook explain this exciting new 

~ subject in terms of basic physical principles, without assuming detailed 

_ knowledge of any of these subfields. This pedagogical approach therefore 

_ Inakes the book useful for anyone with a general background in physics, from 
_, undergraduates to researchers in the field. 

Chapters cover the statistical physics of trapped gases, atomic properties, the 
“dl cooling and trapping of atoms, interatomic interactions, structure of trapped 
condensates, collective modes, rotating condensates, superfluidity, interference 
*. phenomena, and trapped Fermi gases. Problem sets are also included in each 

~ chapter. Si 


_. Christopher Pethick received his D.Phil. degree in 1965 from the University of 
| Oxford. After postdoctoral positions there and at the University of Illinois at 

i Urbana-Champaign, he joined the faculty at Illinois in 1970. He is currently 

| professor at Nordita, the Nordic Institute for Theoretical Physics in Copenhagen. 


‘Henrik Smith obtained his mag. scient. degree in 1966 from the University of 
Copenhagen, and spent the next few years as a postdoctoral fellow at Cornell 
_ University and as a visiting scientist at the institute for Theoretical Physics, 
: _ Helsinki. In 1972 he joined the faculty of the University of Copenhagen where he 
is nowa professor at the Orsted Laboratory. 


The two authors have worked together on the properties of superconductors and 
superfluid He, in addition to those of dilute quantum gases. This book derives 

. from graduate-level lectures given by the authors at the University of 
Copenhagen. . 
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_ Cover illustration: Bose-Einstein condensation of sodium atoms, — www.cambridge.org = 
_ as observed by absorption of laser light. The images show. cloud ISBN 0-521-66580-9 


a cooled to just above the transition Point (left), a cloud just after the - 
': condensate appeared (middle), anda cloud after further cooling 
_. left an almost pure condensate (right). (Courtesy of Dallin Durfee 


‘and Wolfgang Ketterle, Massachusetts Institute of Technology.) = m9 7805 
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